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Abstract

This paper proposes a direct inversion method for the 2D type-II nonuniform discrete
Fourier transform (NUDFT). The NUDFT matrix A is factored as A = GF , where G can
be expressed as a kernel matrix and F is the 2D DFT matrix. We show that G can be
approximated by a hierarchically semiseparable (HSS) matrix and give an estimate of the HSS
rank. Then, using the least-squares solver for HSS matrix and the two-dimensional inverse
fast Fourier transform, the inverse NUDFT problem can be solved efficiently. Our algorithm
has an offline complexity of O

(
M + N3/2 log3 N

)
where M and N are the size of rows and

columns of the NUDFT matrix, respectively. Once the direct solver is built, it can be applied
to a vector with an online complexity of O

(
M +N log3 N

)
. The proposed method can be used

as a preconditioner for iterative methods, especially when the sample points are distributed
on a grid such that A is ill-conditioned. Numerical results are provided to show the scaling
performance of the inversion method and demonstrate the efficiency and robustness of it as a
preconditioner.

Keywords nonuniform discrete Fourier transform, hierarchically semi-separable matrix

1 Introduction

This paper considers the two-dimensional type-II nonuniform discrete Fourier transform (NUDFT) of the
following form:

fj =

n[x]−1∑
k[x]=0

n[y]−1∑
k[y]=0

ck[x],k[y]e
−2πi(k[x]xj+k[y]yj), 0 ≤ j ≤ M − 1, (1.1)

where the sample points {(xj , yj)} are distributed arbitrarily in [0, 1)2 and the frequencies {(k[x], k[y])} are
distributed on a Cartesian grid of contiguous integers. Throughout the paper, the number of samples points
M is assumed to be larger than or equal to the number of frequencies, i.e., N = n[x]n[y]. When the coeffi-
cients {ck[x],k[y]} are given and one aims to compute the target values {fj}, the problem is called the forward
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NUDFT. When the target values {fj} are given and one aims to determine the coefficients {ck[x],k[y]}, the
problem is called the inverse NUDFT. Both the forward and inverse NUDFT have wide applications in
scientific computing, such as signal processing [2], image reconstruction [7], and fast convolution [19] etc.
Let the NUDFT matrix A be defined as1

A
(
j, (k[x], k[y])

)
= e−2πi(k[x]xj+k[y]yj), 0 ≤ j ≤ M − 1, 0 ≤ k[x] ≤ n[x] − 1, 0 ≤ k[y] ≤ n[y] − 1, (1.2)

where the column index (k[x], k[y]) is ordered in a lexicographical manner. That is, we have an underlying
1-to-1 map (k[x], k[y]) ↔ k[y] + k[x]n[y]. The forward NUDFT can be expressed as a matrix-vector multipli-
cation f = Ac and the inverse NUDFT can be formulated as a linear least-squares problem minc ∥Ac−f∥2,
where c ∈ CN is the vectorized form of the coefficients {ck[x],k[y]} and f ∈ CM is the vector corresponding
to the target values {fj}. Typically, the forward and inverse NUDFT have a complexity of O(MN) and
O(MN2) respectively.

1.1 Related Work

If the sample points are distributed on a uniformly Cartesian grid, i.e., (xj[x] , yj[y]) = (j[x]/n[x], j[y]/n[y])

for 0 ≤ j[x] ≤ n[x] − 1 and 0 ≤ j[y] ≤ n[y] − 1, the NUDFT reduces to the discrete Fourier trans-
form (DFT). Consequently, the NUDFT matrix A has a Kronecker product structure A = A[x] ⊗ A[y],

where A[x](j[x], k[x]) = e−2πk[x]j[x]/n[x]

and A[y](j[y], k[y]) = e−2πik[y]j[y]/n[y]

are the DFT matrices in the
x and y directions, respectively. In this case, the forward NUDFT can be efficiently computed by the fast
Fourier transform (FFT) algorithm [11] in O

(
N logN

)
time. And the inverse NUDFT can also be effi-

ciently solved by the inverse fast Fourier transform (iFFT) algorithm in O
(
N logN

)
time. More generally,

if (xj[x] , yj[y]) = (j[x]/m[x], j[y]/m[y]) where m[x] ≥ n[x] and m[y] ≥ n[y], the matrix A is a submatrix of
the DFT matrix, and both the forward and inverse NUDFT can still be efficiently computed by the FFT
algorithm in O

(
M logM

)
time.

Unfortunately, when the sample points are not distributed on a uniformly Cartesian grid, FFT cannot
be directly applied. Many algorithms are developed to compute the forward NUDFT efficiently, which are
usually referred to as the nonuniform fast Fourier transform (NUFFT) algorithms [1, 3, 13, 14, 16, 22, 28,
29]. Commonly, the NUFFT algorithms have a complexity of O

(
M +N logN

)
.

In the nonuniform case, the pseudoinverse of the NUDFT matrix is no longer a scaled version of its ad-
joint. Consequently, specialized algorithms are required to solve the associated inverse problem efficiently.
A widely adopted approach is the iterative method. Thanks to the efficient NUFFT algorithms for the
forward computation, the inverse NUDFT is often solved by the conjugate gradient (CG) method. For
example, using the MATLAB command “lsqr” with the NUFFT algorithm as the matrix-vector multipli-
cation subroutine [27]. When the sample points are well-distributed, iterative methods usually converge
in a small number of iterations. However, when the sample points are distributed in a highly nonuniform
manner, which is often the case in practical applications, CG may require a large number of iterations to
converge or even fail to converge. Preconditioners are needed to accelerate the convergence of iterative
methods in this case.

Direct inversion methods are also developed. For example, Kircheis and Potts [20] proposed a direct
inversion method for the type-II NUDFT in 1D case and they extended it to the 2D case [21]. Recently,
in [30], the authors proposed a direct method to solve the type-II NUDFT in 1D based on the hierarchically
semiseparable (HSS) matrix, which has a complexity of O

(
(M + N) log2 N

)
. Further, the authors in [23]

extended this method to the case of type-III NUDFT in 1D, by factoring the type-III NUDFT matrix into
a product of a type-II NUDFT matrix and an HSS matrix. For the 2D problem, if the sample points are
distributed on a tensor grid, the NUDFT matrix has a Kronecker product structure, and one can apply the
1D solver in each direction to solve the problem. However, the extension of the method [30] to the general
2D case is nontrivial.

1In this paper, the starting index of a matrix can be 0 or 1, depending on the context.
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1.2 Contributions

In this paper, we propose a direct inversion method for the 2D type-II NUDFT. Let F ∈ CN×N be the 2D
DFT matrix. We first derive an explicit formula for the entries of the matrix G = AF−1, showing that it
can be expressed as a kernel matrix. Based on this expression, we analyze the low-rank structure of G and
show that it can be efficiently compressed into an HSS matrix.

The matrix G can also be expressed as a face-splitting product of two matrices G[x] and G[y], where
G[x] and G[y] are the transformed NUDFT matrices in the x- and y- directions, respectively. Since G[x] and
G[y] can be approximated by HSS matrices, this representation suggests that G can also be approximated
by an HSS matrix. To make this argument precise, we define the face-splitting product of two HSS trees
and prove that this product is again an HSS tree. We further prove that the face-splitting product of two
HSS matrices remains an HSS matrix, and provide an estimate for the resulting HSS rank. Finally, we
establish an approximation error bound for the HSS approximation of G.

Using the kernel matrix expression of G, the HSS construction method based on the interpolative
decomposition [10] and the proxy surface technique [25] can be applied to approximate G by an HSS

matrix G̃ efficiently. After the construction, the URV factorization [31] is used as a direct solver for the

least-squares problem associated with G̃. The construction and factorization of the HSS matrix constitute
the offline stage, whose complexity is O

(
M +N3/2 log3 N

)
. Once the solver is built, the inverse NUDFT

problem can be solved by applying the HSS solver followed by the iFFT. This is referred to as the online
stage, and its complexity is O

(
M +N log3 N

)
.

The proposed method can also be used as a preconditioner for iterative methods, which is particularly
useful when the sample points are distributed in a highly nonuniform manner. Numerical experiments agree
with our theoretical analysis and demonstrate the efficiency of the proposed method.

1.3 Organization

The rest of the paper is organized as follows. In Section 2, we introduce some notations and preliminaries
that will be used in the later paper. We derive the low-rank structure of the NUDFT matrix in Section 3
and propose our direct solver in Section 4. In Section 5, we present numerical results to demonstrate the
efficiency of the proposed method. Finally, we conclude the paper in Section 6 and discuss possible future
directions.

2 Preliminaries

2.1 Notations and Preliminaries

We use S := {z ∈ C : |z| = 1} to denote the unit circle. For a set J , we use |J | to denote the cardinality of
J . We use MATLAB notation to denote the submatrix of A with row and column indices in R and C, i.e.,
A(R, C). A colon in the index means all the indices in that dimension, e.g., A(:, C) means the submatrix
of A with all rows and column indices in C.

