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We study the compilation of structured quantum gate families on two-dimensional neutral-atom
arrays, aiming to reduce addressing and transport overhead under realistic hardware constraints.
For single-qubit gates, we exploit the algebraic structures of gate families at the matrix level, en-
abling efficient rank-one decompositions over appropriate algebraic structures and thereby reducing
the number of addressing layers. For controlled-Z (C-Z) gates, we formulate the transport schedul-
ing problem using graph-theoretic models, leading to efficient compilation algorithms under realistic
transport constraints. We provide provable performance guarantees for the proposed methods and
validate them through extensive numerical experiments. Across representative single-qubit gate
families, our methods reduce the number of addressing layers by up to a factor of two compared
with naïve row- or column-wise implementations. For C-Z gates, our scheduling strategy reduces
the required number of atom transport operations by approximately 50%. When applied to QAOA
circuits for MaxCut, the proposed framework reduces transport cost by more than 30% on average.
These results show that the physical constraints of neutral-atom hardware can be converted into al-
gebraic and graph-theoretic structure, turning a hardware-level scheduling bottleneck into tractable
decomposition and coloring problems.

I. INTRODUCTION

Quantum compilation plays a central role in bridging
the gap between high-level quantum algorithms and their
physical realization on hardware. Over the past decades,
substantial progress has been made in compiler design for
leading quantum computing platforms, including super-
conducting circuits [1–3] and trapped ions [4, 5]. For su-
perconducting architectures, compilation efforts primar-
ily focus on qubit mapping and SWAP minimization un-
der fixed, low-degree connectivity graphs, as well as gate
scheduling subject to coherence-time constraints [6–8]. In
contrast, trapped-ion systems benefit from near all-to-all
connectivity, shifting the compilation emphasis toward
laser-control optimization, motional mode management,
and gate parallelism [9, 10].

The compilation landscape of neutral-atom quantum
computers differs fundamentally from that of both super-
conducting and trapped-ion platforms. By leveraging op-
tical tweezer arrays and Rydberg-mediated interactions,
neutral-atom platforms support reconfigurable qubit lay-
outs, long coherence time, and the ability to physically
transport atoms during computation [11–15]. These fea-
tures make neutral-atom platforms a promising candi-
date for scalable quantum computation, enabling native
parallel in-place single-qubit operations and flexible im-
plementations of entangling gates through atomic trans-
port. Efficiently transpiling abstract quantum circuits
into hardware-compatible instruction sequences on such
platforms, however, remains a nontrivial challenge, par-
ticularly when achievable parallelism is limited by circuit
structure and overhead associated with atomic transport.
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TABLE I: Summary of optimality guarantees for
different single-qubit gate families.

Gate family Algebra structure Optimality

Self-inverse gates Z2 Optimal
Pauli gates (Z2)

2 4
3
-optimal

Phase gates Z4 3-optimal
π/8 gates Z8 7-optimal (conjectured)

In this work, we develop a systematic framework for
transpiling quantum circuits on neutral-atom arrays by
explicitly exploiting the algebraic structure of the under-
lying gate sets. For single-qubit gates, including self-
inverse gates, Pauli gates, phase gates, and T (π/8)
gates, we reformulate the parallelization problem as a
matrix decomposition problem over appropriate alge-
braic structures. This perspective enables us to derive
provable bounds on the number of required operations
for each gate family. The resulting optimality guaran-
tees are summarized in Table I. For two-qubit C-Z gates,
we adopt a graph-theoretical formulation that captures
the interaction pattern among atoms. By distinguishing
between row/column-aligned and non-aligned gates un-
der realistic transport constraints, we design scheduling
strategies that significantly reduce the required number
of transport operations.

We evaluate the proposed methods through numerical
experiments on randomly generated instances. Across
all considered single-qubit gate families, our methods re-
duce the number of addressing layers by up to a factor of
two compared with naïve row- or column-wise implemen-
tations. For C-Z gates, the proposed scheduling strat-
egy reduces the required number of atom transport op-
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erations by approximately 50%. We further benchmark
the complete compilation framework on randomly gen-
erated QAOA-MaxCut instances, where it reduces the
C-Z transport cost by more than 30% on average. In ad-
dition, small-scale exhaustive tests confirm the theoret-
ical 4

3 -optimality for Pauli gates. Runtime benchmarks
further show that all compilation procedures complete
within one second for the tested array sizes, indicating
that the proposed methods are computationally efficient
at near-term neutral-atom scales.

The main contributions of this work are summarized
as follows:

• We introduce a unified algebraic framework for de-
composing and scheduling several families of single-
qubit gates on neutral-atom arrays, with provable
bounds on the operation count.

• We develop efficient scheduling algorithms for C-Z
gates under realistic transport constraints, leverag-
ing graph-theoretical tools such as interval graph
coloring and the computation of a minimum num-
ber of strictly increasing subsequences.

• We validate the effectiveness of our approach
through numerical simulations, demonstrating sub-
stantial reductions in operation counts relative to
naïve strategies and verifying theoretical guaran-
tees for Pauli gates.

• We apply the proposed compilation framework to
QAOA circuits for the MaxCut problem and nu-
merically demonstrate significant improvements in
compilation efficiency on neutral-atom architec-
tures.

Taken together, these results provide practical guidance
for compiling quantum algorithms on neutral-atom plat-
forms, helping to bridge the gap between abstract algo-
rithm design and hardware-aware circuit optimization.

II. METHODS

A. Single-Qubit Gates

In a neutral-atom quantum computer, single-qubit
gates are implemented by driving qubit transitions us-
ing externally applied control fields. Under neutral-atom
architecture, each single-qubit addressing layer projects
multiple horizontal and vertical laser beams onto the
atomic array, so that atoms located at the intersections
of these beams are simultaneously addressed and undergo
identical single-qubit operations. This addressing scheme
is illustrated in Figure 1.

