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Simulating the coupled, nonequilibrium dynamics of electrons and nuclei is a central challenge in
chemistry, physics, and materials science, governing phenomena from photocatalysis to quantum
information. The primary bottleneck has been the lack of a general, accurate, and efficient method for
modeling the complete excited-state landscape: the potential energy surfaces, forces, and nonadiabatic
couplings for multiple electronic states. While machine learning has revolutionized ground-state
simulations and shown promise for excited states in molecules, a unified framework that solves the
complete multistate problem for general condensed matter systems has remained elusive. Here, we
introduce on-the-fly neural network nonadiabatic molecular dynamics (NAMD), a machine learning
framework that makes on-the-fly NAMD in solids a reality. By employing an equivariant neural network to
predict the system Hamiltonian, the framework delivers excited-state energies, forces, and nonadiabatic
coupling vectors at a fraction of the cost of ab initio calculations. Crucially, it allows simulations with
hybrid functional accuracy, a level of approach previously inaccessible for NAMD. We showcase its
capabilities with three topical examples: correcting order-of-magnitude errors in carrier dynamics predicted
by conventional procedure in a MoS2=WS2 heterostructure, simulating previously inaccessible photo-
induced ferroelectric switching, and capturing real-time polaron formation in TiO2 at the hybrid-functional
level. On-the-fly neural network NAMDmoves beyond the limitations of equilibrium theory, establishing a
new paradigm for the predictive, first-principles design of materials operating far from equilibrium.
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The coupled, nonequilibrium dynamics of electrons and
nuclei constitute the microscopic foundation of modern
condensed matter physics, governing phenomena ranging
from photovoltaic energy conversion and photocatalysis to
ultrafast optoelectronics [1–7]. However, developing pre-
dictive, first-principles theoretical frameworks capable of
describing materials driven far from equilibrium remains a
formidable challenge. Specifically, intense photoexcitation
invalidates standard perturbative approaches, necessitating
methods that treat electronic and lattice degrees of freedom
on an equal footing.
Nonadiabatic molecular dynamics (NAMD), particularly

via the fewest-switches surface hopping algorithm [8], has
emerged as the fundamental tool for simulating such

dynamics in molecules and small nanoclusters [9–11].
However, extending rigorous fewest-switches surface
hopping to solids presents a significant computational
challenge, as exact “on-the-fly” propagation requires cal-
culating excited-state forces and nonadiabatic coupling
vectors (NACVs) at every time step across thousands of
trajectories. Consequently, solid-state NAMD has relied
almost exclusively on the classical path approximation
(CPA), also known as the “neglect of backreaction approxi-
mation” [12,13]. By decoupling nuclear motion from the
instantaneous electronic state and treating phonons as a
precomputed background, the CPA assumes that the lattice
evolves exclusively on a static potential energy surface
(PES), therefore replacing computationally demanding
NACVs with scalar couplings along a fixed trajectory,
and bypassing the need for excited-state forces. While
extensively employed within the solid-state community for
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modeling weak-field excitations, the CPA suffers from a
critical physical deficiency: it entirely neglects the back-
reaction of excited carriers on the lattice, rendering it blind
to the profound reshaping of interatomic forces under
electronic excitation. As a result, the CPA collapses in
the far-from-equilibrium regimes central to NAMD, failing
to capture phenomena where the lattice response to the
excited electron is the primary driver, such as photoinduced
phase transitions, chemical reactions, ferroelectric switch-
ing, and the dynamic formation of quasiparticles (such as
polarons, polaritons, and magnons). Overcoming this
limitation requires restoring the essential Tully’s feedback
loop by explicitly evaluating excited-state forces and
NACVs without incurring the prohibitive cost of ab initio
methods. Recently, machine learning (ML) holds the
potential to fundamentally reshape the landscape of
NAMD simulations [14–20]. However, previous efforts
in solid-state ML-NAMD [21], including our own recent
work [22], have primarily focused on accelerating the CPA
work flow. While separate progresses have been made in
learning excited-state potentials [23,24] and nonadiabatic
couplings for molecular systems [25–27], a unified frame-
work capable of lifting the restrictions of the CPA in solids
has yet to be realized.
In this Letter, we present on-the-fly neural network