Let ∥ · ∥ be a unitarily invariant matrix norm. For a given tolerance 0 < ε < 1, the numerical rank of a
matrix A ∈ Cm×n, denoted by rankε(A), is defined as the smallest integer r such that there exists a matrix

Ã ∈ Cm×n with ∥A− Ã∥ < ε∥A∥ and rank(Ã) = r.
For two matrices A1 ∈ Cm×n1 and A2 ∈ Cm×n2 of the same size of rows, the face-splitting product of

A1 and A2 is defined as the Kronecker product of the corresponding rows of A1 and A2, i.e.,

A1 •A2 :=


A1(1, :)⊗A2(1, :)
A1(2, :)⊗A2(2, :)

...
A1(m, :)⊗A2(m, :)

 ∈ Cm×(n1n2).
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The Frobenius norm of the face-splitting product can be estimated by the following lemma, which can be
proved through direct calculation.

Lemma 2.1. Let A1 ∈ Cm×n1 and A2 ∈ Cm×n2 , then

∥A1 •A2∥F ≤ min
{

max
1≤j≤m

{
∥A1(j, :)∥2

}
∥A2∥F, max

1≤j≤m

{
∥A2(j, :)∥2

}
∥A1∥F

}
.

2.2 HSS Matrices

HSS matrices are a class of hierarchical matrices [6, 18, 32]. Since the storage and algebraic operations for
HSS matrices typically have linear complexity, they have been widely used in scientific computing [12, 26].
We first introduce the definition of HSS tree, which is the underlying data structure for HSS matrices.

Definition 2.2 (HSS tree, [31]). A tree T is called an HSS tree with row and column indices J and K if
each node τ of T is associated with two index sets Jτ and Kτ , satisfying the following conditions

(1) Jρ = J , Kρ = K for the root node ρ.

(2) For a nonleaf node τ , we have Jτ = ⊔α∈ch(τ)Jα and Kτ = ⊔α∈ch(τ)Kα, where the notation ⊔ means
the disjoint union.

For a node τ , we use ch(τ) and sib(τ) to denote the set of children of τ and the set of siblings of τ ,
respectively. For an HSS tree T, we define the level of each node as follows: For the root node ρ, level(ρ) = 0.
If τ is a nonleaf node and α ∈ ch(τ), then level(α) = level(τ)+1. The maximum level of the tree is denoted
by L.

Definition 2.3 (HSS matrix, [31]). Let T be an HSS tree of row and column indices J and K. A matrix
H ∈ C|J |×|K| is called an HSS matrix about T if there are matrices Dτ , Uτ , Vτ , Rτ , Wτ and Bτ,σ (called
HSS generators) associated with each node τ , which satisfy the following conditions:

(1) For a leaf node τ , Dτ = H(Jτ ,Kτ ) is a dense matrix.

(2) For a nonleaf node τ with children {αp}bp=1, Dτ = H(Jτ ,Kτ ) is a b× b block matrix, with the (p, q)-th
block Dτ ;p,q being Dαp for p = q and UαpBαp,αqV

∗
αq

for p ̸= q. The matrices Uτ and Vτ is a b × 1
block matrix, with the p-th block being UαpRαp and VαpWαp , respectively.

We call Uτ and V ∗
τ the basis matrices, Rτ and Wτ the transfer matrices, and Bτ,σ the interaction matrices.

One important property of HSS matrices, called the shared basis property, is that the basis matrices Uτ

and V ∗
τ are bases for the column and row spaces of the corresponding off-diagonal blocks (called the HSS

blocks) H(Jτ ,Kc
τ ) and H(J c

τ ,Kτ ) of H, respectively. Here J c
τ = J \ Jτ and Kc

τ = K \ Kτ . the HSS rank
r of H is defined as the maximum rank among all the HSS blocks.

Throughout this paper, we assume that the HSS matrix is associated with a given HSS tree T with
maximum level L. For simplicity, we also assume that T is a full tree, i.e., all the leaf nodes are on the
same level L, and that the HSS row and column blocks of a node τ have a same rank rτ .

2.3 The URV Factorization for HSS Matrices

Consider the least-squares problem minc ∥Hc − f∥2, where H is an HSS matrix and f is a given vector.
In this section, we review the URV factorization for HSS matrices [30, 31], which serves as a direct solver
for the least-squares problem.

The URV factorization for HSS matrices is performed in a bottom-up manner on the HSS tree. Suppose
τ is a leaf node and Dτ ∈ cmτ×nτ . If mτ ≫ nτ , a size reduction step is performed by QR factorization:

[
Uτ Dτ

]
= Ωτ

R1,1 R1,2

0 R2,2

0 0

 = Ωτ

[
qUτ

qDτ

0 0

]
, (2.1)
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where Ωτ ∈ Cmτ×mτ is unitary. The reduced row size, i.e., the number of rows of qUτ and qDτ , is m̌τ =
nτ + rτ . If no size reduction is adapted, we set Ωτ to be the empty and let qUτ = Uτ , qDτ = Dτ and
m̌τ = nτ + rτ .

The next is a basis elimination step. For every leaf node τ , zeros are introduced into Vτ by

Vτ = Qτ

[
0

V̂τ ;2

]
, (2.2)

where Qτ ∈ Cnτ×nτ is unitary and V̂τ ;2 ∈ Crτ×rτ . This can be done by a reverse QR decomposition. The
diagonal block is then modifed by D̃τ = D̂τQτ

Then a partial decomposition on the matrix D̃τ is performed to decouple the unknowns corresponding
to the zero and dense parts of (2.2). First, a QR decomposition is computed on the first block column of

D̃τ as [
D̃τ ;1,1

D̃τ ;2,1

]
= Pτ

[
D̂τ ;1,1

0

]
. (2.3)

Then it follows that

D̃τ = Pτ

[
D̂τ ;1,1 D̂τ ;1,2

0 D̂τ ;2,2

]
, (2.4)

where [
D̂τ ;1,2

D̂τ ;2,2

]
= P ∗

τ

[
D̃τ ;1,2

D̃τ ;2,2

]
. (2.5)

The basis matrix Uτ is then modified by

P ∗
τ Uτ =

[
Ûτ ;1

Ûτ ;2

]
. (2.6)

After that, the variables corresponding to the first block column of D̃τ can be decoupled from the rest
variables, and the least-squares problem can be solved by a recursive process, which we describe in the
following. For a nonleaf node τ with children {αp}, appropriate blocks of the children are merged to form
the new generators. Let D+

τ , U+
τ and V +

τ be the block matrices given by

D+
τ ;p,q =

{
D̂αp;2,2, p = q,

Ûαp;2Bαp,αq V̂
∗
αq ;2, p ̸= q

U+
τ ;p = Ûαp;2Rαp , V +

τ ;p = V̂αp;2Wαp .

(2.7)

Then the children of τ can be “removed” and the node τ can be treated as a leaf node. The generators
{D+

τ }, {U+
τ }, {V +

τ } {Rτ}, {Wτ} and {Bτ,σ} define a new HSS matrix of maximum level L− 1. This HSS
can be further factorized by the same discussion above (with Dτ , Uτ and Vτ replaced by D+

τ , U+
τ and V +

τ

) until the root node is reached. At the root node ρ, the QR factorization is performed, i.e., D+
ρ = PρD̂

+
ρ .

Once the URV factors are computed, the solution is obtained by a bottom-up pass and a top-down pass.
The bottom-up pass is to apply the unitary transformations Ωτ and Pτ to the right-hand side f . Starting
from every leaf node τ , if size reduction is performed, the vector fτ is updated by

Ω∗
τfτ =

[
qfτ

×

]
, f̂τ = P ∗

τ
qfτ =

[
f̂τ ;1

f̂τ ;2

]
,

where the × means the corresponding entries are not used in the following steps and can be ignored.
If no size reduction is performed, the first equation is omitted and qfτ is replaced by fτ in the second
equation. Then for a nonleaf node τ with children {αp}, f+

τ is obtained by merging its children blocks, i.e.,

5



f+
τ ;p = f̂αp;2. This process is repeated (with fτ replaced by f+

τ in the above equations) until the root node
is reached.

The top-down pass is to perform back substitution to obtain the solution c. At the root node ρ, after
solving D̂+

ρ c+ρ = f̂ρ, for each child α ∈ ch(ρ), the vectors ĉα;2 is assigned as the corresponding block in ĉ+ρ .

Further, the vectors ĥα, ĝα and b̂α are intialized by 0,
∑

β∈sib(α) Bα,βV̂β;2ĉβ;2 and ĥα + ĝα, respectively.

