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Abstract

Block-encoding is a standard framework for embedding matrices into unitary operators in quantum algo-
rithms. Efficient implementation of products between block-encoded matrices is crucial for applications such
as Hamiltonian simulation and quantum linear algebra. We present resource-efficient methods for matrix-
matrix, Kronecker, and Hadamard products between block-encodings that apply to rectangular matrices
of arbitrary dimensions. Our constructions significantly reduce the number of ancilla qubits, achieving ex-
ponential qubit savings for sequences of matrix-matrix multiplications, with a moderate increase in gate
complexity. These product operations also enable more complex block-encodings, including a compression
gadget for time-dependent Hamiltonian simulation and matrices represented as sums of Kronecker products,
each with improved resource requirements.
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1. Introduction

Quantum computing holds the potential to solve certain computational problems far more efficiently than
classical algorithms. This promise is especially evident in areas dominated by linear algebraic operations,
such as Hamiltonian simulation [1, 2], solving systems of linear equations [3, 4, 5], quantum machine learning
[6], and quantum optimization [7, 8]. A central reason for this advantage is that quantum computers can
naturally manipulate high-dimensional vector spaces, provided that the underlying linear operator can be
accessed efficiently.

The block-encoding framework, formalized in [9], has emerged as a powerful method for embedding
matrices into unitary operations, thereby enabling quantum algorithms to operate on non-unitary matrices.
The block-encoding technique embeds a matrix A € C2"*2" into the top-left block of a larger unitary
operator U 4, allowing quantum circuits to access and manipulate A indirectly while preserving unitary

property. Formally, a unitary U 4 € C2n+aX2n+a

[A-a((0leD)Ua(j0") @I <,

where a ancilla qubits are initialized and postselected in the |0%) state. By representing a matrix as a block of
a larger unitary, block-encoding provides a uniform language for quantum linear algebra, streamlining both
the analysis and design of algorithms. Consequently, block-encoding has become a cornerstone technique
in the development of efficient quantum algorithms. The technique of block-encoding enables efficient
implementation of matrix functions [9], quantum linear system solvers [5], and Hamiltonian simulation
techniques [2, 10]. Consequently, a growing body of work has focused on constructing block-encodings for
individual matrices or matrix classes [11, 12, 13, 14, 15, 16, 17].

In many applications, however, the matrices of interest do not appear in isolation but rather as composi-
tions of simpler matrices. For instance, Dyson-series based Hamiltonian simulation requires ordered products
of Hamiltonian terms [2]; quantum differential equation algorithms often involve structured matrices with
Kronecker product forms [18, 19, 20]. Thus, the task of constructing block-encodings for compositions of ma-
trices arises frequently and is indispensable for a broad range of quantum algorithms. Several foundational
matrix operations have been shown to be efficiently implementable between block-encodings:

is called an («, a, £)-block-encoding of A if
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Matrix-matrix multiplication: Given an (o, a,¢)-block-encoding of A and a (3, b, §)-block-encoding
of B, one can construct an (a8, a + b, ac + §6)-block-encoding of AB as described in [9)].

Kronecker product: If A and B are block-encoded, their Kronecker product A ® B can be block-
encoded by taking the tensor product of the two block-encodings and projecting onto the combined
ancilla state [21].

Matrix Hadamard product: Since the entries required for the Hadamard product are contained
within the Kronecker product, it can be derived by first constructing the Kronecker product and then
applying a proper permutation to reposition the relevant elements [22].

Linear combinations: Using the Linear Combination of Unitaries (LCU) technique, weighted sums
of block-encoded matrices can be implemented with logarithmic overhead in the number of terms [9].

Inversion and matrix functions: The technique called quantum singular value transformation
(QSVT) enables efficient implementation of functions of block-encoded normal matrices, including
A~ and exp(1At) [9, 10].

This paper is devoted to the problem of implementing products between block-encodings, including
the Kronecker product, the Hadamard product, and the matrix-matrix product, in a qubit- and gate-
efficient manner. Our goal is to exploit matrix structures to design product constructions that reduce
circuit complexity and ancillary qubit requirements, thereby extending the practicality of block-encoding
based algorithms on quantum devices. Our main contributions are as follows:

We address the more general setting where the two matrices to be multiplied are not necessarily
square, and their dimensions are not restricted to powers of two, thereby broadening the applicability
of block-encoded matrix operations.