NAMD (N2AMD), a general machine learning framework
that resolves the longstanding cost-accuracy dilemma in
solid-stateNAMD.Building upon anE(3)-equivariant neural
network representation of the electronic Hamiltonian, our
approach provides direct access to the exact excited-state
forces and NACVs required for trajectory propagation
through the learned Hamiltonian and its derivatives. This
fundamentally obviates the CPA, making true on-the-fly
NAMD in periodic solids a reality. We demonstrate that this
framework achieves ab initio accuracy across diverse semi-
conductors at a fraction of the computational cost, opening
the vast, uncharted landscape of strong electron-phonon
coupling and nonequilibriumphase engineering to predictive
theoretical exploration.
In NAMD simulations within the framework of density-

functional theory (DFT) [12,28], the time-dependent
electron wave function is expanded in the basis of instanta-
neous adiabatic Kohn-Sham (KS) orbitals Ψðr;R; tÞ ¼P

n CnðtÞψn½r;RðtÞ�. The wave function evolves according
to the time-dependent Schrödinger equation,

iℏĊmðtÞ ¼
X

n

CnðtÞðϵmδmn − iℏdmn × ṘÞ; ð1Þ

where ϵn ¼ hψnjĤjψni is the nth KS eigenenergy and
dmn ¼ hψmj∇Rjψni represents the nonadiabatic coupling
vector (NACV) between states m and n. The coupled
nuclear dynamics are governed by Newton’s equations of
motion:F ¼ MR̈. Under the standardCPA, the backreaction

of the excited charge carriers on the lattice is neglected,
restricting the nuclear forces to those of the ground state F ≈
Fgs [Fig. 1(a)]. To overcome this limitation and accurately
describe the coupled dynamics of both subsystems, we
compute the excited-state PESs using the delta self-consis-
tent field (Δ-SCF) approach [29]. This method has demon-
strated significant success in both condensed matter physics
and quantum chemistry as a robust tool for investigating
electronic excited states [30–32]. Within the one-body band-
excitation picture, for an excited state involving transitions
from valence bands fig to conduction bands fag with
occupation numbers ffig and ffag, respectively, the force
is given by

F ≈ Fgs þ
X

i∈VB

ð1 − fiÞ∇Rεi −
X

a∈CB

fa∇Rεa ð2Þ

Here, the total force is expressed as the sum of the ground-
state force and the difference in KS orbital gradients. The
double-counting energies vanish upon differentiation, as
they do not explicitly depend on atomic positions. The
formalism effectively decouples the ground-state and
excitation energy scales, not only allowing for a direct
assessment of the dynamical effects neglected by the CPA
but also providing an efficient and robust framework for
integration with neural networks. The primary approxi-
mation in this approach is the neglect of the self-consistent
relaxation of the electronic Hamiltonian in response to the
excited charge density. Nevertheless it remains valid for
most nonstrongly correlated solids (as demonstrated in the
“Benchmarks” section). By expanding the adiabatic KS
orbitals in a numerical atomic orbital basis fϕμg with
coefficients fciμg, the orbital gradients in Eq. (2) are
evaluated as [detailed derivation in Supplemental Material
(SM) [33] Sec. 1]

−∇Rϵi ¼
X

μν

c�iμciν × ½−∇RHμν þ ϵi∇RSμν�; ð3Þ

where Hμν ¼ hϕμjĤjϕνi; Sμν ¼ hϕμjϕνi are Hamiltonian
and overlap matrices. Note that explicit k-point indices are
omitted in this formalism because, in the current imple-
mentation, our NAMD simulations employ large super-
cells, allowing electronic structure calculations to be safely
restricted to a single k point (the Γ point). Beyond the
neglect of excited-state forces, the CPA also fails to
account for lattice heating resulting from carrier transi-
tions, as it typically relies on a simple Boltzmann scaling
of transition probabilities to mimic thermal equilibrium
[47]. In contrast, on-the-fly NAMD explicitly conserves
total energy during transitions by rescaling the nuclear
velocities at each hopping event: Ṙ0 ¼ Ṙ − ðσmn=MÞdmn.
Such adjustment is applied along the direction of the
NACVs, which can be obtained by [34] (detailed deriva-
tion in SM [33] Sec. 1)
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dmn ¼ hψmj∇Rjψni ¼ −
1

