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What is Phonon?

“In physics, a phonon is a collective excitation in a periodic, elastic
arrangement of atoms or molecules in condensed matter... it represents an
excited state in the quantum mechanical quantization of the modes of
vibrations of elastic structures of interacting particles.”

—wikipedia
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Phonon

Lattice Wave

Figure 1: Lattice wave example. Figure from wikipedia.
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Phonon Dispersion Relations
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Figure 2: Phonon dispersion and densities of states of gallium arsenide (GaAs).
Figure from S. Baroni et al., 2001 .
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Phonon

Elastic neutron scattering

e FElastic neutron scattering;

o

Figure 3: In elastic neutron-scattering, the neutron bounces off the bombarded
nucleus without exciting or destabilizing it. Figure from
The Schlumberger Oilfield Glossary.
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http://www.glossary.oilfield.slb.com/Terms/e/elastic_neutron_scattering.aspx

Electron-phonon interaction

e Electron-phonon interaction related topics;

o major contributor to electrical resistance

o QOverheating problem;
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Dynamical Matrix

[ O?*Erot({R1})
LI = /MM, OR;OR,
e M| mass of the I-th atom, I =1,..., Ny.

e R; € RY position of the I-th atom, I =1,...,N4.
° D eRdNAXdNA
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Density Functional Theory

Ab initio calculation — DFT.
e most widely used;
e exact description of ground state properties:

e electron density, energy, and atomic forces.
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DFT

Kohn-Sham Density Functional Theory

Exs({vi}; {Rr})

Ne
zlz / Vos(r) P dr + / Vien(r; {Ry})p(r) dr

//vcrr "Ydrdr' + Exc[p]

+ FBrp {R]})
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Derivative

Pr=— [ Sl Ripar - PR
82Etot({RI})
OR10Rj
aV, op 9%V,
(=R 5I({)dr+51 / pIr) gz (7 — R
& En({Rr}) ‘

OR[0OR;
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Derivative

ovi

F; = —
I OR;

& FErot({Rr})
OR10Rjy

v

~ ) ORy

op(r)
SR,

(r—Ry) dr
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Polarizability Operator

op(r) _ [ dp(r) OVy

= —(r' = Ry,)dr.
R, Ven(r') OR, &~ R)dr
0
Fréchet derivative x(r,r’) := ﬂ is the reducible polarizability
5‘/ion(r/)

operator.
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KSDFT Cont.

Kohn-Sham equations (W. Kohn and L. Sham 1965)

Hlplp; = (—%A + V[P]) Vi = e, (4)
Ne
[ty =y o) = il )
i=1
e ¢; energy level; ¢; orbitals;
e indext=1,..., N, called occupied states; i = N, + 1,... unoccupied
states;

® ¢4 =€N.41 — €N, band gap;
VIpl(r) = Vion(r; {R1}) + [we(r,r")p(r’) dr’ + Vie[p](r)
‘/:IOHZZ]Vfa gJ:gK‘;-
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Sternheimer Equations

Qei — H)QG; = Q¥ © g;)-
i=1,...,No,j=1,...,dN,

e () projection onto unoccupied states;
o (;; defined as the solution to the equation.

This is the core part of density-functional perturbation theory (DFPT)
(S. Baroni et al. 2001).
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How to solve that?

Qei — H)QGi; = Q¥ © gj).
i=1... N.j=1, .. dN,

e SVD?

e Frozen phonon approach? (Or finite difference in math)

e Compression?

Ze Xu (UC Berkeley) ACP BASCD 2016
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How to solve that? cont.

Qei — H)QG; = Q¥ © gj).
i=1,... . N.j—=1,....dN,

e Compression!

ACP formulation reduces the computational complexity of phonon

calculations from O(N2) to O(N2) for the first time (X.et al. 2016).
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The Dyson Equation

Irreducible polarizability operator xo = 53;

X = X0 + X0UhxcX

or U =x0G+ xovneU, U =xG.