We propose a new method for implementing matrix-matrix products that significantly reduces the
number of required ancilla qubits, at the cost of a modest increase in gate complexity. The qubit
savings become particularly significant when computing the product of a sequence of matrices, where
the required number of ancilla qubits can be reduced exponentially.

Compared to the Kronecker product implementation in [21], we replace the SWAP gates with two
CNOT gates, achieving a reduction in gate complexity. Extending the same qubit-efficient princi-
ple used in our matrix-matrix product construction, we further provide a qubit-efficient method for
implementing the Kronecker product.

We rederive the Hadamard product implementation between block-encodings from [22] and extend
it to construct convolution operations and vectorization operators, thereby enriching the toolbox of
linear operations that can be efficiently realized within block-encodings framework.

We apply the idea of qubit-efficient implementation of matrix-matrix products to construct a com-
pression gadget for time-dependent Hamiltonian simulation [2], which has broad applications including
non-unitary dynamic simulation [23, 24, 25] and quantum linear system algorithms [26]. Compared to
the existing method, our construction is more concise and eliminates redundant control operations.

By combining the Kronecker product of block-encodings with the LCU framework, matrices represented
as sums of Kronecker products can be efficiently block-encoded. The benefit of utilizing such a structure
is exemplified by the adjacent matrix of an extended binary tree [11], where our approach naturally
yields a more efficient implementation.

The remainder of this paper is organized as follows. In Section 2, we present our constructions for block-
encodings of the Kronecker product, the matrix-matrix multiplication, and the Hadamard product. Imple-
mentations of convolution operators and vectorization operators are also discussed. In Section 3, we give
several applications of matrix products between block-encodings, including the relevance to time-dependent
Hamiltonian simulations and the block-encoding of matrices which can be written as a sum of Kronecker
products. Finally, Section 4 provides concluding remarks and directions for future research.
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2. Implementation of products

In this section, we describe the implementation of several types of products between block-encodings.
We begin with the Kronecker product, which naturally aligns with the tensor-product structure of quantum
computing and can therefore be realized efficiently. Then, we introduce a qubit-efficient method for im-
plementing matrix-matrix products, which substantially reduces the required number of ancilla qubits; the
same idea can also be applied to the Kronecker product. Finally, we present an explicit construction of the
permutation matrix that extracts the entries of the Hadamard product from the Kronecker product, and
we show that this permutation also enables the implementation of the vectorization operator, which maps
a matrix to a column vector.

In most of the previous works, the matrix A to be block-encoded is assumed to be square, with dimension
a power of two. In this paper, we relax both assumptions and adopt the following generalized definition of
block-encodings.

Definition 1. Let matriz A € CM*N . A unitary matriz U 5 € C2*x2% s an (a, a)-block-encoding of matriz
A if
LA «
Ua = [a* *} ’
where a denotes the total number of qubits on which U 4o acts, rather than the number of ancilla qubits.

2.1. Kronecker product
Let B € CMoxNo and C € CMe*Ne | Suppose the block-encodings of B and C are, respectively,

_|B = 2bx2b _|C = 2€ % 2¢
UB_|:>I< *}EC , Ueg= « *E(C
Then, the Kronecker product of Up and U ¢ admits
booC

B® C x * C = "
UpUc = * ok , B®[ *:|: b10C

* *

me
*
b1 C

*

* X X %
* % ¥ *

where b;; denotes the (¢, j)-entry of B. Thus, while Up ® U¢ contains all entries of B ® C, these entries
are interleaved with undesired star blocks.

Our target is to obtain a block-encoding whose top-left block is exactly B® C, we construct permutation
matrices (acting on rows and columns) that reorder the basis so as to gather the b;;C blocks contiguously,
i.e., find permutation unitaries Il,., and Il such that

11, (UB b2 UC) Hio] = |:B (f c *:| ;

*

where T denotes the Hermitian conjugate. The required permutations admit an efficient implementation on
the qubit registers. To introduce the construction precisely and analyze its gate complexity, we present the
following lemmas.