For a nonroot node τ , the vector c+τ is updated by c+τ = Qτ

[
ĉτ ;1
ĉτ ;2

]
, where ĉτ ;1 = D̂−1

τ ;1,1(f̂τ ;1 − D̂τ ;1,2ĉτ ;2 −

Ûτ ;1b̂τ ). If τ is nonleaf, then for every child α ∈ ch(τ), ĉα;2 is assigned as the corresponding block in c+τ
and ĥα = Rαĥτ . The vectors ĝα and b̂α are given by ĝα =

∑
β∈sib(α) Bα,βV̂β;2ĉβ and b̂α = ĥτ + ĝτ . This

process is repeated until the leaf nodes are reached, where cτ = c+τ for each leaf node τ .
The complexity of these two algorithms can be analyzed similarly as that in [31]. Assume that the HSS

tree T is a full quad tree with maximum level L, and that the number of rows and columns of the HSS
matrix H are |J | = M = 4LML and |K| = N = 4LNL according to the HSS tree, where ML and NL are
the row and column sizes of the leaf nodes, respectively. We also assume that N = n2 where n = 2LnL.
For each level ℓ, there are 4ℓ nodes, and assume that the rank of the HSS blocks of a node on level ℓ is
bounded by rℓ = O(nℓ log nℓ) where nℓ = 2L−ℓnL. Then the complexity of the URV factorization and
solution algorithms are O

(
M +N3/2 log3 N

)
and O

(
M +N log3 N

)
, respectively. We point out here that

the URV factorization can also be used compute H∗,†f for a given vector f . The solution process is similar
and we omit the details here for brevity.

2.4 A Review of the Direct Inverse Method in 1D Case

Consider the 1D type-II NUDFT matrix given by A(j, k) = e−2πikxj where xj ∈ [0, 1) for j = 0, 1, . . . ,M−1
and k = 0, 1, . . . , N − 1. If we define γj = e−2πixj ∈ S, then A(j, k) = γk

j and it can be directly verified
that A satisfies the following Sylvester equation

ΓA−AC = ue⊤
N−1, (2.8)

where Γ = diag(γ0, γ1, . . . , γM−1) is a diagonal matrix, and

C =


1

1

. . .

1
1


is a circulant shift matrix and uj = γN

j − 1 for j = 0, 1, . . . ,M − 1. The matrix D can be diagonalized

by the DFT matrix, i.e., D = F−1DF where F is the DFT matrix given by F (k, ℓ) = e−2πikℓ/N and
D = diag(ξ0, ξ1, . . . , ξN−1) is a diagonal matrix. Here ξk = ζkN ∈ S and ζN = e−2πi/N is the Nth root of
unity. Substituting the diagonalization of C into (2.8) and multiplying both sides by F−1 on the right, it
follows that

ΓG−GD = uv⊤, (2.9)

where G = AF−1 and v = F−1eN−1. The entries of v are given by vk = ξk/N for k = 0, 1, . . . , N − 1.
Therefore, G can be expressed as a Cauchy-like matrix with the entries given by

G(j, k) =
ujvk

γj − ξk
=

1

N

(γj/ξk)
N − 1

(γj/ξk)− 1
=: Ψ(γj , ξk). (2.10)

In [30], the authors utilize the displacement structure [4] of G in (2.9) to derive the low-rank property

of G. They showed that G can be approximated by an HSS matrix G̃ with numerical HSS rank r =

6



O
(
log(1/ε) logN

)
, where ε is the accuracy parameter for the approximation. Specifically, we have the

following Theorem.

Theorem 2.4 (Numerical rank of HSS blocks of G, Theorem 3.2 in [30]). Let G be the matrix defined
by (2.10) and 0 < ε < 1 and J = {0, 1, . . . ,M − 1} and K = {0, 1, . . . , N − 1} be the row and column
index sets of G respectively. Suppose that [a, b) ⊂ [0, 1) is an interval and R = {j : xj ∈ [a, b)} ⊂ J and
C = {k : k/N ∈ [a, b)} ⊂ K are the row and column index sets corresponding to this interval. Then for the
2-norm or the Frobenius norm, the HSS row or column block of G with respect to R or C has a numerical
rank at most r = O

(
log(1/ε) log nc

)
where nc = |C|.

There are two main differences between Theorem 2.4 and the original result in [30]. First, the original
result in [30] is for the 2-norm while we add the Frobenius norm in Theorem 2.4. This is because the
singular values of the corresponding submatrix decay exponentially. The second is that the rank bound here
is more refined by carefully tracking the inequality in the proof of in [30, Theorem 3.2]. From the Sylvester

equation (2.9), the HSS approximation G̃ can be constructed by combining the factored alternating direction
implicit (fADI) method [5] and interpolative decomposition [10], at a complexity of O

(
(M +N) log2 N

)
.

Once the HSS approximation G̃ is constructed, the URV factorization discussion in Section 2.3 is
performed, these are the offline steps of the direct inverse method. In the online step, given a vector
f ∈ CM , the solution of the least-squares problem associated with A can be obtained by c = F−1G̃†f ,
which involves one URV solution of G̃ andone iFFT. Therefore, the online complexity is O

(
(M+N) logN

)
.

3 The Low-Rank Property of the NUDFT Matrix

This section discusses the low-rank property of the 2D type-II NUDFT matrix. Section 3.1 gives a kernel
matrix expression of the transformed 2D type-II NUDFT matrix and derives the low-rank property of
the matrix. In Section 3.2, we define the face-splitting product of two HSS matrices and show that the
face-splitting product of two HSS matrices is still an HSS matrix.

3.1 Kernel Matrix Perspective

Consider the 2D type-II NUDFT matrix A ∈ CM×N given by (1.2). Let A[x] ∈ CM×n[x]

and A[y] ∈ CM×n[y]

be the type-II NUDFT in x and y direction respectively, i.e., A[x](j, k[x]) = e−2πik[x]xj and A[y](j, k[y]) =

e−2πik[y]yj . Then A can be written as the face-splitting product A = A[x] •A[y].

Let F [x] ∈ Cn[x]×n[x]

and F [y] ∈ Cn[y]×n[y]

be the DFT matrices in x and y direction respectively and
F = F [x] ⊗ F [y] ∈ CN×N be the DFT matrix in 2D. Following the discussions in Section 2.4, if we define
G[x] = A[x]F [x],−1, G[y] = A[y]F [y],−1 and G = AF−1, then it can also be verified that G = G[x] •G[y].
Using (2.10), the entries of G can be written as

G
(
j, (k[x], k[y])

)
=

1

n[x]

(
γ
[x]
j /ξ

[x]

k[x]

)n[x]

− 1(
γ
[x]
j /ξ

[x]

k[x]

)
− 1

1

n[y]

(
γ
[y]
j /ξ

[y]

k[y]

)n[y]

− 1(
γ
[y]
j /ξ

[y]

k[y]

)
− 1

= Ψ[x](γ[x]
j , ξ

[y]

k[x]

)
Ψ[y](γ[y]

j , ξ
[y]

k[y]

)
=: Ψ

(
γj , ξ(k[x],k[y])

)
,

(3.1)

where γ
[x]
j = e−2πixj , γ

[y]
j = e−2πiyj , ξ

[x]

k[x] = e−2πik[x]/n[x]

and ξ
[y]

k[y] = e−2πik[y]/n[y]

belong to the unit circle

S, Ψ[x] and Ψ[y] are corresponding kernel functions in x and y direction respectively, and γj = (γ
[x]
j , γ

[y]
j )

and ξ(k[x],k[y]) = (ξ
[x]

k[x] , ξ
[y]

k[y]) are points on S2. Consequently, G can be viewed as a kernel matrix with the
kernel function

Ψ(z,w) = Ψ[x](z1, w1)Ψ
[y](z2, w2), z = (z1, z2) ∈ S2, w = (w1, w2) ∈ S2. (3.2)
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Figure 3.1: The partition of [0, 1)2 according to a rectangular domain. The red box represents the
rectangular domain [a, b) × [c, d). The blue boxes represent the points whose x-coordinate not in
[a, b) but y-coordinate in [c, d). The green boxes represent the points whose x-coordinate in [a, b)
but y-coordinate not in [c, d). The yellow boxes represent the points whose x-coordinate not in
[a, b) and y-coordinate not in [c, d).

The equation (3.1) gives a kernel matrix representation of G, implying that it can be approximated by an
HSS matrix. In the remaining part of this section, we give some intuition and discussion on the HSS rank.
We first give a preliminary lemma, which shows that the face-splitting product of two low-rank matrices is
still low-rank.

Lemma 3.1 (Rank of the matrix face-splitting product). Let A1 ∈ Cm×n1 and A2 ∈ Cm×n2 be two
matrices and A = A1 •A2, then rank(A) ≤ rank(A1) rank(A2).