We focus on several families of single-qubit gates and
develop optimized strategies for implementing them on
a neutral-atom quantum computer. Consider an m × n
atomic array on which a collection of single-qubit gates
from a group G is to be applied. This target can be

FIG. 1: Single-qubit gate addressing. Qubits (yellow
circles) are addressed by horizontal and vertical laser
beams (semi-transparent green rectangles). Qubits at
beam intersections undergo identical single-qubit gates

simultaneously.

represented by a matrix M ∈ Gm×n, where Mij specifies
the gate to be applied to the qubit at position (i, j).

Each single-qubit addressing layer selects a subset of
rows and columns and applies a single-qubit gate uni-
formly to all qubits at their intersections. The goal is
to realize the target matrix M with as few such steps as
possible. Each step can be expressed as(

uv⊤
)
·G, G ∈ G, u ∈ {0, 1}m, v ∈ {0, 1}n,

where the binary vectors u and v indicate the selected
rows and columns, respectively. The outer product uv⊤

specifies the subset of addressed qubits, and multiplica-
tion by a group element G corresponds to applying G to
the selected positions according to

0 ·G = I, 1 ·G = G,

where I denotes the identity element of G.
Using this notation, the compilation problem can be

formulated as the following optimization problem:
min k

s.t. M =

k∑
t=1

(
utv

⊤
t

)
·Gt,

Gt ∈ G, ut ∈ {0, 1}m, vt ∈ {0, 1}n,

(1)

where the sum is taken element-wise in Gm×n using the
group operation.

1. Self-inverse Gates

We first consider the case G = {I,X}, where X is
a self-inverse single-qubit gate, i.e., X2 = I. Many
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commonly used single-qubit gates, including the Pauli
gates and the Hadamard gates, satisfy this property. In
this setting, the group G is isomorphic to the finite field
GF(2), and the optimization problem (1) reduces to

min k

s.t. M =

k∑
t=1

utv
⊤
t , ut ∈ {0, 1}m, vt ∈ {0, 1}n,

where M ∈ {0, 1}m×n encodes the target single-qubit
gate pattern, and the summation is element-wise in
GF(2).

The reduced problem is equivalent to computing the
rank of M over GF(2). Since GF(2) is a field, Gaussian
elimination can be applied to determine the GF(2)-rank
and to explicitly construct a corresponding decomposi-
tion. The procedure is as follows:

1. Apply a sequence of elementary row operations,
represented by an invertible matrix Tr, to trans-
form M into reduced row echelon form

TrM = e1v
⊤
1 + e2v

⊤
2 + · · ·+ ekv

⊤
k ,

where ei is the i-th column of the m ×m identity
matrix, {v1, . . . , vk} are linearly independent over
GF(2).

2. Define ut = T−1
r et. Then M admits the decompo-

sition
M = u1v

⊤
1 + u2v

⊤
2 + · · ·+ ukv

⊤
k .

The GF(2)-rank of M thus characterizes the minimum
number of addressing layers required to realize the target
gate pattern under the row-column addressing constraint
of the neutral-atom architecture. In contrast, a naïve
implementation that applies gates sequentially column-
by-column or row-by-row would generally require up to
min{m,n} steps. This self-inverse scenario provides a
baseline, illustrating how algebraic structure can be ex-
ploited to optimize the compilation process.

2. Pauli Gates

We now consider the Pauli group
{±I,±X,±Y,±Z,±iI,±iX,±iY,±iZ} .

Since global phases are physically irrelevant, we restrict
attention to the phase-free Pauli group G = {I,X, Y, Z}.
The group operation, denoted by + and defined by Pauli
multiplication modulo global phase, is summarized in the
following table:

+ I X Y Z

I I X Y Z

X X I Z Y

Y Y Z I X

Z Z Y X I

Here, the identity I acts as the zero element. The group
G is Abelian and isomorphic to (Z2)

2 via the mapping

I ↔ (0, 0), X ↔ (0, 1), Y ↔ (1, 0), Z ↔ (1, 1),

under which the group operation reduces to component-
wise addition modulo 2, i.e., the bitwise XOR operation.

With this identification, the optimization problem (1)
can be reformulated as

min k

s.t. M =

k∑
t=1

(
utv

⊤
t

)
·Gt,

Gt ∈ {0, 1}2, ut ∈ {0, 1}m, vt ∈ {0, 1}n,

which is equivalent to computing the rank and construct-
ing a rank-one decomposition of an m×n×2 tensor over
GF(2). For a third-order tensor T = [X1|X2| · · · |Xp] ∈
Fm×n×p, where F is a given field, the tensor rank is the
minimal number r such that each slice Xi ∈ Fm×n can be
expressed as a linear combination of r rank-one matrices
over F.

In general, computing the rank of a third-order tensor
over a finite field is NP-complete [16]. Here, the third di-
mension is fixed to be 2, for which several special-case re-
sults exist [17–19], though the exact complexity remains
open.

We present a simple algorithm that produces a rank-
one decomposition of an m × n × 2 tensor over GF(2)
using at most 4/3 times the optimal number of terms.
Let T = [X1|X2] be a tensor with two slices. It admits
three equivalent decompositions:

T = X1 ⊗

[
0

1

]
+X2 ⊗

[
1

0

]

= (X1 +X2)⊗

[
0

1

]
+X2 ⊗

[
1

1

]

= X1 ⊗

[
1

1

]
+ (X1 +X2)⊗

[
1

0

]
.

Each representation expresses T as the sum of two
matrix-vector tensor products. Decomposing the matri-
ces into rank-one components gives rank-one expansions
with

rank(X1) + rank(X2),

rank(X1 +X2) + rank(X2),

rank(X1) + rank(X1 +X2)

terms, respectively. Our algorithm chooses the decom-
position with the fewest rank-one terms,

∆ :=min{rank(X1) + rank(X2),

rank(X1) + rank(X1 +X2),

rank(X2) + rank(X1 +X2)}.
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Applying Lemma 8 of [19] (see Section A),

rank(T ) ≥ rank(X1) + rank(X2) + rank(X1 +X2)

2
,

we obtain

∆ ≤ 2

3
(rank(X1) + rank(X2) + rank(X1 +X2))

≤ 4

3
rank(T ),

establishing that our algorithm produces a rank-one de-
composition using at most 4/3 times the optimal number
of terms.