Lemma 2. Let N = 2" and let P € CN*Y be a permutation unitary such that
Pli) = |(i+d) mod N), ie€{0,1,...,N—1},

for a fized integer d. Then P can be implemented as an addition of the classical constant d modulo N on n
qubits:



o using the ripple-carry adder of [27] with O(n) gates, O(n) depth, and n+ 1 ancilla qubits; or
o using a QFT-based construction [28, 29] with O(n?) gates, O(n) depth, and no ancilla qubits.
Lemma 3. Let
*

'Ui:|:ai:|€(c2s, O,Z‘G(CM,M<25, v’L':07"'72d_1’

and define D = 2%. There exists a quantum circuit II such that

C a ]
ai
Vo
V1
1I = |ap_1
*
Up-1 .
*

The gate complexity of I1 depends on M :
o if M =2 TI requires 2(d — 1) CNOT gates;
o if M > 2571 TI requires O(ds?) one- or two-qubit gates;
o if2171 < M < 2t for some t < s, I requires O(dt?) one- or two-qubit gates.

In summary, the gate complexity of II is bounded by O(d(log M)?).

. . . . +1,5s+1
PROOF. For each pair (v;,v;41), there exists a permutation matrix P € R2" X277 quch that

a;
P[ v; } _ | @i+ . (1)
Vit+1 *

*

That is, P extracts the M-dimensional sub-blocks a;, a;+1 from the vectors v;, v,41 and moves them to the
top of the new block. Applying this transformation pairwise in tensor-product form, we obtain:

agp Qap agp ap
* a; ap a;
aq * * as
* * * as
I 2@P | = : and Iy 3 Q@ P® I, : =|*
*
ap—2 ap—2 ap-—2 %
* ap-1 ap-1 %
ap—1 * *
* * *

Iterating this construction for d — 1 layers, we obtain the overall unitary

d—2
=[] I2@P&Iy,
=0

which rearranges all the a; blocks consecutively at the top of the output vector, yielding the desired form.
It remains to specify the permutation P depending on the size M.
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1. Case M = 2" we may set P =T ® I,¢, where T is a permutation on s + 1 — ¢ qubits specified by

T|00 R 00>3+17t = |00 e 00>s+17t7
T[10---00)541—¢ = |00+ - 01) iy

Since the operator T acts nontrivially only on the first and last qubits of |-)s41-¢, the construction
reduces to finding a two-qubit permutation T" such that

T|00) = [00), and T|10) = |01).

Therefore, T must be of the form

1 0 0 O
~ 0 01 0
TZO*O*
0 = 0 =«

Restricting to the permutation matrices, only two candidates exist:

’ T2:

SO~ O
= o oo
o O O -
_= o O O
SO = O
O OO

Here, T, is exactly the SWAP gate, requiring 3 CNOT gates. In contrast, T5 factorizes as

T2 = ) (3)

o O o
_o O O
oo = O
o= o o
SO O =
_ o O O
o= o o
oo = O
o oo
o o= O
_ o o o
o= o o

which is the product of two CNOT gates. Therefore, the better choice is T = Tg, and consequently T
(and hence P) can be implemented using 2 CNOT gates. Since the overall circuit IT requires (d — 1)
such permutations, the total cost is 2(d — 1) CNOT gates.

2. Case M > 2°71: let N = 2% — M. We choose P as

Iy O 0 0

o o Iy o [P
P=1og 0 0 Iy Pl[ 12;}’ (4)
0 Iy O 0
where

0 Iy O 0

. 0 0 Iy 0 95+l os+1 N 0 Iy 25 %28

P = 0 0 0 Iy eR , Pg:= Iy 0 eR .
Iy O 0 0

By construction, P, and Py are cyclic shift operators:

Py|i) = |(i — N) mod 2°*), Vi {0,...,2°T" — 1},
Psylj) = |(j — M) mod 2°), Vj€{0,...,2° —1}.