Proof. Suppose rank(A1) = r1 and rank(A2) = r2. We factorize them as At = UtStV
∗
t for t = 1, 2, where

Ut ∈ Cm×rt , St ∈ Crt×rt and Vt ∈ Cnt×rt . Then for 1 ≤ j ≤ m, 1 ≤ k1 ≤ n1 and 1 ≤ k2 ≤ n2, the(
j, (k1, k2)

)
entry of A is given by

A
(
j, (k1, k2)

)
= A1

(
j, k1

)
A2

(
j, k2

)
=

( r1∑
α1,α2=1

U1(j, α1)S1(α1, α2)V 1(k1, α2)

)( r2∑
β1,β2=1

U2(j, β1)S2(β1, β2)V 2(k2, β2)

)

=

r1∑
α1=1

r2∑
β1=1

(
U1(j, α1)U2(j, β1)

) r1∑
α2=1

r2∑
β2=1

(
S1(α1, α2)S2(β1, β2)

)(
V 1(k1, α2)V 2(k2, β2)

)
.

Therefore, A = (U1 •U2)(S1 ⊗ S2)(V1 ⊗ V2)
∗ and rank(A) is at most r1r2.

Since each z ∈ S can be represented by z = e−2πit where t ∈ [0, 1), every point in S2 can be identified with
a point in a periodic domain [0, 1)2. Accordingly, the kernel function in (3.2) can be viewed as a function
defined on [0, 1)2. Consider a rectangular domain [a, b) × [c, d) in [0, 1)2, shown as the red rectangle in
Figure 3.1. We partition [0, 1)2 into nine rectangles by cutting along the boundaries of [a, b)× [c, d). These
rectangles can be further classified into four classes. The first class is the rectangle [a, b)× [c, d) itself. The
second class consists of points whose x-coordinate lies outside [a, b) while whose y-coordinate lies in [c, d).
The third class consists of points whose x-coordinate lies in [a, b) while whose y-coordinate lies outside
[c, d). These two classes are colored as shown in blue and green, respectively, in Figure 3.1. The fourth
class consists of points whose x-coordinate and y-coordinate both lie outside [a, b) and [c, d), respectively,
and is colored as yellow in Figure 3.1.
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Let R and C = C[x] × C[y] be row and column index sets of G respectively, such that the corresponding
row and column points belong to the first class. Define Rc = J \ R and Cc = K \ C. Suppose |C[x]| = n

[x]
c

and |C[y]| = n
[y]
c and nc = max{n[x]

c , n
[y]
c }.

Consider the HSS row block G(R, Cc). We can partition it as

G(R, Cc) =
[
G(R, Cb) G(R, Cg) G(R, Cy)

]
, (3.3)

where Cb, Cg and Cy denote the column index sets corresponding to the second, third and fourth classes
respectively. Note that these submatrices can be further factorized as

G
(
R, Cb

)
= G[x](R, C[x],c) •G[y](R, C[y]),

G
(
R, Cg

)
= G[x](R, C[x]) •G[y](R, C[y],c),

G
(
R, Cy

)
= G[x](R, C[x],c) •G[y](R, C[y],c). (3.4)

From Theorem 2.4, for a given accuracy parameter 0 < ε < 1, the numerical ranks of G[x](R, C[x],c)
and G[y](R, C[y],c) are bounded by r = O

(
log(1/ε) log nc

)
. Suppose for simplicity that the ranks of these

two matrices are exactly at most r. Then from Lemma 3.1, the ranks of G(R, Cb), G(R, Cg) and G(R, Cy)
are at most rnc, rnc and r2 respectively. Consequently, the rank of G(R, Cc) is at most 2rnc + r2 =
O
(
log(1/ε)nc log nc

)
. The same procedure also applies to the HSS column block G(Rc, C). Note that in

the HSS tree, the largest size of nc is O(
√
N). Therefore, intuitively one may argue that the HSS rank of

the HSS approximation of G is at most O
(
log(1/ε)

√
N logN

)
.

3.2 Face-Splitting Product of HSS Trees and HSS Matrices

Let T[x] be an HSS tree with row and column index sets J and K[x] and T[y] be an HSS tree with row and
column index sets J and K[y]. Suppose K = K[x] × K[y]. We construct a new HSS tree T with row and
column index sets J and K as follows.

Definition 3.2 (Face-splitting product of HSS trees). Let T[x] and T[y] be two HSS trees of row and column
index sets J and K[x] and J and K[y] respectively, then the face-splitting product of T[x] and T[y], denoted
by T = T[x] • T[y], is defined as follows.

(1) The root of T is ρ = (ρ[x], ρ[y]), where ρ[x] and ρ[y] are the roots of T[x] and T[y] respectively.

(2) If τ [x] is a leaf and τ [y] is a nonleaf, then τ = (τ [x], τ [y]) is a nonleaf node of T and its children are
given by ch(τ) = {(τ [x], α[y]) : α[y] ∈ ch(τ [y])}.

(3) If τ [x] is a nonleaf and τ [y] is a leaf, then τ = (τ [x], τ [y]) is a nonleaf node of T and its children are
given by ch(τ) = {(α[x], τ [y]) : α[x] ∈ ch(τ [x])}.

(4) If τ [x] and τ [y] are nonleaf, then τ = (τ [x], τ [y]) is a nonleaf node of T and its children are given by
ch(τ) = {(α[x], α[y]) : α[x] ∈ ch(τ [x]), α[y] ∈ ch(τ [y])}.

(5) If τ [x] and τ [y] are both leafs, then τ = (τ [x], τ [y]) is a leaf node of T.

(6) Each node τ = (τ [x], τ [y]) is associated with the row index set Jτ = Jτ [x] ∩ Jτ [y] and the column index

set Kτ = K[x]

τ [x] ×K[y]

τ [y] .

Typically, from the discussions in Section 2.4, the HSS tree T[x] and T[y] are constructed by the bisection
of the periodic interval [0, 1). Therefore, the HSS tree T can be viewed as a tree constructed by the
quadrisection of [0, 1)2. Note that each node of T is a “tensor product of” a node of T[x] and a node of T[y],
corresponding to a rectangular domain in [0, 1)2. We first prove the face-splitting product of two HSS trees
is still an HSS tree and then prove the face-splitting product of two HSS matrices is still an HSS matrix.
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Theorem 3.3 (Face-splitting product of HSS trees is an HSS tree). Let T be a face-splitting product of
two HSS trees T[x] and T[y] of row and column index sets J and K[x] and J and K[y] respectively, then T
is an HSS tree of row and column index sets J and K.

Proof. It suffices to verify that the conditions in Definition 2.2 for T.

(1) For the root node ρ = (ρ[x], ρ[y]), we have Jρ = Jρ[x] ∩ Jρ[y] = J ∩ J = J and Kρ = K[x]

ρ[x] × K[y]

ρ[y] =

K[x] ×K[y] = K.

(2) If τ = (τ [x], τ [y]) is a nonleaf node, then there are three cases. We only give the proof for the first case
and the proof for the other two cases can be done by similar arguments. If τ [x] is a leaf and τ [y] is a
nonleaf, then the children of τ are given by ch(τ) = {(τ [x], α[y]) : α[y] ∈ ch(τ [y])}. Therefore,

Jτ = Jτ [x]

⋂
Jτ [y] = Jτ [x]

⋂( ⊔
α[y]∈ch(τ [y])

Jα[y]

)
=

⊔
α[y]∈ch(τ [y])

(
Jτ [x]

⋂
Jα[y]

)
=

⊔
α∈ch(τ)

Jα,

Kτ = K[x]

τ [x] ×K[y]

τ [y] = K[x]

τ [x] ×
( ⊔

α[y]∈ch(τ [y])

K[y]

α[y]

)
=

⊔
α[y]∈ch(τ [y])

(
K[x]

τ [x] ×K[y]

α[y]

)
=

⊔
α∈ch(τ)

Kα.

This completes the proof.

Theorem 3.4 (Face-splitting product of HSS matrices is an HSS matrix). Let T be a face-splitting product
of two HSS trees T[x] and T[y] of row and column index sets J and K[x] and J and K[y] respectively. If H [x]

and H [y] are two HSS matrices corresponding to T[x] and T[y], then H = H [x] •H [y] is an HSS matrix for
the HSS tree T.

Furthermore, suppose that the rank of HSS blocks in T[x] and T[y] only depend on the level, that is, for
any node τ [x] in T[x] with level(τ [x]) = ℓ and any node τ [y] in T[y] with level(τ [y]) = ℓ, the rank of the HSS

blocks corresponding to τ [x] and τ [y] is at most r
[x]
ℓ and r

[y]
ℓ respectively, then for any node τ = (τ [x], τ [y])

in T with level(τ) = ℓ, the rank of the HSS blocks corresponding to τ is at most r
[x]
ℓ d

[y]
ℓ + r

[y]
ℓ d

[x]
ℓ + r

[x]
ℓ r

[y]
ℓ

where d
[x]
ℓ and d

[y]
ℓ are the maximum size of all diagonal blocks of H [x] and H [y] at level ℓ respectively.