3. Phase Gates

We next consider the cyclic group generated by the
phase gate

S =

[
1 0

0 i

]
,

namely G = {I, S, S2, S3}. The group has order four
and is isomorphic to the additive group modulo 4, Z4 =
{0, 1, 2, 3}. Under this identification, the optimization
problem (1) becomes

min k

s.t. M =

k∑
t=1

(
utv

⊤
t

)
·Gt,

Gt ∈ Z4, ut ∈ {0, 1}m, vt ∈ {0, 1}n,

(2)

with all additions performed modulo 4. We denote the
optimal value of k by r4(M).

We present a polynomial-time algorithm that produces
a decomposition of M using at most 3r4(M) terms. The
procedure consists of two stages:

1. Let M1 = M mod 2. Compute its rank over GF(2)
and obtain a rank-one decomposition

M1 =

k1∑
t=1

u
(1)
t

(
v
(1)
t

)⊤
,

where u
(1)
t ∈ {0, 1}m, v

(1)
t ∈ {0, 1}n.

2. Define

M2 = M −
k1∑
t=1

u
(1)
t

(
v
(1)
t

)⊤
(mod4),

so that M2 ∈ {0, 2}m×n. Compute the rank of
M2/2 over GF(2) and obtain

1

2
M2 =

k2∑
t=1

u
(2)
t

(
v
(2)
t

)⊤
,

where u
(2)
t ∈ {0, 1}m, v

(2)
t ∈ {0, 1}n.

Combining the two stages, we obtain a decomposition

M =

k1∑
t=1

u
(1)
t

(
v
(1)
t

)⊤
+

k2∑
t=1

2u
(2)
t

(
v
(2)
t

)⊤
(mod4), (3)

which is valid under the constraints of (2).
Since by definition there exists a decomposition of M

satisfying the constraints of (2) using k = r4(M) terms,
reducing each coefficient modulo 2 produces a valid de-
composition of M1 over GF(2):

M1 =

r4(M)∑
t=1

(
utv

⊤
t

)
· (Gt mod 2) .

This immediately implies that k1 ≤ r4(M).
To analyze the second stage, it is convenient to intro-

duce an auxiliary quantity

min

{
k : M =

k∑
t=1

utv
⊤
t mod 4, ut ∈ Zm

4 , vt ∈ Zn
4

}
,

(4)
which is denoted by ρ4(M). In contrast to r4(M), it
allows multiplication between elements of Z4 and thus
endows Z4 with its standard ring structure. In the fol-
lowing, ρ4(M) will serve as an intermediate measure to
bound the number of rank-one terms produced in the sec-
ond stage. A relationship between ρ4(M) and the matrix
GF(2)-rank is formalized in the following lemma, whose
proof is given in Section A.
Lemma II.1. Suppose M ∈ {0, 2}m×n and define N ∈
{0, 1}m×n by

Nij =

{
1, Mij = 2,

0, Mij = 0.

Then ρ4(M) is equal to the rank of N over GF(2).
Applying Theorem II.1 to M2 gives k2 = ρ4(M2). By

construction, M2 can be expressed as

M2 =

r4(M)∑
t=1

(utv
⊤
t ) ·Gt −

k1∑
t=1

u
(1)
t

(
v
(1)
t

)
,

which is a valid decomposition under the definition of
ρ4(·). It then follows that

k2 = ρ4(M2) ≤ r4(M) + k1 ≤ 2r4(M).

so that the total number of terms in the final decompo-
sition (3) satisfies

k1 + k2 ≤ 3r4(M).

Remark II.2. The vectors u
(1)
t , v

(1)
t obtained in the first

stage provide some flexibility in the second stage. Specif-
ically, one may alternatively define

M2 = M −
k1∑
t=1

(
u
(1)
t

(
v
(1)
t

)⊤
)
·Gt

for any choice Gt ∈ {1, 3}, and in practice the coefficients
Gt can be selected to minimize k2.
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4. Clifford Gates

We now consider the single-qubit Clifford group gen-
erated by {I,X, Y, Z, S,H}. Up to an irrelevant global
phase, any single-qubit Clifford operator admits a decom-
position of the form

U = PHaSb

where P ∈ {I,X, Y, Z}, a ∈ {0, 1}, and b ∈ {0, 1, 2, 3}.
This factorization suggests a natural compilation strat-

egy for Clifford gates on a neutral-atom array. In par-
ticular, the Clifford compilation problem can be decom-
posed into three independent subproblems corresponding
to the implementation of phase gates, Hadamard gates,
and Pauli gates. Concretely, we first realize the required
phase-gate pattern using the algorithm developed in Sec-
tion II A 3. We then implement the Hadamard gates us-
ing the method for self-inverse gates described in Sec-
tion II A 1. Finally, the remaining Pauli gates are syn-
thesized using the approach presented in Section II A 2.

The modular decomposition enables the Clifford com-
pilation problem to be addressed by combining special-
ized algorithms for each gate family, each with provable
performance guarantees. As a result, the overall compi-
lation procedure is efficient, scalable, and well suited to
the row-column addressing constraints of neutral-atom
architectures.

5. π/8 Gates

In this subsection, we consider the group generated by
the π

8 gate

T =

[
1 0

0 ei
π
4

]
.

Analogous to the phase-gate group, this group is cyclic
of order eight and is isomorphic to the additive group
modulo 8, Z8 = {0, 1, 2, 3, 4, 5, 6, 7}. Under this identifi-
cation, the compilation problem (1) reduces to

min k

s.t. M =

k∑
t=1

(
utv

⊤
t

)
·Gt,

Gt ∈ Z8, ut ∈ {0, 1}m, vt ∈ {0, 1}n,

(5)

where all additions are performed modulo 8. We denote
the optimal value of k by r8(M).