By Theorem 2, both P; and Py can be implemented using O(s?) elementary gates. Since P is the
top-left block of the second matrix in (4), we need the controlled version of Ps, which can also be
implemented using O(s?) elementary gates. Hence P also has gate complexity O(s?). Consequently,
the full transformation IT can be implemented with gate complexity O(ds?).
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3. Case 271 < M < 2! for some t < s: we first embed a; € CM into a 2t-dimensional vector

a; = [‘“} ec?,

*

so that a; conincides with the top 2!-dimensional block of v;. Now consider two consecutive blocks
v;,v;41. By applying the construction from the case M = 2, we can transform the vector

a;

V; — Qi1
Vi1 *
*

using 2 CNOT gates. Next, we restrict attention to the top two blocks
{ﬁi ] et
Ait1

By applying the construction from the case M > 2°~!, we can transform it into the desired form using
O(t?) elementary gates. Therefore, the total gate complexity of implementing P is O(¢?), and the
overall gate complexity of IT is O(dt?).

O

The idea of Theorem 3 naturally extends to block-structured matrices: by applying suitable permutations to
both the rows and columns, we can align the desired submatrices into the top-left corner of a larger matrix.
The following corollary formalizes this extension.

Corollary 4. Suppose the matriz Vi; has the form
A 251 252 - d - d
vi=|"7 T|ecC . Vi=0,....,20 -1, j=0,...,2% 1,

where A;; € CM>Mz - Define

Vi Vip,—1

Dy=2", Dy=2% V= : :
Vbo-11 -+ Vbpi—1,p,—1

Then, there exist quantum circuits II1 and IIy such that

Ay A1,D2—1 *
I, VII, = *
AD1—1,1 AD1—1,D2—1 *

In general, the gate complezity of implementing I1,, is O(d,(log My)?) for a € {1,2}. In the special case
where My, is a power of two, the gate complexity reduces to O(dy,).

To obtain the block-encoding
B®C x
* x|’
from Ug ® U, we first define

dy = min{d e N: 2d > My}, and dy =min{d € N: 2¢ > Ny},
6



Figure 1: Quantum circuit for standard implementation of matrix-matrix product.

and denote the top-left 291 x 2%2 block of U g as B. The desired matrix B® C is the top-left My M. x Ny N,
block of B
B C =«
* %]
Notice that

'Eich[giiC I]e(CQCX?C, Vi=0,...,2071 j=0,...,2% 1,

where Zij denotes the (i, j)-entry of B, gijC € CMexNe and thus

UpoUcg — {B ®*Uc I]

In general, applying Theorem 4 yields the desired block-encoding with gate complexity

0 <log M, (log M,)? + log N, (log NC)Q) ,

which can be reduced to O (log MyNy) if M. and N, are powers of two.

Remark 1. The method of [21] implements block-encodings of Kronecker products, but it is restricted to
the setting where both B and C' are square matrices with power-of-two dimensions. In its construction
[21], the target blocks are moved to the top-left corner using SWAP operators, each of which requires three
CNOT gates. We extend this construction to the more general case where B and C are of arbitrary sizes.
When both the row and column dimensions of C are powers of two, our circuit retains the same structure as
in [21] but substitutes the SWAP operator with the two-CNOT operator T's from eq. (3), thereby reducing
the two-qubit gate count.

2.2. Matriz-matriz product
Let B € CM*XK C ¢ CE*N | and suppose we have block-encodings

Up = [? :] e Ue= E I] e C¥%,

Our goal is to construct a block-encoding of the product BC. Even if b = ¢, a direct multiplication does
not suffice, since

BC + % x

UgUc = { . *] ,
so the top-left block contains undesired terms. In the special case where M = K = N = 2°, the standard
construction [9] empolys the circuit shown in Figure 1. This construction can be understood in terms of
matrix representation: additional ancilla qubits enforce zero-padding in U g and U ¢ so that the unwanted
terms * are eliminated. However, this procedure introduces more zero-padding than necessary, thereby
consuming extra qubits and leading to inefficiency.

In the following proposition, we present a qubit-efficient method to construct block-encodings of matrix

products. Our approach applies to general rectangular compatiable matrices B and C.
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Proposition 5. Let B € CM*XK C ¢ CEXN | and suppose we are given block-encodings
_|B * 2bx b _|C x 20x2¢
UB_L‘ *}EC , Uc= . s eC .

Then there exists a quantum circuit that implements the block-encoding of BC' using max{b,c} + 1 qubits,
with an additional gate complexity of O(min{b?, c*}) beyond that required for implementing Upg and U

PROOF. We begin with two simple cases:
o If K=2% then (Iy.—» ® Up)U¢ block-encodes BC.
o If K =2¢ then Up (Iy-- ® Ug) block-encodes BC.