Proof. Without loss of generality, assume that T[x] and T[y] are full binary HSS trees of maximum level L.
This means that the cases (2) and (3) in Definition 3.2 will not happen. The maximum level of T is L, and
every nonleaf node of T has exactly four children. General cases can be proved by similar arguments.

Let {D[x],U [x],V [x],R[x],W [x],B[x]} and {D[y],U [y],V [y],R[y],W [y],B[y]} the generator of H [x] and
H [y] respectively. For a node λ = (τ, σ) ∈ T, we define

Dλ := H(Jλ,Kλ) = H
(
Jλ,K[x]

τ ×K[y]
σ

)
= H [x](Jλ,K[x]

τ ) •H [y](Jλ,K[y]
σ ).

By D
[x]
τ = H [x](JT,K[x]

τ ) and Jλ = Jτ ∩ Jσ, H
[x](Jλ,K[x]

τ ) is a submatrix corresponding to some rows of

D
[x]
τ . We denote H [x](Jλ,K[x]

τ ) = D
[x]
λ . Similarly, we denote H [y](Jλ,K[y]

σ ) = D
[y]
λ . Therefore,

Dλ = D
[x]
λ •D[y]

λ .

If λ = (τ, σ) is a leaf, then both τ and σ are leaf, meaning that both D
[x]
τ and D

[y]
σ are dense matrices,

thus Dλ defined above is a dense matrix as well.
If λ = (τ, σ) is a nonleaf, then by our assumption both τ and σ are nonleaf and D

[x]
τ and D

[y]
σ are 2× 2

block matrices. Let ch(τ) = {α1, α2} and ch(σ) = {β1, β2}, then

ch(τ) = {(α1, β1), (α1, β2), (α2, β1), (α2, β2)}.

The columns of Dλ can be partitioned into 4 column blocks corresponding to ch(λ), with the (r, s)-th
column block of is

Dλ;:,(r,s) = D
[x]
λ;:,r •D

[y]
λ;:,s = H [x](Jλ,K[x]

αr
) •H [y](Jλ,K[y]

βs
).
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We partition the rows of Dλ into 4 blocks according to its children, where the (p, q)-th row block of Dλ is

Dλ;(p,q),: = D
[x]
λ;p,: •D

[y]
λ;q,: = H [x](J(αp,βq),K

[x]
τ ) •H [y](J(αp,βq),K

[y]
σ ).

Consequently, the ((p, q), (r, s))-th block of Dλ is

Dλ;(p,q),(r,s) = D
[x]
λ;p,r •D

[y]
λ;q,s = H [x](J(αp,βq),K

[x]
αr

) • H [y](J(αp,βq),K
[y]
βs
).

In the following, we use the one-to-one mapping of the indices

(1, 1) ↔ (α1, β1) ↔ 1, (1, 2) ↔ (α1, β2) ↔ 2, (2, 1) ↔ (α2, β1) ↔ 3, (2, 2) ↔ (α2, β2) ↔ 4.

We fix the row child node to be ξ1 = (α1, β1) and discuss the block structure of Dλ. Note that for the
off-diagonal blocks, we have

D
[x]
τ ;1,2 = U [x]

α1
B[x]

α1,α2
V [x],∗

α2
, D

[y]
σ;1,2 = U

[y]
β1

B
[y]
β1,β2

V
[y],∗
β2

.

• Case: The column child node is ξ1 = (α1, β1), corresponding to block (1, 1) = ((1, 1), (1, 1)).

In this case,
Dλ;1,1 = H [x](Jξ1 ,K

[x]
α1

) •H [y](Jξ1 ,K
[y]
β1
) = Dξ1 .

• Case: The column child node is ξ2 = (α1, β2), corresponding to block (1, 2) = ((1, 1), (1, 2)).

Using the proof of Lemma 3.1, we have

Dλ;1,2 = D
[x]
λ;1,1 •D

[y]
λ;1,2 = D[x]

α1
•
(
U

[y]
ξ1

B
[y]
β1,β2

V
[y],∗
β2

)
=

(
D

[x]
ξ1

•U [y]
ξ1

)(
I ⊗B

[y]
β1,β2

)(
I ⊗ V

[y]
β2

)∗
,

(3.5)

where U
[y]
ξ1

is the submatrix of U
[y]
β1

corresponding to the row index set Jξ1 .

• Case: The column child node is ξ3 = (α2, β1), corresponding to block (1, 3) = ((1, 1), (2, 1)).

In this case, by a similar argument as in (3.5), we have

Dλ;1,3 =
(
U

[x]
ξ1

B[x]
α1,α2

V [x],∗
α2

)
•D[y]

ξ1
=

(
U

[x]
ξ1

•D[y]
ξ1

)(
B[x]

α1,α2
⊗ I

)(
V [x]

α2
⊗ I

)∗
. (3.6)

• Case: The column child node is ξ4 = (α2, β2), corresponding to block (1, 4) = ((1, 1), (2, 2)).

In this case, we have

Dλ;1,4 =
(
U

[x]
ξ1

B[x]
α1,α2

V [x],∗
α2

)
•
(
U

[y]
ξ1

B
[y]
β1,β2

V
[y],∗
β2

)
=

(
U

[x]
ξ1

•U [y]
ξ1

)(
B[x]

α1,α2
⊗B

[y]
β1,β2

)(
V [x]

α2
⊗ V

[y],∗
β2

)
.

(3.7)

Therefore, for a nonroot node ξ = (α, β), if we define

Uξ =
[
D

[x]
ξ •U [y]

ξ U
[x]
ξ •D[y]

ξ U
[x]
ξ •U [y]

ξ

]
, Vξ =

[
I ⊗ V

[y]
β V

[x]
α ⊗ I V

[x]
α ⊗ V

[y]
β

]
, (3.8)

then the off-diagonal blocks (3.5), (3.6) and (3.7) can be written as

Dλ;1,2 = Uξ1;Bξ1,ξ2V
∗
ξ2;, Bξ1,ξ2 = diag

(
I ⊗B

[y]
β1,β2

,0,0
)

Dλ;1,3 = Uξ1;Bξ1,ξ3V
∗
ξ3;, Bξ1,ξ3 = diag

(
0, I ⊗B[x]

α1,α2
,0

)
Dλ;1,4 = Uξ1;Bξ1,ξ4V

∗
ξ4;, Bξ1,ξ4 = diag

(
0,0,B[x]

α1,α2
⊗B

[y]
β1,β2

)
.
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The remaining is to verify the shared basis property. Suppose λ = (τ, σ) is a nonroot and nonleaf node.
We only check it for the first row block corresponding to ξ1 = (α1, β1). Consider Vλ in (3.8) first, following
a similar argument as above, we have

Vλ;1 =
[
I ⊗ V

[y]
σ;1 V

[x]
τ ;1 ⊗ I V

[x]
τ ;1 ⊗ V

[y]
σ;1

]
=

[
I ⊗

(
V

[y]
β1

W
[y]
β1

) (
V

[x]
α1 W

[x]
α1

)
⊗ I

(
V

[x]
α1 W

[x]
α1

)
⊗

(
V

[y]
β1

W
[y]
β1

)]
=

[
I ⊗ V

[y]
β1

V
[x]
α1 ⊗ I V

[x]
α1 ⊗ V

[y]
β1

]
diag

(
I ⊗W

[y]
β1

,W [x]
α1

⊗ I,W [x]
α1

⊗W
[y]
β1

)
= Vξ1;Wξ1 ,

where Wξ1 is defined as the block diagonal matrix in the above equation. Similarly, for Uλ in (3.8), we
have

Uλ;1 =
[
D

[x]
λ;1,: •U

[y]
λ;1 U

[x]
λ;1 •D

[y]
λ;1,: U

[x]
λ;1 •U

[y]
λ;1

]
.

The first column block can be further factorized as

U
[1]
λ;1 =

[
D

[x]
ξ1

U
[x]
ξ1

B
[x]
α1,α2V

[x],∗
α2

]
•
(
U

[y]
ξ1

R
[y]
β1

)
=

[
D

[x]
ξ1

•
(
U

[y]
ξ1

R
[y]
β1

) (
U

[x]
ξ1

B
[x]
α1,α2V

[x],∗
α2

)
•
(
U

[y]
ξ1

R
[y]
β1

)]
=

[
D

[x]
ξ1

•U [y]
ξ1

U
[x]
ξ1

•D[y]
ξ1

U
[x]
ξ1

•U [y]
ξ1

]
diag

(
I ⊗R

[y]
β1
,0,

(
B[x]

α1,α2
V [x],∗

α2

)
⊗R

[y]
β1

)
= Uξ1R

[1]
ξ1
,

where R
[1]
ξ1

is defined as the block diagonal matrix in the above equation. Similarly, the second and third

column blocks of Uλ;1 can be factorized as U
[2]
λ;1 = Uξ1R

[2]
ξ1

and U
[3]
λ;1 = Uξ1R

[3]
ξ1
. Therefore,

U
[1]
λ;1 =

[
U

[1]
λ;1 U

[2]
λ;1 U

[3]
λ;1

]
= Uξ1

[
R

[1]
ξ1

R
[2]
ξ1

R
[3]
ξ1

]
= Uξ1Rξ1 .