As in the phase-gate case, we adopt a two-stage de-
composition strategy:

1. Let M1 = M mod 2. Compute its rank over GF(2)
and obtain a rank-one decomposition

M1 =

k1∑
t=1

u
(1)
t

(
v
(1)
t

)⊤
,

where u
(1)
t ∈ {0, 1}m, v

(1)
t ∈ {0, 1}n.

2. Define

M2 = M −
k1∑
t=1

u
(1)
t

(
v
(1)
t

)⊤
(mod8),

so that M2 ∈ {0, 2, 4, 6}m×n. Apply the algorithm
for compiling phase gates and obtain

1

2
M2 =

k2∑
t=1

(
u
(2)
t

(
v
(2)
t

)⊤
)
·Gt,

where Gt ∈ Z4, u
(2)
t ∈ {0, 1}m, v

(2)
t ∈ {0, 1}n.

Combining the two stages, we obtain a valid decomposi-
tion

M =

k1∑
t=1

u
(1)
t

(
v
(1)
t

)⊤
+

k2∑
t=1

(2Gt)u
(2)
t

(
v
(2)
t

)⊤
(mod8).

As in the phase gate case, reducing an optimal Z8 de-
composition modulo 2 implies k1 ≤ r8(M). Moreover,
applying the phase-gate algorithm to M2/2 yields k2 ≤
3r4(M2/2). We conjecture that r4(M2/2) = r8(M2),
which implies

r4(M2/2) = r8(M2) ≤ r8(M) + k1 ≤ 2r8(M).

Under this conjecture, the total number of terms pro-
duced by the algorithm satisfies k1 + k2 ≤ 7r8(M).

Remark II.3. The recursive structure of the above al-
gorithm extends naturally to the cyclic group generated
by a π/2p rotation,

Rp =

[
1 0

0 eiπ/2
p

]
,

which is isomorphic to Z2p+1 . Under this identifica-
tion, the compilation problem reduces to an optimization
problem analogous to (5), with the coefficients satisfy-
ing Gt ∈ Z2p+1 . One can then first reduce the target
matrix modulo 2 and compute a rank-one decomposition
over GF(2), as in the first stage of the phase- and π/8-
gate algorithms. After subtracting this binary decompo-
sition, all entries of the residual matrix become even, so
the residual can be divided by two and regarded as an
instance over Z2p . Repeating this procedure recursively
reduces the original compilation problem to a sequence
of binary matrix decompositions and lower-order cyclic-
group compilation problems.

B. C-Z Gates

Unlike single-qubit gates, the execution of C-Z gates
requires the participating qubits to be physically trans-
ported to a designated entangling zone. Within this zone,
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C-Z gates can be performed between adjacent rows or
columns of qubits. An acousto-optic deflector (AOD)
is used to extract multiple qubits from the atom array
and transport them into the entangling zone. In a single
transport, several rows and columns of the atom array
are selected, and all atoms located at their intersections
are moved simultaneously. During the transport, the rel-
ative positions of the selected atoms are preserved [20].
The transportation process is illustrated in Figure 2.

Entangling Zone

FIG. 2: Illustration of qubit transport. In the origi-
nal neutral-atom array, several qubits (highlighted with
darker colors) are selected by AOD and transported to
the entangling zone.

In the entangling zone, C-Z gates are implemented
by bringing two adjacent rows (or columns) of atoms
sufficiently close such that their separation is smaller
than the characteristic Rydberg blockade radius. In
this regime, corresponding atoms in the two rows (or
columns) can undergo simultaneous C-Z gate operations.
Consequently, the following constraints must be satisfied
when performing C-Z gates in the entangling zone:

• C-Z gates can only be applied between vertically or
horizontally adjacent qubits.

• C-Z gates must be executed simultaneously on all
corresponding atom pairs between two adjacent
rows (or columns), rather than on only a subset
of those pairs.

Under the transportation and entangling constraints, a
C-Z gate between two qubits located in different rows and
different columns cannot be implemented within a single
transport operation. To realize such C-Z gates, atoms
selected from two rows are transported to the entangling
zone in two separate steps. The process is illustrated in
Figure 3.

Entangling Zone

①

②

FIG. 3: Transporting selected rows of qubits in two steps.
After the transport operations, C-Z gates between qubits
located in different rows and columns become column-
aligned in the entangling zone, enabling their implemen-
tation.

Because qubit transport is both the most time-
consuming operation and a dominant source of error in
neutral-atom architectures, an essential goal of C-Z gate
compilation is to realize a given set of target C-Z gates
using as few transport operations as possible.

Under the assumptions described above, C-Z gates nat-
urally divide into two categories: row/column-aligned C-
Z gates, which act on pairs of qubits within the same
row or the same column, and non-aligned C-Z gates,
which couple qubits located in different rows and dif-
ferent columns. We analyze these two cases separately
and develop corresponding compilation strategies in the
following subsections. By combining these strategies, we
ultimately obtain a unified compilation framework ca-
pable of realizing arbitrary patterns of C-Z gates on a
neutral-atom quantum computer.

1. Row/column-aligned C-Z Gates

We consider the compilation problem for row-aligned
C-Z gates, namely, implementing a set of C-Z gates in
which each gate acts on a pair of qubits within the same
row of the atom array, while minimizing the number
of transport operations. The compilation problem for
column-aligned C-Z gates can be treated analogously.