ϵm − ϵn
hψmj∇RĤjψni

¼ 1

ϵm − ϵn

X

μν

c�mμcnν

× ½−∇RHμν þ ϵnh∇Rϕμjϕνi
þ ϵmhϕμj∇Rϕνi� m ≠ n: ð4Þ

Implementing NAMD beyond the CPA requires the
repetitive evaluation of Hamiltonian gradients for
excited-state forces and NACVs, a task that becomes
computationally prohibitive via density-functional pertur-
bation theory. Our on-the-fly N2AMD framework circum-
vents this bottleneck by leveraging E(3)-equivariant neural
networks [Fig. 1(c)]. While we retain the foundational ML
building blocks, including the HamGNN electronic
Hamiltonian [35] and a dedicated ground-state ML inter-
atomic potential Allegro [36], from our previous work [22],
the present work orchestrates them into a fundamentally
different on-the-fly methodology. (See detailed comparison
between two work flows in SM [33], Sec. 11) As the first
step of this work flow, we employ HamGNN to construct

deep neural Hamiltonians directly from instantaneous
atomic configurations, bypassing iterative DFT cycles
while rigorously preserving geometric symmetries. Upon
diagonalizing the predicted Hamiltonian matrices to re-
cover the KS energies ϵi and orbitals ψ i, the work flow
proceeds to evaluate the matrix gradients required for force
and coupling calculations [Eqs. (2) and (4)]. These are
efficiently obtained by computing the Hamiltonian gradient
∇RHμν via forward-mode automatic differentiation, along-
side the overlap matrix gradient h∇Rϕμjϕνi and hϕμj∇Rϕνi
using a two-center integral technique. Finally, efficient
NAMD can be executed by combining these key quantities
with the ground-state PES predicted by Allegro. Crucially,
this hybrid “delta-prediction” architecture decouples the
extensive ground-state PES from the intensive excitation
contributions derived from the neural Hamiltonian. This
separation resolves the fundamental scaling conflict inher-
ent to extended systems, ensuring physical consistency and
transferability while maximizing computational efficiency
(see SM [33] Sec. 2 for work flow details).
Benchmarks—We first validate the excited-state force

formalism [Eq. (2)] using bulk silicon, a prototypical
semiconductor. To simulate a nonequilibrium regime with
nonzero forces, atoms in a 64-atom supercell are randomly
displaced from ideal lattice positions with 0.02 Å. As
shown in Fig. 2(a), promoting one single electron from the
valence band maximum (VBM) to the conduction band
minimum (CBM) induces a significant reshaping of the
PES. Our formalism captures this shift with exceptional
fidelity, agreeing with rigorous, self-consistent Δ-SCF
benchmarks to within a mean absolute error (MAE) of
7.6 meV=Å. In contrast, the ground-state approximation
(CPA) yields a discrepancy of 110.4 meV=Å, confirming
that the CPA introduces substantial errors under relatively
strong photoexcitation (here, 0.39% of the valence elec-
trons excited). Computational efficiency is benchmarked in
Fig. 2(b). For a 96-atom silicon system, on-the-fly N2AMD
reduces the wall time per ionic step on one Intel(R) Xeon
(R) Max 9462 @ 2.7 GHz CPU from 4.14 h by DFT to
91.43 s, achieving a speedup of 163×. This advantage
grows with system size, as our framework exhibits OðN2Þ
scaling, whereas DFT follows a much steeper trajectory. It
is worth noting that the observed scaling is determined by
our current implementation, which employs the full
Hamiltonian matrix and its derivatives. Future algorithmic
refinements leveraging the physical principle of “nearsight-
edness,” specifically by exploiting matrix sparsity and
symmetry, could significantly reduce this scaling for
large-scale simulations (see SM [33] Sec. 3 for a detailed
comparison of the scaling behaviors).
We next assess the accuracy of the on-the-fly N2AMD

framework in predicting essential NAMD components. The
deep neural Hamiltonian reproduces DFT-computed real-
space matrices with an MAE of 0.045 meV and yields a
closely matched band structure [SM [33], Figs. S2(a) and

FIG. 1. (a) Conventional NAMD (CPA) in solids restricts
nuclear motion to a static PES. (b) On-the-fly NAMD allows
nuclei to evolve on excited-state (ex) PESs dictated by electronic
transitions, closing the loop of coupled electron-nuclear inter-
actions. (c) The on-the-fly N2AMD work flow: an equivariant
neural network predicts the electronic Hamiltonian, with nuclear
derivatives obtained via automatic differentiation. Subsequently,
ex-PESs and NACVs are derived from these outputs [Eqs. (2) and
(4)] and combined with the machine learning force field-pre-
dicted ground-state potential energy surface to drive the full
NAMD simulation.
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S2(b)]. Building on this foundation, we evaluate the critical
ingredients for NAMD beyond the CPA: excited-state forces
and NACVs. For seven states around the Fermi surface, on-
the-fly N2AMD accurately captures the differences between
ground- and excited-state forces ΔF ¼ Fex − Fgs, yielding
an MAE of 1.36 meV=Å [Fig. 2(c)]. As for NACVs, we
target the magnitude of smoothed NACVs defined as ds