Combining all the above results, we conclude that H is an HSS matrix about T. The results on the
rank of HHS blocks can be easily verified by the construction process.

For our NUDFT matrix, assume that n[x] = n[y] = n and ε is a given accuracy parameter. Then for
both H [x] and H [y], the rank of HSS blocks at level ℓ is O

(
log(1/ε) log(n/2ℓ)

)
and the maximum size of

the diagonal blocks at level ℓ is O(n/2ℓ). Therefore the rank of H at level ℓ is O
(
log(1/ε)(n/2ℓ) log(n/2ℓ)

)
,

implying that the HSS rank of H is O
(
log(1/ε)

√
N logN

)
.

Next we give a result on the approximation error of the face-splitting product of HSS approximations
of G[x] and G[y] to G. Before that, we point out that since every row of A[x] has the same norm and F [x]

is unitary up to a scaling, every row of G[x] = A[x]F [x],−1 has the same norm. The similar result also holds
for G[y] and consequently for G. These facts serve as a key tool in our proofs and we write it as a lemma
here, whose proof is straightforward and omitted.

Lemma 3.5 (Equal row norm property). Consider the 2D type-II NUDFT matrix A = A[x] •A[y] defined
by (1.2), where A[x] and A[y] be the type-II NUDFT matrices in x and y direction respectively. Let F =
F [x] ⊗ F [y] be the DFT matrix in 2D and G = AF−1 = G[x] • G[y] where G[x] = A[x]F [x],−1 and
G[y] = A[y]F [y],−1. Then every row of G[x] = A[x]F [x],−1 has the same norm, denoted by Q[x] and every
row of G[y] = A[y]F [y],−1 has the same norm, denoted by Q[y]. Consequently, every row of G = AF−1 =
G[x] • G[y] has the same norm Q[x]Q[y]. In particular, ∥G[x]∥F =

√
MQ[x], ∥G[y]∥F =

√
MQ[y] and

∥G∥F =
√
MQ[x]Q[y].
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Theorem 3.6. Using the same notations as in Lemma 3.5, for a given 0 < ε < 1, suppose G̃[x] and G̃[y]

are two HSS approximations of G[x] and G[y] such that ∥G[x] − G̃[x]∥F ≤ ε∥G[x]∥F and ∥G[y] − G̃[y]∥F ≤
ε∥G[y]∥F. Assume that exists a constant C such that maxj{∥G̃[x](j, :)∥2} ≤ Cmaxj{∥G[x](j, :)∥2}. Then

G̃ = G̃[x] • G̃[y] is an HSS approximation of G = G[x] •G[y] and ∥G̃−G∥F ≤ (1 + C)ε∥G∥F.

Proof. From Lemma 2.1 and Lemma 3.5, we have

∥G− G̃∥F = ∥(G[x] − G̃[x]) •G[y] + G̃[x] • (G[y] − G̃[y])∥F
≤ ∥(G[x] − G̃[x]) •G[y]∥F + ∥G̃[x] • (G[y] − G̃[y])∥F
≤ ε∥G[x]∥FQ[y] + CQ[x]ε∥G[y]∥F
= ε

√
MQ[x]Q[y] + Cε

√
MQ[x]Q[y] = (1 + C)ε∥G∥F.

This completes the proof.

From ∥G[x] − G̃[x]∥F ≤ ε∥G[x]∥F, it is not hard to prove that C can be chosen as 1 +
√
Mε. Therefore,

one can expect the approximation error in Theorem 3.6 is not large when
√
Mε is small. However, this

estimate is quite pessimistic. If every row of G[x] − G̃[x] has approximately the same norm (and this could
be the case in practice), then one could expect that C is a small constant independent of M and N , meaning
that the approximation error in Theorem 3.6 is small.

4 A Direct Solver for the Inverse NUDFT

In this section, we present a superfast solver for the inverse NUDFT problem (1.1) based on the HSS
approximation of G. Section 4.1 describes the construction of the HSS approximation of G and Section 4.2
presents the algorithm for the approximate direct inversion.

4.1 The Construction of the HSS Approximation

Theorem 3.4 shows that G = G[x]•G[y] could be approximated by an HSS matrix G̃, and the proof of it also
provides a way to construct G̃ directly from the HSS approximations of G[x] and G[y]. But, instead, our
construction of G̃ works on the kernel matrix expression (3.1) of G directly, which is a common way in many
literatures such as [9, 25, 26]. The main tool in the construction is the interpolative decomposition (ID) [10],
which is defined as follows.

Lemma 4.1 (Interpolative decomposition [10]). Let A be an m×n matrix with rank r ≤ min{m,n}. Then

there exist a subset K̂ ⊂ {1, 2, . . . , n} of size r and a matrix Y ∈ Cn×r such that A = A(:, K̂)Y ∗ and

Y (K̂, :) = I. This is called the column ID of A. Similarly, there exist a subset Ĵ ⊂ {1, 2, . . . ,m} of size

r and a matrix L ∈ Cm×r such that A = LA(Ĵ , :) and L(Ĵ , :) = I. This is called the row ID of A. The
matrices Y and L are called the interpolation matrices.

Numerically, ID can be computed by rank-revealing QR factorization (RRQR) [17] or be approximated
using the QR factorization with column pivoting (QRCP). Since G has a kernel matrix expression, the
proxy surface technique [25, 26] is used to accelerate the construction process. By (3.1), for any row and
column index sets R and C, the submatrix can be expressed as G(R, C) = Ψ(ZR,WC) where Ψ is the kernel
function, ZR = {γj}j∈R and WC = {ξk}k∈C .

We give a brief introduction of the construction process. Starting from the leaf nodes, we set Dτ =
G(Jτ ,Kτ ) directly. For each node τ , let Pτ be a set of proxy points such that

G(Jτ ,Kc
τ ) = Ψ(ZJτ ,WKc

τ
) ≈ Ψ(ZJτ ,Pτ )Q

∗
τ , G(J c

τ ,Kτ ) = Ψ(ZJ c
τ
,WKτ ) ≈ PτΨ(Pτ ,WKτ )
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for some matrix Pτ and Qτ . If we have the row ID Ψ(ZJτ ,Pτ ) ≈ LτΨ(ZJτ ,Pτ ), then

G(Jτ ,Kc
τ ) ≈ Ψ(ZJτ ,WKc

τ
) ≈ LτΨ(ZJτ ,Pτ )Q

∗
τ ,

which gives the row ID of G(Jτ ,Kc
τ ). Similarly, the column ID of G(J c

τ ,Kτ ) can be obtained from the
column ID of Ψ(Pτ ,WKτ ). Therefore, after computing the row and column IDs of Ψ(ZKτ ,Pτ ) and
Ψ(Pτ ,WKτ ), the basis matrices can be obtained as Uτ = Lτ and Vτ = Yτ .

After computing the generators for all leaf nodes on level L, we move to level L−1. For a node τ on level
L−1, we define the row index sets J+

τ = ∪α∈ch(τ)Ĵα, and set J+ = ∪level(τ)=L−1J+
τ and J c,+

τ = J+ \J+
τ .

The column index sets K+
τ , K+ and Kc,+

τ are defined similarly. For a node τ on level L− 1, the interaction
matrices of its children are given by Bαp,αq = G(Ĵαp , K̂αq ) for p ̸= q. We then compute the interpolation
matrices Lτ and Yτ by the row and column IDs of Ψ(ZJ+

τ
,Pτ ) and Ψ(Pτ ,WK+

τ
) respectively. Partitioning

Lτ and Yτ according to the children of τ , the transfer matrices are given as Rαp = Lτ ;p and Wαp = Yτ ;p.
This process is repeated until we reach the root node ρ.

Typically, the size of the proxy point set is O(rτ ) where rτ is the rank of the HSS blocks corresponding
to τ . In our case, Pτ is chosen as the random points surrounding the bounding box of ZJτ and WKτ ,
which is shown in Figure 4.1. More speficically, suppose the box contains nc × nc column points. Let the
1D rank estimate in Theorem 2.4 be given as sτ (hence rτ ≈ sτnc). Then we sample sτnc points uniformly
on the horizontal and vertical sides of the box, and sample s2τ points uniformly on the diagonal boundary
of the box. Following the discussions in [25], the complexity of the construction of the HSS approximation
of G is O

(
M +N3/2 log3 N

)
.

row pts

col pts

proxy pts

Figure 4.1: Proxy surfaces for the row ID in the construction of the HSS approximation of G. The
red points are the row points ZJτ

, the blue points are the the column points WKτ
and the cyan

points are the proxy points Pτ .