We first consider a simpler setting in which all C-Z
gates act on qubits within a single row. Suppose the row
contains n qubits, labeled 0, 1, . . . , n−1 from left to right
according to their spatial order in the array. Each C-Z
gate is uniquely specified by an ordered pair (a, b) with
0 ≤ a < b ≤ n − 1, indicating that the gate acts on
qubits a and b. Because the relative ordering of qubits
is preserved during transport, two C-Z gates (a1, b1) and
(a2, b2) can be executed within a single transport oper-
ation if and only if their corresponding intervals do not
overlap, namely

(a1, b1) ∩ (a2, b2) = ∅,

where each gate is identified with the open interval (a, b)
on the real line. Under this interpretation, the physi-
cal scheduling problem reduces to a purely combinato-
rial one. Given a set of intervals {(ai, bi)}, the goal is
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to partition them into the minimum number of groups
such that no two intervals within the same group inter-
sect. From a graph-theoretic perspective, this is precisely
the graph-coloring problem on an interval graph, whose
vertices correspond to the intervals (ai, bi), with edges
connecting pairs of overlapping intervals. Since interval
graphs are perfect [21], their chromatic number, namely,
the minimum number of colors required so that adja-
cent vertices receive different colors, can be computed in
polynomial time by sorting the intervals and greedily as-
signing colors. The resulting coloring directly yields an
optimal transport schedule for the corresponding set of
C–Z gates.

When the set of row-aligned C-Z gates involves m dif-
ferent rows, a straightforward approach is to implement
the gates row by row using the strategy described in
the previous paragraph. Here, we present an alternative
method that exploits the structure of qubit transport and
the self-inverse property of C-Z gates.

Specifically, the row-aligned C-Z gates acting on an
m×n atom array can be represented by an m×n(n−1)/2
binary matrix M . The columns of M are indexed by or-
dered pairs (a, b) with 0 ≤ a < b ≤ n − 1. The entry
Mi,(a,b) equals 1 (respectively, 0) if a C-Z gate is (respec-
tively, is not) applied between qubits a and b in the i-th
row. An illustration example is shown in Figure 4.

0

1

2

(0,1)(0,2)(0,3)(1,2)(1,3)(2,3)

1 0 0 1 0 0

1 1 0 0 0 0

0 0 1 1 0 0

FIG. 4: Encoding a set of C-Z gates into a binary matrix
representation.

Then, the matrix is partitioned according to its column
indexes, such that any two indexes (interpreted as inter-
vals) within the same group are disjoint. This grouping
can be obtained in two steps:

1. Collect the indexes of all nonzero columns.

2. Interpret these column indexes as open intervals
and apply interval-graph coloring to obtain a valid
grouping.

For example, after removing all-zero columns, the matrix
in Figure 4 can be grouped as follows:

(0, 1) (1, 2) (0, 2) (0, 3)

0 1 1 0 0

1 1 0 1 0

2 0 1 0 1

Note that within each group, any collection of C-Z gates
corresponding to a rank-1 pattern can be implemented
using a single transport operation. Moreover, since the

C-Z gate is self-inverse, Gaussian elimination can be
applied to determine the minimum number of trans-
port operations required to realize the desired gate set
within each group. Combining the implementations for
all groups then yields a complete procedure for executing
the full set of C-Z gates.

In the above example, the first group of columns has
rank two, whereas the remaining two groups each have
rank one. Consequently, the entire set of C-Z gates can
be implemented using a total of 4 transport operations.

Remark II.4. We now present a unified perspective
that encompasses both the row-by-row method and the
grouping-and-elimination method. Specifically, the row
indexes can first be partitioned into k groups, where the i-
th group contains mi rows. The grouping-and-elimination
procedure is then applied independently to each group.

From this viewpoint, the row-by-row method corre-
sponds to the special case in which all mi = 1, whereas
the grouping-and-elimination method corresponds to the
case k = 1. In practice, heuristic strategies can be devel-
oped to optimize the grouping of both rows and columns
of the matrix M , thereby reducing the overall transport
cost.

2. Non-aligned C-Z Gates

We consider the problem of implementing non-aligned
C-Z gates, namely, C-Z gates acting on pairs of qubits
located in different rows and columns of the atom ar-
ray, with the goal of minimizing the number of transport
operations.

We first consider the case of two rows of qubits, each
containing n qubits labeled 1, 2, . . . , n from left to right.
An inter-row C-Z gate is uniquely specified by a pair
(a1, a2), indicating that the gate acts on qubit a1 in
the first row and qubit a2 in the second row. Since the
relative ordering of qubits within each row is preserved
during transport, two inter-row C-Z gates (a1, a2) and
(b1, b2) can be executed within a single transport opera-
tion if and only if their induced connections do not cross,
i.e.,

(a1 − b1)(a2 − b2) > 0.

Under this condition, the scheduling problem admits a
combinatorial reformulation. Given a set of pairs S ⊂
Z2
+, the task is to find the smallest integer k together

with a partition {S1, . . . , Sk} of S such that

(a1−b1)(a2−b2) > 0, ∀(ai, bi) ∈ Sj , i = 1, 2, j = 1, . . . , k.

Let S = {a(1), . . . , a(m)} with a(i) =
(
a
(i)
1 , a

(i)
2

)
. We sort

these points by non-decreasing order of a(i)1 , breaking ties
by decreasing a

(i)
2 , and define the resulting sequence

xi = a
(i)
2 , i = 1, · · · ,m.
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Under this ordering, each subset Sj corresponds to a
strictly increasing subsequence of (x1, . . . , xm). Con-
sequently, the minimum number of transport opera-
tions is equal to the minimum number of strictly in-
creasing subsequences required to partition the sequence
(x1, . . . , xm). This quantity can be computed opti-
mally using a greedy algorithm with time complexity
O(m logm).

Consequently, a straightforward strategy for compiling
non-aligned C-Z gates is to process the gates row pair by
row pair. Specifically, for each pair of rows, all required
inter-row C-Z gates are implemented using the method
described above.

3. General C-Z Gates Scheduling

By combining the two cases discussed above, arbitrary
C-Z gates on a neutral-atom array can be scheduled effi-
ciently.

First, all non-aligned C-Z gates are scheduled row pair
by row pair using the method described in Section II B 2.
During this process, some row- or column-aligned C-Z
gates may also be executed without requiring additional
transport operations. The remaining row-aligned and
column-aligned gates are then scheduled separately us-
ing the approach developed in Section II B 1.