In both cases, the block-encoding of BC requires only max{b, ¢} qubits, with no additional gate complexity
beyond that of Ug and U¢.

In the nontrivial case K < min{2% 2°}, we assume without loss of generality that b > c¢. (If b < c,
one may instead construct a block-encoding of C'B' and then invert the circuit.) We define the auxiliary
block-encoding

Uz = {(j j € (C2tX2t, where C = {CO;’] €C2bXN, t = max{b,c} +1=0+1.

Then,
BC
(I2®UB)U5[* *:|,
is the desired block-encoding of the product BC. Note that the resulting block-encoding costs only one
more qubit than Upg. It remains to show how to construct the block-encoding U(~:. We begin with the
Kronecker product I5:-« ® U, whose first N columns take the form

C
*
0
0
0

0

Our goal is to rearrange V into a block structure where C is isolated at the top, separated by at least 2° — K
rows of zeros from the * terms. More precisely, we seek a t-qubit permutation P such that

PV =)@ e [(5] + @0t e m . (5)

Notice that only the first qubit and the last ¢ qubits are involved in this transformation; the intermediate
t — ¢ — 1 qubits remain untouched. Therefore, it suffices to define a permutation acting on these (¢ + 1)
qubits. In the computational basis of these qubits, consider

Ix 0 0 0
0o 0 0 I
0 0 Ix O
0 I, 0 0

. 20+1X20+1
pP.= ,

€eR L=2"-K.

This permutation achieves the transformation



0)1

|

X

|
‘0>b76 T

|

|

|

|

‘0>c—s ]
‘¢>5 1

Up —

———
Permutation P

Figure 2: Quantum circuit for qubit-efficient implementation of matrix-matrix product. The subscript of each ket indicates
the number of qubits in that ket.

which matches exactly the desired block structure in eq. (5). For implementation, P can be factorized as

0 0 0 Ik

= o0 0 oo 1]_[o I

P=10 10 0 o0 <[1 0}‘8{11( OD'
0 I, 0

Each factor can be implemented using Theorem 2 with gate complexity O(c?). Since t — 1 = b, it follows
that P(Iy- ® Uc) is a block-encoding of U, and thus

(I, ®Up) P (I . ®Ug)

provides a block-encoding of BC'. In summary, this block-encoding requires max{b, ¢} + 1 qubits and can
be implemented with O (min{bg, 02}) gate complexity. O

Example 1. Suppose M = K = N = 2°. In this case, we can choose

1 0 0 0
0 0 0 Iy,
0 0 10
0 Ipeeeoy O 0

P: ®I25’

which can be implemented using a single NOT gate and a multi-controlled NOT gate. The quantum circuit
for the block-encoding of BC' is then given in Figure 2. To verify correctness, consider its action on the
input state |0)p—s41|¥0)s:

‘0>1‘0>b76‘0>cfs‘w>s — ‘1>1‘0>b76 (‘0>673C|¢>s + |g>c)
—10)110)p—c[0)c—sCl¥)s + [1)1]0)p—clg)e
—10)10)5—c[0)c—s BC[¥)s + |0)1]g")6 + [1)1]9")s,

where |g). is orthogonal to |0)._s ® I2s, and |¢'), is orthogonal to [0)y_s ® Ios.

Remark 2. The existing method for implementing matrix-matrix product of block-encoded matrices [9]
applies only to the case where both matrices are square of the same size, and this dimension must be
a power of two. In contrast, our method generalizes to arbitrary matrix sizes without such restrictions.
Below, we provide a comparison of the required number of qubits and the gate complexity between the two
approaches.

Suppose M = K = N = 2° are powers of two. The existing method requires b 4 ¢ — s qubits, while our
method requires

t = max{b,c} +1
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qubits. Since 2° = K < 2™in{b:c} | we have
b+ c¢— s> b+ c¢—min{b,c} = max{b, c},

and thus
b+c—s>max{b,c}+1

Therefore, our method always uses fewer qubits. Regarding the gate complexity, the existing method does
not incur additional costs beyond the block-encodings Up and U¢. In contrast, our method requires
O(min{b?, c*}) elementary quantum gates in general.