4.2 An Algorithm for the Direct Inversion of Type-II 2D NUDFT

We design an algorithm for solving the 2D type-II NUDFT based on the HSS matrix approximation of
G, based on the discussions from the previous sections. The algorithm consists of two stages. The offline
stage first constructs the HSS approximation of G using the construction method described in Section 4.1,
then computes the URV factorization of the HSS matrix as described in Section 2.3. This is is independent
of the target values f and can be reused. The online stage computes the solution of the inverse NUDFT
problem by the URV solution of HSS matrix and two-dimensional iFFT. The pseudocode of the algorithm
is summarized in Algorithm 1. Algebraically, we have a factorization

A = GF ≈ Afast := G̃F ,
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for the type-II 2D NUDFT matrix A, where G̃ is the HSS approximation of G and F is the 2D DFT
matrix. The pseudo-inverse of A can be approximated by

A† ≈ A†
fast = F−1G̃†,

where G̃† is represented by its URV factorization and F−1 can be computed by two-dimensional iFFT.
We also remark that our fast direct solver for the 2D type-II NUDFT can be used as a preconditioner for
iterative solvers such as lsqr, as long as we can efficiently apply A†,∗

fast = G̃†∗F /N , which involves the URV
solution of HSS matrix mentioned in the end of Section 2.3 and two-dimensional FFT.

Algorithm 1 A direct solver for type-II 2D NUDFT problem

Input: Sample points {(xj , yj)}M−1
j=0 and number of frequencies n[x] and n[y], target values

{fj}M−1
j=0 .

Output: Coefficients c.
1: Construct the HSS approximation G̃ of G = AF−1 using the kernel matrix expression (3.1).

2: Compute the URV factorization of G̃.
3: Compute c = F−1G̃†f by the URV solution and two-dimensional iFFT.

We analyze the complexity of Algorithm 1 under a simplified setting. Suppose T[x] and T[y] are both
full binary HSS trees with maximum level L constructed by bisecting the column index sets, and the
maximum level of both trees is L, and all leaf nodes have exact column size nL, where nL is a small
constant independent of n[x] and n[y]. That is, n[x] = n[y] = n = 2LnL and N = 4LNL where NL = n2

L.
Let T = T[x] •T[y] and assume further that M = 4LML correspondingly where ML is the number of sample
points in the leaf nodes. For level ℓ, there are 4ℓ nodes and the HSS blocks on level ℓ be denoted by rℓ. By
the discussions in Section 3.1 and Section 3.2, we assume that rℓ = O(nℓ log nℓ). Follwing the results in
Section 4.1 and Section 2.3, the complexity of the offline stage is O

(
M+N3/2 log3 N

)
, while the complexity

of the URV solution is O
(
M +N log3 N

)
.

5 Numerical Results

In this section, we present numerical results of our direct solver for the 2D type-II NUDFT. Two types of
nonuniform grids are considered: the random grid and the (modified) polar grid [15]. The random grid is
generated by sampling M points distributed uniformly randomly in [0, 1)2. The polar grid is defined as the
zero point (0, 0) together with points of the form

x(p,q) =
1

2
+ rp cos(2πtq), y(p,q) =

1

2
+ rp sin(2πtq),

rp =

√
2

2

p

nr
, tq =

q

nt
, p = 1, . . . , nr − 1, q = 0, 1, . . . , nt − 1,

where we exclude the points outside [0, 1)2. Figure 5.1 shows the two grid examples.
In our experiments, we first let n ranges in {32, 64, 128, 256, 512} and set n[x] = n[y] = n and N =

n[x]n[y] = n2. For random grid, the number of sample points is set as M = αN , where α is selected to be
1.5. For polar grid, we set nr = n and nt ≈ βn log2 n for β = 0.6, which gives M ≈ 0.8βN log4 N , where the
factor 0.8 comes from the sample area that is inside [0, 1)2. The well-known Shepp-Logan phantom, which
is widely used in the field of magnetic resonance imaging (MRI) [7], is used as the exact solution. That is,
the coefficients c are sampled on a n × n grid of the Shepp-Logan phantom, and the target values f are
generated by applying the type-II 2D NUFFT to c. The tolerance parameter ε in the construction of the
HSS approximation is set as 10−2 or 10−4 for all experiments. We use the MATLAB command “lsqr” [27]
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Figure 5.1: Nonuniform grids. N = 322. Left: Random grid with M = 2N points. Right: Polar
grid with M ≈ 0.54N log4(N) points.

as the iterative solver, with the maximum number of iterations set as 500 and the tolerance parameter set
as 10−12. All algorithms are implemented in MATLAB R2023b and the FINUFFT library [3] are utilized
for forward NUFFT, and are carried out on a server with two Intel Gold 6226R CPUs at 2.90 GHz and
1000.6 GB of RAM.

The following quantities are used to evaluate the performance of the algorithms. We use rh to denote the
HSS rank of the HSS approximation of G, tc to denote the walltime of constructing the HSS approximation,
tf to denote the walltime of computing the URV factorization of the HSS approximation, ts to denote the
walltime of computing the solution by the URV solution of HSS matrix and iFFT, rs to denote the relative
residual of the solution, i.e., ∥Ac − f∥2/∥f∥2, and es to denote the relative error of the solution, i.e.,
∥c− cex∥2/∥cex∥2 where cex is the exact solution. For iterative solvers, we use tpre to denote the walltime
of constructing the preconditioner, i.e., the offline computation, which equals to tc + tf , titer to denote
the walltime of all iterations when solving the problem by MATLAB’s “lsqr” command with or without a
preconditioner, and niter to denote the number of iterations.

5.1 Random Grid

Figure 5.2 shows the scaling of the HSS rank, construction time, factorization time, and solution time of
Algorithm 1 on random grids with M = 1.5N . The corresponding numerical results are summarized in
Table 5.1. It can be observed that the HSS rank grows as O

(√
N logN

)
, which is consistent with our

analysis. Moreover, both the construction and factorization times follow the predicted O
(
M+N3/2 log3 N

)
complexity. The solving time is significantly smaller than the construction and factorization times, indi-
cating that the dominant computational cost lies in the offline stage, while the online stage is negligible in
comparison. For example, when N = 5122, M = 1.5N and ε = 10−2, the construction takes approximately
1.4 hours, whereas the factorization and solution times are only about 28 minutes and 50 seconds, respec-
tively. Furthermore, the tolerance parameter ε has a significant impact on the computational cost. For the
same example, when ε is decreased from 10−2 to 10−4, the construction, factorization, and solution times
increase by factors of approximately 4.7, 3.2, and 1.3, respectively. In most cases, the relative residuals and
relative errors of the direct solver are on the order of 10−2 for ε = 10−2 and 10−4 for ε = 10−4, suggesting
that the algorithm remains stable as the problem size increases.

Table 5.2 demonstrates the behavior of the iterative solver using our direct solver as a preconditioner,
where lsqr denotes the standard lsqr method and plsqr denotes the preconditioned lsqr method. First, the
results show that, for random grids with M = 1.5N , standard lsqr fails to converge within 500 iterations
for all tested problem sizes. In contrast, plsqr converges in 8 to 40 iterations when ε = 10−2 and 4 to 14
iterations when ε = 10−4, and the relative residual and relative error achieve at a level of 10−12 in both
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Figure 5.2: HSS rank, construction time, factorization time and solution time of the direct solver
on a random grid. M = 1.5N .