ij ¼
jðϵi − ϵjÞdijj to migrate to issues associated with its numeri-
cal instabilities near accidental energy degeneracies and the
arbitrary phases of KS wave functions. It is found that our
framework is capable of predicting couplings between
selected state pairs with extremely high fidelity [Fig. 2(d);
MAE, 0.52 meV=Å].
We further compare our on-the-fly N2AMD framework

against standard CPA NAMD by investigating hole relaxa-
tion dynamics in a type-II MoS2=WS2 heterostructure [SM
[33], Fig. S4(b)]. Although both methods identify the same
relaxation pathway (MoS2@K → WS2@K → WS2@Γ),
significant discrepancies emerge in the kinetics [SM [33],
Figs. S4(c)–S4(f)]. CPA NAMD suggests carrier trapping at
the intermediate WS2@K state [SM [33], Fig. S4(c)],
resulting in a dramatic underestimation of the relaxation
rate. In contrast, on-the-fly N2AMD correctly captures the
rapid decay to the final WS2@Γ. This improvement arises
from the complete treatment of electron-phonon coupling,
which captures the generation of nonequilibrium phonon
populations that drive efficient energy dissipation. To ensure
a rigorous comparison, both methods employ nonadiabatic
coupling phase corrections [37], preventing the artificial

acceleration noted in earlier work [38]. The superior perfor-
mance of N2AMD is thus strictly attributable to the inclusion
of explicit excited-state forces.
Finally, we demonstrate the framework’s transferability

across diverse solid-state systems. Two challenging scenar-
ioswere tested: (i)moiré physics in bilayerMoS2 [Figs. 2(e)–
2(g)], where a model trained exclusively on nontwisted
bilayers successfully generalizes to twisted structures; and
(ii) configurational disorder and variable stoichiometry (the
Ga/Al mixing ratio x) in the solid solution GaxAl1−xAs [SM
[33], Figs. S3(e)–S3(g)], where a model trained on configu-
rations with x ¼ 0, 1=4, 2=4, 3=4, and 1 accurately predicts
unseen compositions (x ¼ 3=8, 5=8). In both cases, excited-
state forces and NACVs are reproduced with meV/Å- or
sub-meV/Å-level accuracy, ensuring robust simulation of
far-from-equilibrium dynamics in novel materials.
Application 1: Photoinduced ferroelectric switching—

We next apply on-the-fly N2AMD to a regime fundamen-
tally inaccessible to the conventional CPA NAMD in
solids: photoinduced phase transitions driven by the
reshaping of excited-state potential energy landscapes. A
prime example of this regime is sliding ferroelectricity, a
promising route for next-generation nonvolatile memory
[48] where ultrafast manipulation via laser pulses requires
accurate theoretical simulation [49–53]. We investigate
photoinduced ferroelectric switching in bilayer hexagonal
boron nitride (h-BN), focusing on how photoexcitation
tunes the energy barrier between AB and BA stacking
orders. In our periodic models, the photoexcitation is
appropriately quantified by the excitation density. Static