Remark 3. A qubit-efficient implementation of the Kronecker product, inspired by our matrix-matrix
product construction, is described in Appendix A.

2.2.1. Product of a sequence of matrices

The qubit-efficient advantage of our method becomes more pronounced when considering the product
of a sequence of matrices. Suppose we are given matrices Ay,..., A, € C2SX23, and their block-encodings
have sizes 291 x 291 ..., 2% x 29 respectively. Without loss of generality, assume s < a; for all i. Our goal
is to construct a block-encoding of the product A1 As--- A,.

If we apply the existing method [9] iteratively, the required number of qubits is ;- , a; — (n —1)s. Since
s < a; for all 4, this number scales as maxi<;<, a; + O(n — 1). In contrast, our method can reduce the
additive overhead from O(n —1) to [logy n|. This improvement relies on choosing an optimal multiplication
order via dynamic programming. Define m;; as the minimum number of qubits required to block-encode
the product A; A1 --- A;. Then m;; satisfies the recurrence

m;; = min {max{m;., my41,;} +1}. (6)
i<r<j
We now show by induction that
m;; < max a, + [logy(j —i+1)]. (7)
i<r<j

For j=i+1,
m; ;4+1 = Max {ai, ai_H} + 1,

which clearly satisfies eq. (7). Suppose the bound holds for all intervals with length samller than k. Then
for j =i+ k and i < r < j, we have

mi; < max {miy, myy1;}+1
< i -
_InaX{gggiaz+[bgﬂr %+1ﬂ,wg§ﬁyaz+[k%20 Tﬂ}%l

< max a; + max {[logy(r — i+ 1)], [logy(j — )} + 1.
i<I<j

Note that there exists an index r* such that the two subintervals [i,7*] and [r* + 1, j] are approximately
balanced in length. In particular, we can choose r* so that

Jj—i+1]

max{r*—i—i—l,j—r*}g{ 5

For the choice of r*, we obtain

2

max {[logy(r* — i+ 1)], [logy(j — )]} + 1 < [mgQ (W“D + 1} .

Now we analyze the right-hand side depending on the parity of j — ¢ + 1:
10



e If j —i+1is even, then

[mgz P?ﬂ + 1} = logy(j —i+1)].

o If j —i+1is odd, then

pogz {“2“] ; 1] — Togy(j — i +2)] = Nloga(ji — i + 1)1,

where the second equality holds due to j —i+ 1 is odd and j > i+ 1.
Therefore, in both cases, we have
max {[logy(r* — i + 1)1, [logy(j — )]} + 1 < [logy(j — i +1)].
Substitute this bound into the recurrence gives

my; < max a; + [logy(j —i+1)], Vj>i+ 1
i<I<j

Together with the base case j = ¢ + 1, this complete the induction for eq. (7). In particular, for the full
product we obtain
mi, < max a, + [logyn].
1<r<n

Moreover, a simple upper bound to the additional gate complexity is

0] <n (logn—&-mzaxai — a)z) .

Since the baseline cost of implementing n block-encodings is €(n), this additional overhead grows only
polylogarithmically and is therefore acceptable.

2.83. Hadamard product

In this section, we extend the implementation of the Hadamard product proposed in [22] to matrices of
arbitrary dimensions. In addition, we present implementations for convolution operation and vectorization
operator, which are closely related to the construction of the Hadamard product.

Let B,C € CM*N be two matrices. Suppose the block-encodings of B and C' are, respectively,

UB = |:f ::| c (CQbX2b’ UC’ — |:S ::| c C2Cx26

Without loss of generality, we assume M = 2! and N = 27, since the block-encoding of the Hadamard
product for B and C' can be obtained from that of the corresponding top-left submatrices of U g and U ¢
that contain B and C. Let o denote the Hadamard product, we have

BoC= Z_: z_: bijcisli)i (il
i=0 j=0
M—-1N-1
=> )1 (iU Bl3)6(ilUcli)e) (il
i=0 j=0
M—-1N-1
=2 2 b @) Us@Uc) (i) ®i)e) (il
M-1 N-1
= ( i) ({ils <i|c)> UsUc) | > (i@ lie) (Gl | »
i=0 =0
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where the subscript denotes the number of qubits in that ket (or bra). Define