N M ε tc tf ts rs es

322 1536
10−2 4.1e-01 1.7e-01 8.8e-03 2.1e-03 2.3e-03
10−4 8.7e-01 1.9e-01 1.1e-02 1.0e-05 1.2e-05

642 6144
10−2 4.3e+00 2.9e+00 4.7e-02 3.9e-03 5.9e-03
10−4 1.6e+01 4.6e+00 9.2e-02 3.0e-05 4.3e-05

1282 24576
10−2 5.1e+01 3.2e+01 5.6e-01 5.0e-03 7.1e-03
10−4 2.5e+02 6.3e+01 5.5e-01 1.4e-04 2.1e-04

2562 98304
10−2 5.3e+02 2.4e+02 2.0e+00 7.6e-03 1.1e-02
10−4 2.7e+03 6.9e+02 1.2e+01 4.2e-04 6.0e-04

5122 393216
10−2 4.9e+03 1.7e+03 5.1e+01 1.1e-02 1.7e-02
10−4 2.3e+04 5.5e+03 6.7e+01 7.3e-04 1.1e-03

Table 5.1: Construction time, factorization time, solve time, relative residual and relative error of
the direct solver on a random grid. M = 1.5N .
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N M method tpre titer niter rs es

322 1536
lsqr - 1.2e+00 500 5.2e-10 5.7e-10

plsqr (ε = 10−2) 5.7e-01 1.4e-01 8 2.6e-12 3.0e-12
plsqr (ε = 10−4) 1.1e+00 1.1e-01 4 4.4e-15 5.2e-15

642 6144
lsqr - 2.7e+00 500 2.8e-08 5.4e-08

plsqr (ε = 10−2) 7.2e+00 1.0e+00 12 5.6e-13 9.6e-13
plsqr (ε = 10−4) 2.0e+01 8.9e-01 4 1.3e-13 2.0e-13

1282 24576
lsqr - 4.8e+00 500 6.5e-05 9.4e-05

plsqr (ε = 10−2) 8.2e+01 8.5e+00 14 4.3e-12 7.0e-12
plsqr (ε = 10−4) 3.1e+02 7.6e+00 6 2.5e-14 3.5e-14

2562 98304
lsqr - 1.2e+01 500 1.2e-04 2.1e-04

plsqr (ε = 10−2) 7.7e+02 6.6e+01 23 2.0e-12 3.1e-12
plsqr (ε = 10−4) 3.4e+03 5.6e+01 8 8.8e-13 1.3e-12

5122 393216
lsqr - 3.0e+01 500 1.9e-04 3.2e-04

plsqr (ε = 10−2) 6.5e+03 5.1e+02 39 3.6e-12 5.5e-12
plsqr (ε = 10−4) 2.9e+04 4.6e+02 14 2.7e-12 4.0e-12

Table 5.2: Time cost, iteration number, relative residual and relative error of lsqr and plsqr on a
random grid. M = 1.5N .

cases. It means that the preconditioner is effective and efficient.

5.2 Polar Grid

Following the setting introduced at the beginning of Section 5, for the polar grid we set nr = n and
nt ≈ βn log2 n with β = 0.6. This gives M ≈ 0.47N log4 N . Figure 5.3 reports the scaling of the HSS rank,
construction time, factorization time, and solution time of Algorithm 1 on the polar grid with β = 0.6.
The corresponding numerical results are summarized in Table 5.3. Similar to the random-grid case, the
HSS rank grows approximately as O

(√
N logN

)
, in agreement with the estimation in Section 4.2. The

construction and factorization times also follow the predicted O
(
M +N3/2 log3 N

)
scaling. In particular,

since M ≈ 0.47N log4 N for the polar grid, the dominant cost in both stages comes from the O
(
N3/2 log3 N

)
term rather than the linear O(M) term. The solution time is much smaller than the construction and
factorization times. For instance, when N = 5122 and ε = 10−2, the construction takes about 1.7 hours,
whereas the factorization and solution times are approximately 33 minutes and 34 seconds, respectively.
When the tolerance is tightened to ε = 10−4, the construction, factorization, and solution times increase
to 7.2 hours, 1.9 hours, and 92 seconds, respectively. Moreover, the relative residuals and relative errors of
the direct solver are generally on the order of 10−2 for ε = 10−2 and 10−4 for ε = 10−4, indicating that the
proposed direct solver remains stable for the polar grid as the problem size increases.

Table 5.4 shows the performance of lsqr and plsqr on the polar grid. For β = 0.6, lsqr fails to converge
within 500 iterations for all but the smallest problem size. In contrast, plsqr converges in 9 to 38 iterations
when ε = 10−2, and in 4 to 10 iterations when ε = 10−4. In both cases, the relative residuals and relative
errors reach the level of 10−11 to 10−12, demonstrating the effectiveness of the proposed preconditioner.
Overall, these results confirm that the proposed preconditioner significantly improves the convergence of
lsqr on polar grids, especially for larger and more ill-conditioned problems.
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Figure 5.3: HSS rank, construction time, factorization time and solution time of the direct solver
on a polar grid. β = 0.6. M ≈ 0.47N log4(N).

N M ε tc tf ts rs es

322 2397
10−2 6.6e-01 3.0e-01 8.1e-03 6.6e-04 7.0e-03
10−4 1.2e+00 4.4e-01 1.2e-02 3.3e-06 1.3e-05

642 11620
10−2 6.4e+00 4.5e+00 4.7e-02 2.9e-02 3.1e-02
10−4 2.3e+01 1.1e+01 1.1e-01 2.1e-04 2.2e-04

1282 54373
10−2 6.8e+01 4.1e+01 4.4e-01 2.3e-03 3.2e-02
10−4 3.1e+02 1.0e+02 1.2e+00 8.0e-05 2.0e-03

2562 249074
10−2 6.8e+02 3.0e+02 2.2e+00 5.5e-02 5.4e-02
10−4 3.4e+03 9.0e+02 1.7e+01 2.9e-03 2.8e-03

5122 1122019
10−2 6.0e+03 2.0e+03 3.4e+01 6.1e-03 5.7e-03
10−4 2.6e+04 6.9e+03 9.2e+01 4.6e-04 4.2e-04

Table 5.3: Construction time, factorization time, solve time, relative residual and relative error of
the direct solver on a polar grid. M ≈ 0.47N log4(N).
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N M method tpre titer niter rs es

322 2397
lsqr - 1.3e+00 470 8.9e-13 6.8e-12

plsqr (ε = 10−2) 9.6e-01 1.9e-01 9 2.9e-13 9.9e-12
plsqr (ε = 10−4) 1.7e+00 1.5e-01 4 7.7e-16 6.5e-15

642 11620
lsqr - 2.9e+00 500 3.8e-03 4.0e-03

plsqr (ε = 10−2) 1.1e+01 2.2e+00 21 1.5e-11 1.6e-11
plsqr (ε = 10−4) 3.3e+01 1.4e+00 5 8.9e-11 9.3e-11

1282 54373
lsqr - 5.6e+00 500 2.2e-05 1.6e-03

plsqr (ε = 10−2) 1.1e+02 2.8e+01 38 2.6e-13 1.4e-11
plsqr (ε = 10−4) 4.1e+02 1.5e+01 10 2.2e-13 6.7e-11

2562 249074
lsqr - 1.7e+01 500 1.9e-03 1.8e-03

plsqr (ε = 10−2) 9.7e+02 1.3e+02 37 1.3e-11 1.2e-11
plsqr (ε = 10−4) 4.3e+03 1.0e+02 12 5.7e-11 5.5e-11

5122 1122019
lsqr - 6.5e+01 500 4.8e-04 4.6e-04

plsqr (ε = 10−2) 8.0e+03 4.2e+02 24 2.2e-12 2.1e-12
plsqr (ε = 10−4) 3.3e+04 4.2e+02 10 2.5e-12 2.4e-12

Table 5.4: Time cost, iteration number, relative residual and relative error of lsqr and plsqr on a
polar grid. M ≈ 0.47N log4(N).

6 Conclusions and Future Directions

This paper presents a direct solver for the 2D type-II NUDFT based on the HSS matrix approximation
G̃ of the transformed NUDFT matrix G = AF−1. The construction of the HSS approximation is based
on the kernel matrix expression of G and the proxy surface technique, resulting in the complexity of
O
(
M +N3/2 log3 N

)
. The URV factorization is then applied to G̃, which also takes O

(
M +N3/2 log3 N

)
time. Finally, the solution can be obtained using the URV factorization of G̃ and two-dimensional FFT,
which takes O

(
M+N log3 N

)
time. The proposed method can also be used as a preconditioner for iterative

solvers. Numerical results show the efficiency and accuracy of our direct solver for the 2D type-II NUDFT
with both random and polar grids. It also demonstrates the effectiveness of the proposed solver as a
preconditioner for iterative solvers, especially when the grid is ill-conditioned.

There are several future directions. The first is to extend the proposed method to the 2D type-III
NUDFT. This could be done by using the same idea proposed in [23]. The second is to give a rigorous
discussion to the estimation of the numerical rank of the HSS blocks of G. The discussion in Section 3.1
provides an intuition of the numerical rank of the HSS blocks. To achieve this we need a numerical rank
version of Lemma 3.1, which is not straightforward. The last is about the extension to higher dimensions.
Our method factorizes A approximately as a product of an HSS matrix G̃ and a fast transform F . As we
have shown intuitively and numerically, the HSS rank is r = O

(√
N logN

)
, which is quite large compared

to the 1D case, where the HSS rank in 1D is r = O(logN). Moreover, by the same discussion one can
also prove that in 3D case the HSS rank will be r = O

(
N2/3 logN

)
, which is even larger. Consequently,

the complexity of our algorithm in 3D case will be O
(
N2 logα N

)
for some α > 0, which is less efficient,

especially when N is large. Therefore, it is interesting to investigate whether there are other data-sparse
approximations of G with smaller rank, which can further reduce the complexity of the algorithm. For
example, the butterfly factorization [8, 24] for Fourier integral operators may be a good candidate, which
achieves a quasi-linear complexity O(N logN) for the representation of the matrix when M = N .
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