III. APPLICATION: COMPILATION OF
QAOA-MAXCUT

The Quantum Approximation Optimization Algo-
rithm (QAOA) circuit for the MaxCut problem is a
p-layer parameterized quantum-classical hybrid circuit.
Each layer consists of a fixed gate sequence, with rota-
tion angles determined by a parameter pair (γ, β) that
governs the controlled-phase (Zγ) and Rx gates. An ex-
ample graph and the corresponding single-layer QAOA-
MaxCut circuit are shown in Figure 5.

Here, the controlled-Zγ gate is defined as

Zγ
:=

Rz(γ)

Each controlled-Zγ gate is symmetric on the two tar-
get qubits and commutes with all other controlled-Zγ

gates, allowing flexible rearrangement when multiple
gates share qubits. On neutral-atom quantum comput-
ers, the gate can be further decomposed into a sequence
of native C-Z and single-qubit gates:

H Z H Rz(γ) H Z H

Consider two controlled-Zγ with one common target
qubit, the circuit on these three qubits can be arranged

as

H Z H Rz(γ) H Z H

H Z H Rz(γ) H Z H

where we use the facts that controlled-Zγ gate is sym-
metric on the two target qubits and C-Z gates commute.
More generally, if a set of controlled-Zγ gates corresponds
to a graph with paths no longer than 1, i.e., a star forest
in graph theory, then the corresponding quantum circuit
can be arranged in a layered structure as

H Z H R H Z H (6)

Here, H, Z, and R denote sets of Hadamard, C-Z, and
Rz gates, respectively. Each block can be compiled inde-
pendently using the algorithms developed in Section II

In summary, our compilation of QAOA-MaxCut cir-
cuits proceeds in two stages: (i) the input graph is de-
composed into a collection of star forests; (ii) for each
star forest, the associated Hadamard, C-Z, and Rz layers
are compiled independently. Star-forest decomposition
is performed via a greedy edge-ordering heuristic aligned
with the qubit layout, as described in Section B. The
Hadamard layer at the end of a star-forest subcircuit can
be merged with the Hadamard layer at the beginning of
the subsequent subcircuit to reduce depth.

IV. NUMERICAL EXPERIMENTS

In this section, we evaluate the performance of the
proposed compilation methods through numerical exper-
iments. The results demonstrate both the effectiveness
of our algorithm in reducing circuit layers and transport
operations, and their practical computational efficiency.

Our experiments consist of five parts. We first com-
pare our single-qubit gate compilation scheme with a
naïve row-by-row or column-by-column strategy. We
then use small-scale instances to empirically verify the
4/3-optimality for Pauli gate compilation. Next, we eval-
uate the proposed scheduling algorithm for C-Z gates.
We further apply the full compilation pipeline to QAOA-
MaxCut circuits to assess its performance. Finally, we
measure the runtime of the compilation procedures for
both single-qubit and C-Z gates under different array
sizes, illustrating their scalability.

A. Performance Evaluation of Single-Qubit Gate
Compilation

We evaluate the performance of the proposed single-
qubit gate compilation methods through numerical ex-
periments. For each gate family, we generate random
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FIG. 5: Example graph and QAOA-MaxCut circuit for a single layer.
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FIG. 6: Randomly generated matrix patterns.

pattern matrices M over the corresponding group, with
matrix dimensions ranging from n = 10 to n = 200. For
each dimension n, 100 independent instances are sam-
pled.

To reflect locally correlated gate patterns, the random
matrices are generated as follows. We first sample a
sparse binary matrix with a prescribed density. This pat-
tern is then smoothed using a Gaussian filter to introduce
short-range correlations, followed by thresholding to ob-
tain a binary support. Finally, each nonzero entry is
mapped uniformly at random to an element of the target
gate set, producing the final pattern matrix. Examples
are shown in Figure 6.

We compare our methods with a naïve strategy that
applies single-qubit gates independently row-by-row or
column-by-column. For each instance, we record the to-
tal number of required operations. We report the average
operation count with one standard deviation, as well as
the ratio between our methods and the naïve method.
We conduct this evaluation for four representative gate
families: self-inverse gates, Pauli gates, phase gates, and
π/8 gates. The results are summarized in Figure 7, where
the upper panels show the average operation counts and
the lower panels show the corresponding ratios.

Across all tested dimensions, our methods outperform
the naïve approach for self-inverse and Pauli gates, with a
diminishing relative gap as the matrix size increases. In
contrast, for phase gates and π/8 gates, the advantage
of our methods becomes increasingly pronounced with
growing system size.

B. Empirical Verification of the 4/3-optimality
Bound for Pauli Gates

To empirically validate the theoretical 4/3-optimality
guarantee for Pauli gates compilation, we conduct nu-
merical experiments on small-scale instances. Specifi-
cally, for atom arrays of sizes 4 × 4, 4 × 5, 5 × 5, and
5 × 6, we randomly generate Pauli gates acting on each
atom. For each instance, the optimal implementation
solution is obtained via exhaustive search and compared
against the output of our algorithm by computing the
ratio of required operations.

Since the ratios take values from a small discrete set,
we visualize their frequency and cumulative frequency in
Figure 8. Separate histograms are shown for each array
size, illustrating the occurrence of different approxima-
tion ratios. Together, these results provide numerical
evidence supporting the 4/3-optimality bound on small
instances.

C. Performance Evaluation of C-Z Gates
Compilation

In our numerical evaluation of C-Z gate compilation,
we consider neutral-atom arrays of size n×n with n rang-
ing from 10 to 200. For each array size, a random set of
required C-Z gates is generated by independently includ-
ing each pair of atoms with probability 8/n2. With this
choice, the expected number of C-Z gates scales quadrat-
ically with the array size n, or equivalently linearly with
the total number of atoms. This keeps the gate density
comparable across different array sizes.