So compression of xp can only be done adaptively.

Ze Xu (UC Berkeley) ACP

BASCD 2016

21/ 40



Table of Contents

© Adaptively Compressed Polarizability Operator

Ze Xu (UC Berkeley) ACP



ACP

Adaptively Compressed Polarizability Operator

Qei — H)QG; = Qi © gj)-
i=1,... . Noj=1,....dN,

e Chebyshev interpolation
e Interpolative separable density fitting method

e Adaptively compressed

Ze Xu (UC Berkeley) ACP BASCD 2016
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Chebyshev Interpolation

Pick {e.} € T = [e1,¢en,].
Lagrange interpolation

Ne =,
C:ZCCH;:_&;CI-

e=1 c#c ©
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ACP

Interpolative Decomposition

M;j =i ©g;, or M(r)=1;(r)g;(r).

(¥ © g;)® §u() Yi(ru)giry
W

qu M;; r,u qu )i ru)gj(ru) (8)

pn=1
(H. Cheng, Z. Glmbutas, P. G. Martinsson, and V. Rokhlin, 2005)
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ACP

Interpolative Separable Density Fitting

Two-step procedure: subsampled random Fourier Transform and QR

decomposition.

(J. Lu and L. Ying, 2015)
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ACP

Reconstruction

To avoid O(NZ) complexity, construct

Ne _~/
Wy=2) 40 chMH :j ilry).
i=1 Ce

c=1 ’;éc
Ny
Xog;i = Y Wagj(ry),
pn=1

or formally, we have xo ~ xo := W',
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ACP

lterative scheme

Introduce the following change of variable

U=U-B, B=uvlG, (11)

U= Qo[ff]vhxcﬁ + B. (12)
[terative scheme:
(a)Construct  YK[U*] = wharF)”

(0T = (1= WHI") o) B (13)

1
=B+ wk (I - (Hk)TUhchk) (Hk)TUhch-
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Numerical Examples

One-dimensional Model
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Figure 4: Phonon spectrum for the 1D systems computed using ACP, DFPT, and
FD, for both (a) insulating and (b) semiconducting systems.
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Numerical Examples

One-dimensional Model cont.
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Figure 5: Computational time of 1D examples. Comparison among DFPT, ACP,
and FD for (a) insulating, and (b) semiconducting systems, respectively.
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Numerical Examples

Two-dimensional Model
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Figure 6: The electron density p of the 2D system with defects (a), and the
occupied and unoccupied eigenvalues (b).
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Numerical Examples

Two-dimensional Model cont.
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Figure 7: Phonon spectrum for the 2D system with defects. N4 = 69.
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Split Representation of ACP

Xo(r, 1) =

= x(()l) + X(()Q).
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Silicon with 8 Atoms

External Perturbation (avg along z-axis)

ACP Response (avg along z-axis)

15

0.06
1

0.04
05 0.02
0 0
05 0.02

0.04
El

0.06
15

0.08

Figure 8: External perturbation and response.
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Silicon with 8 Atoms cont.

Error of ACP Response (avg along z-axis)  x10® Error of FD Response (avg along z-axis)  x10°
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Figure 9: Error on response.
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Conclusion

Conclusion

e ACP formulation reduces the computational complexity of phonon
calculations from O(N2) to O(N?) for the first time.

e Recently we extend the formulation to cope with real materials.

e L. Lin, Z. Xu and L. Ying, Adaptively compressed polarizability
operator for accelerating large scale ab initio phonon calculations,
SIAM Multiscale Model. Simul. accepted, 2016
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Conclusion

Conclusion

e ACP formulation reduces the computational complexity of phonon
calculations from O(NZ%) to O(N2) for the first time.

e Recently we extend the formulation to cope with real materials.

e L. Lin, Z. Xu and L. Ying, Adaptively compressed polarizability
operator for accelerating large scale ab initio phonon calculations,
SIAM Multiscale Model. Simul. accepted, 2016

Thanks for your attention.
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