FIG. 2. Accuracy, efficiency, and transferability of on-the-fly N2AMD. (a)–(d) Benchmarks on bulk silicon. (a) A comparison of
reference Δ-SCF excited-state forces against N2AMD predictions [Eq. (2), cyan] and the ground-state approximation (purple).
(b) Computational time per ionic step for different sized systems. (c) Prediction accuracy for the excitation force contribution
ΔF ¼ Fex − Fgs, and (d) for the magnitudes of smoothed NACVs dsij. (e)–(g) Transferability demonstration on bilayer MoS2. N2AMD
is trained exclusively on nontwisted configurations and evaluated on unseen twisted structures with varying angles θ.
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calculations show that an excitation density of 0.027 e/u.c.
eliminates the barrier entirely, creating a driving force for
spontaneous switching [Fig. 3(a)]. Simulations at this
excitation concentration, 100 K, reveal a stark dichotomy
between methods. CPA NAMD predicts zero switching
events within 1.5 ps [SM [33], Fig. S5(b)]. Conversely, on-
the-fly N2AMD suggests that 82% of trajectories undergo a
complete polarization reversal (in-plane displacement
reaches ξ ¼ 1.45 Å) in the same time frame [Fig. 3(c)].
Analysis of a representative trajectory reveals that the
CBM@M KS eigenvalue drops significantly between
300 and 800 fs before recovering, providing the requisite
force for lattice sliding [Fig. 3(b)]. In contrast, CPA NAMD
eigenvalues merely oscillate around equilibrium [SM [33],
Fig. S5(a)]. Notably, both methods capture an initial rapid
(200 fs) electron relaxation from CBMþ 1@K to
CBM@M [Fig. 3(d) and SM [33], Fig. S5(c)], which
explains the brief displacement plateau preceding sliding.
To further validate the necessity of our approach, one
constrained Born-Oppenheimer molecular dynamics sim-
ulation is also performed [SM [33], Figs. S5(d)–S5(f)].
While it correctly predicts the sliding, it inherently fails to
describe the critical hot-carrier cooling observed in NAMD
results. Thus, on-the-fly N2AMD resolves the complete
mechanism surpassing both CPA NAMD and constrained
Born-Oppenheimer molecular dynamics.

Application 2: Quasiparticle formation dynamics—
Finally, we demonstrate the capacity of on-the-fly
N2AMD to capture quasiparticle dynamics at the hybrid
functional level. Although the extreme computational cost
of hybrid functionals generally limits conventional NAMD
and Ehrenfest dynamics of extended solids to the Perdew-
Burke-Ernzerhof functional [39], our framework leverages
deep neural Hamiltonians to incorporate hybrid functional
accuracy without the associated computational bottleneck.
We apply this approach to investigate the formation of
small hole polarons in anatase TiO2, a process where
mitigating self-interaction errors via hybrid functionals is
critical, yet historically intractable for NAMD [40,54].
Static Heyd-Scuseria-Ernzerhof functional [41] calcula-
tions identify a polaron state 0.77 eV above the VBM,
characterized by a p-orbital shaped wave function centered
on an oxygen atom with 0.14 Å lattice distortions [SM [33],
Figs. S6(a) and S6(b)]. Our simulation provides a time-
resolved view of its formation. Following photoexcitation,
the hot hole relaxes to the VBM within 70 fs, then rapidly
plunges into the band gap, entering the self-trapping state
(Fig. 4, red line). The hole wave function transitions from
delocalized at 10 fs to highly localized at 90 fs, achieving a
stable polaron configuration by 350 fs (insets, Fig. 4). By
rendering such demanding simulations feasible, on-the-fly
N2AMD offers a powerful tool to explore complicated
polaron-mediated dynamics.
In conclusion, on-the-fly N2AMD resolves the long-

standing computational bottleneck prohibiting exact non-
adiabatic molecular dynamics in extended systems. By
mapping the ab initio electronic Hamiltonian to an
E(3)-equivariant neural network, we restore the essential
feedback loop between excited carriers and the lattice
without the prohibitive scaling of density functional theory.
The method’s versatility is evidenced by its successful
application to distinct nonequilibrium regimes, including

FIG. 4. Real-time evolution of carrier localization in anatase
TiO2 demonstrating ultrafast polaron formation. Lines from
bottom to top: states from VBM-5 to VBM, and the CBM.
Insets: hole-hosting state wave functions at 10, 90, and 350 fs.FIG. 3. Photoinduced ferroelectric switching in bilayer h-BN.

(a) Potential energy curves along the AB-BA transition pathway
under varying photoexcitation densities (0.000–0.027 excited
electrons per unit cell). Energies of the equilibrium AB and BA
states are set at zero. (b)–(d) On-the-fly N2AMD results. (b) KS
eigenvalue evolution in one representative trajectory with elec-
tron hopping (red curve). (c) In-plane sliding displacement
progressions across the trajectory ensemble relative to equilib-
rium AB and BA states (blue dashed lines), ensemble average
displacement (red line). (d) Average electron energy evolution,
with the color scale indicating the per-state excited electron
population.
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correcting hot carrier relaxation rates in heterostructures,
driving nonthermal phase transitions in ferroelectrics, and
capturing self-trapping polaron dynamics in oxides. This
framework bridges the gap between static electronic struc-
ture and nonequilibrium dynamics, paving the way for the
first-principles design and discovery of materials operating
far from equilibrium.
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