For each value of n, we generate 20 independent in-
stances and record the average number of transport op-
erations required by our compilation methods, as well
as by a naïve baseline that implements the required C-
Z gates one at a time. The results are summarized in
Figure 9. In particular, we compare the two strategies
for compiling row/column-aligned C-Z gates introduced
in Section II B 1, labeled as “row by row” and “group and
reduce” in Figure 9, respectively. The left panel shows
the average number of transports as a function of the ar-
ray size, while the right panel shows the ratio between the
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FIG. 9: Numerical results of C-Z gates compilation.

transport cost of the naïve baseline and that of our pro-
posed compilation methods. We observe that the naïve
baseline requires approximately twice as many transport
operations as either proposed method, while the two pro-
posed methods exhibit nearly identical performance. A
more detailed characterization of the regimes in which
each strategy offers a relative advantage is an interesting

direction for future work.

D. Performance Evaluation of QAOA-MaxCut
Compilation

To evaluate the performance of our compilation
method on structured circuits, we consider QAOA cir-
cuits for MaxCut on random graphs. We fix the neutral-
atom array size to 30 × 30 and generate Erdős–Rényi
graphs with the number of vertices ranging from 30 to
500 and edge probability ρ = 0.05. For each graph size,
we generate 50 independent instances to mitigate statis-
tical fluctuations.

For each instance, we record the total number of
atom transports required for implementing C-Z gates,
as well as the number of addressing layers required for
Hadamard gates and Rz rotations, as produced by our
compilation method. For comparison, we also record the
corresponding number of atom transports for C-Z gates
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FIG. 10: QAOA-MaxCut compilation performance

under the naïve method. We report the mean and stan-
dard deviation of these quantities over all trials. The re-
sults are summarized in Figure 10. The left panel shows
the average number of transports or addressing layers as
a function of the graph size, while the right panel shows
the ratio between the transport cost of the naïve baseline
and that of our proposed compilation method. We ob-
serve that the overall circuit depth is dominated by the
implementation of C-Z gates, and that our compilation
method reduces the C-Z transport cost by more than 30%
compared with a naïve sequential implementation of C-Z
gates.

E. Compilation Time Evaluation

We further evaluate the classical runtime of our com-
pilation algorithms. We consider atom arrays with linear
sizes 20, 40, 60, 80, 100, 120, 140, 160, 180, and 200, where
the array size denotes the array dimension rather than
the total number of atoms. For each size, we examine
five representative gate families: self-inverse gates, Pauli
gates, phase gates, π/8 gates, and C-Z gates. For each
combination of array size and gate family, we generate
100 independent random instances using the same gen-
eration procedure as in the previous experiments. Our
compilation methods are applied to each instance, and
the compilation time is recorded. We report the mean
compilation time over the 100 samples for each setting,
thereby characterizing the scaling behavior of the clas-
sical compilation cost across different gate families and
system sizes.

All experiments were performed on a standard desk-
top workstation equipped with a 12th Gen Intel Core
i7-12700H CPU (2.30 GHz) and 16 GB of RAM, run-
ning a 64-bit operating system on an x64 architecture.
The results are summarized in Figure 11. Each curve
shows the average compilation time as a function of the
atom array size for the compilation method for a fixed
gate family. All compilation tasks complete within one
second across the tested array sizes, indicating that the
proposed methods are computationally efficient and well
suited for near-term neutral-atom array scales.
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FIG. 11: Compilation time evaluation.

V. CONCLUSION

In this work, we have presented a comprehensive com-
pilation framework for structured quantum gate fami-
lies on neutral-atom arrays. For single-qubit gates, we
exploit the algebraic structures of gate families at the
matrix level, enabling low-rank decompositions over ap-
propriate groups and reducing the number of physical
operations. For C-Z gates, we map the transport and ad-
jacency constraints to classical graph-theoretic problems,
allowing efficient scheduling using standard algorithms.

We demonstrated the effectiveness of our methods
through extensive numerical experiments. Across rep-
resentative single-qubit gate families, our compilation
methods reduce the number of addressing layers by up
to a factor of two compared with naïve row- or column-
wise implementations, and small-scale tests confirm the
theoretical 4

3 -optimality bound for Pauli gates. For C-Z
gates, the proposed scheduling strategy reduces the re-
quired number of atom transport operations by approx-
imately 50%. When applied to QAOA circuits for Max-
Cut, the complete framework reduces the C-Z transport
cost by more than 30% on average. In addition, our tim-
ing benchmarks show that all compilation tasks complete
within one second fofr the tested array sizes, indicating
that the proposed methods are computationally efficient
at near-term neutral-atom scales.

These results indicate that our compilation techniques
can efficiently handle realistic neutral-atom arrays within
feasible runtime limits. Looking forward, our approach
provides a foundation for optimizing larger-scale quan-
tum circuits and can be extended to other gate fami-
lies and quantum algorithms, facilitating more practi-
cal and scalable implementations on near-term neutral-
atom quantum processors. Our evaluation focuses on ad-
dressing layers and atom transports as direct measures
of scheduling and shuttling overhead. In future work,
it would be useful to incorporate more comprehensive
hardware-aware metrics, such as fidelity, decoherence,
movement duration, and approximate success probabil-
ity, as suggested by recent unified evaluation frameworks
for neutral-atom compilers [22].
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Appendix A: Auxiliary Lemmas and Proofs

Lemma A.1 (Lemma 8 in [19]). Let T = [X1|X2] be an
m× n× 2 tensor over GF(2). Then

rank(T ) ≥ rank(X1) + rank(X2) + rank(X1 +X2)

2
.

Proof. In this proof, addition in GF(2) is denoted by ⊕.
Let rank(T ) = r, rank(X1) = r1, rank(X2) = r2, and
rank(X1 + X2) = r3. By definition of tensor rank, we
have r1, r2 ≤ r ≤ r1 + r2. Since rank(T ) = r, there exist
matrices G ∈ GF(2)m×r, F ∈ GF(2)r×n, and λ1, . . . , λr,
µ1, . . . , µr ∈ GF(2) such that

X1 = G


λ1

λ2

. . .
λr

F, X2 = G


µ1

µ2

. . .
µr

F.

By r1, r2 ≤ r, there are at least r1 ones among {λi} and at
least r2 ones among {µi}. Furthermore, since r ≤ r1+r2,
at least r1 + r2 − r entries of λi ⊕ µi are zero, implying
that at most 2r−(r1+r2) entries are one. It then follows
that

X1 +X2 = G


λ1 ⊕ µ1

λ2 ⊕ µ2

. . .
λr ⊕ µr

F,

and hence

r3 ≤ 2r − (r1 + r2).

Rearranging gives

2r ≥ r1 + r2 + r3,

which concludes the proof.

Proof of Theorem II.1. There exist invertible matrices S
and T over GF(2) such that SNT is in Smith normal
form, namely,

SNT =

[
Ir 0

0 0

]
,

where Ir denotes the r × r identity matrix. Hence, the
GF(2)-rank of N is r.

Consider any elementary row transformation matrix L
over GF(2), which must be of the form

L =



1
. . .

1

v1 1
... . . .
vt 1


, where

v1...
vt

 ∈ {0, 1}t.

Such a matrix is also invertible over the ring Z4. Its
inverse is given by

L−1 =



1
. . .

1

ṽ1 1
... . . .
ṽt 1


,

where

ṽi =

{
3, vi = 1,

0, vi = 0,
∀i = 1, . . . , t.

Similarly, any elementary column transformation over
GF(2) and any permutation matrix remain invertible
over Z4. Since the matrices S and T are products of per-
mutation matrices and elementary row or column trans-
formations over GF(2), they are therefore invertible over
Z4 as well.

Applying the row transformation S and column trans-
formation T to M over the ring Z4, we obtain

SMT =

[
Dr 0

0 0

]
, where Dr = Ir · 2. (A1)

Since any decomposition of M of the form (4) induces a
decomposition of SMT with the same number of terms,
and vice versa due to the invertibility of S and T , we
have

ρ4(M) = ρ4(SMT ).

The diagonal form in (A1) immediately yields a decom-
position with r rank-one terms, implying

ρ4(M) = ρ4(SMT ) ≤ r.

On the other hand, since Dr is a submatrix of SMT , we
have

ρ4(M) = ρ4(SMT ) ≥ ρ(Dr). (A2)

It therefore suffices to show that ρ4(Dr) = r.
Indeed, since

Dr =

r∑
t=1

(
eie

⊤
i

)
· 2,

we have ρ4(Dr) ≤ r. We prove the reverse inequality by
induction on r.

• First, consider the case r = 2. Suppose ρ4(D2) = 1.
Then there exist a, b, c, d ∈ Z4 such that[

a

b

] [
c d

]
=

[
2 0

0 2

]
,
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which implies

ac = 2, ad = 0, bc = 0, bd = 2.

From the first and fourth equations, we conclude
that a, b, c, d ≠ 0. The second and third equations
then force a = b = c = d = 2, which contradicts
ac = 2 and bd = 2. Hence, ρ(D2) ≥ 2.

• Next, assume that ρ4(Dr) ≥ r but ρ4(Dr+1) ≤ r.
Then there exists a decomposition

Dr+1 =

r∑
t=1

utv
⊤
t , ut, vt ∈ Zr+1

4 .

Write

ut =

[
ut,0

ût

]
, vt =

[
vt,0
v̂t

]
, t = 1, . . . , r.

Then
r∑

t=1

[
ut,0vt,0 ut,0v̂

⊤
t

vt,0ût ûtv̂
⊤
t

]
=

[
2 0

0 Dr

]
. (A3)

Since
∑r

t=1 ut,0vt,0 = 2 ̸= 0, there must be an
invertible element among {ut,0, vt,0}rt=1. Without
loss of generality, assume ut0,0 is invertible. From
(A3), we have

r∑
t=1

ut,0v̂t = 0,

which implies

v̂t0 = −u−1
t0,0

∑
t ̸=t0

ut,0v̂t.

Substituting this into (A3) yields

Dr =

r∑
t=1

ûtv̂
⊤
t

=
∑
t ̸=t0

ûtv̂
⊤
t + ût0 v̂

⊤
t0

=
∑
t ̸=t0

ûtv̂
⊤
t −

∑
t ̸=t0

u−1
t0,0

ut,0ût0 v̂
⊤
t

=
∑
t ̸=t0

(
ût − u−1

t0,0
ut,0ût0

)
v̂⊤t ,

which expresses Dr as a sum of at most r−1 rank-
one terms, contradicting the induction hypothesis
ρ4(Dr) ≥ r. Therefore, ρ4(Dr+1) ≥ r + 1.

By induction, we conclude that ρ4(Dr) ≥ r for all r ≥ 2.
Combined with the upper bound, this yields ρ4(Dr) = r,
and consequently ρ4(M) = r, completing the proof.

Appendix B: Star-Forest Decomposition

In our implementation, we employ a simple greedy al-
gorithm to decompose the graph into a collection of star
forests. The algorithm iteratively assigns edges to exist-
ing groups whenever the star-forest property is preserved;
if not, a new group is created.

A key design choice is the order in which edges are pro-
cessed. Rather than traversing edges arbitrarily, edges
are processed in lexicographic order of their endpoints,
sorted increasingly first by the smaller endpoint and then
by the larger one. This ordering is motivated by the phys-
ical layout of neutral-atom arrays, where graph vertices
are mapped to qubits row by row according to their in-
dices. By prioritizing edges in this way, the resulting
star forests tend to involve qubits concentrated within
adjacent rows, which can reduce the number of trans-
port operations required for implementing C-Z gates.

We emphasize that this ordering does not affect the
correctness of the star-forest decomposition; it is purely
a heuristic to improve compilation efficiency under hard-
ware constraints. Any valid star-forest decomposition
can be used in our compilation framework, and the strat-
egy described here is one concrete choice that performs
well in practice.
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