N-1

Tr:= ) (5 @li)e) - (8)

To encode T, into quantum circuit, let P, satisfy
Pr|0>b®|j>c:|]>b®|j>c7 vj:(]v"'vzrf]-'

The operator P, replicates the bit string stored in the register |-). into the register |-);. In general, this
operation requires ¢ CNOT gates. However, since we only need to handle the bit strings smaller than 2" —1,
it suffices to use r CNOT gates. Then, we obtain

Pr(0ser @) = 3 Prl0se s ® )il = 3 Pr(0hser @ 7)) (1 (i)
5=0 j=0
=S PO @) = 3 (0 @ 1)) Gl
7=0 §=0

where we combine the last ¢ — r qubits in |0)p4.—, with |f), to get |j). in the third equality. Since N = 27,
the first IV columns of P, coincide with T',.. Similarly, the operator

M—-1

T= 3 (b ® 1)) (il

=0

can be encoded as the first M columns of a permutation matrix P;, which can be implemented using [
CNOT gates. Finally,

Pl (Up®Uc)P, = Fﬂ UpoUc) T, +

_ [TI(UB®UC)TT j _ [BoC *]

* * |

Hence, the Hadamard product of two block-encodings can be realized using | + r = O(log(MN)) CNOT
gates.

2.3.1. Convolution

Let
2" —1 2" —1
) = Z piliy, o) = Z pili).
i=0 i=0
Our goal is to prepare the quantum state encoding their discrete convolution,
12l
[Wxe) == D (¥xphili),

i=0

where ¢ is a normalization factor. Using the standard relation between convolution and Fourier transform
F, we have

Vxp=F L (F®)oFly),
where o denotes the element-eise (Hadamard) product. This relation naturally motivates a quantum im-
plementation: one first applies the Quantum Fourier Transform (QFT) to both input states, performs the
Hadamard product in the Fourier domain, and finally applies the inverse QFT to obtain the convolution.

12



) . | orr

w1l QFT - QFT?

Figure 3: Quantum circuit of convolution. The Hadamard product between two quantum states appears as a special case of
the Hadamard product between block-encodings. Here, n CNOT gates implement P;, while P, reduces to the identity since
a quantum state has row dimension one.

The corresponding quantum circuit is shown in Figure 3. The two registers are initialized in [¢) and |¢).
Applying the QFT in parallel transforms both registers into the Fourier basis. At this stage, a sequence of
n CNOT gates performs the Hadamard product between the transformed amplitudes. Finally, the inverse
QFT is applied to the second register, thereby producing the quantum state corresponding to the convolution
in the computational basis. Upon measuring the first register and obtaining |0), the second register collapses
to the state |1 * ¢). The overall cost is dominated by the QFT and its inverse, each of which requires O(n?)
one- and two-qubit gates in the standard implementation. Therefore, the gate complexity of the convolution
procedure is O(n?).

In summary, this construction shows how the well-known convolution-Fourier duality can be translated
into the quantum setting, leveraging the Hadamard product between block-encodings together with efficient
implementations of the QFT.

2.8.2. Vectorization
Given a matrix

A= [ao a; --- aNfl] € (CJMXN,

the operator vec(-) stacks the columns of A into a single long vector:

ag

a1 MN
vec(A) := ) e CM.

anN—1

Our goal is to construct a block-encoding of vec(A) given a block-encoding of A.
Assume first that N = 27, and let U 4 € C2“*2" be a block-encoding of A. Consider the stacked action
of the first N columns of U 4,

UA|O><1 |O>a 1
Uall)a 1), 1

: =InN®Ua) . :
UalN - 1), IN —1)] |1

13



">a Ua
. H®’l‘ .

Figure 4: Quantum circuit of vectorization. The Hadamard layer prepares the uniform superposition, the CNOT chain realizes
T, and the permutation IT (from Theorem 3) gathers the a; blocks contiguously, resulting in a block-encoding of vec(A).

The block-diagonal operator in the middle can be expressed as

0)a
|1>a N-1 N-1
D@ d)a =Y (5)r @15)a) Gl
JZO 7=0
|N_ 1>a

which has the same form as T, introduced in eq. (8). This observation allows us to block-encode it into a
simple permutation using » CNOT gates. The all-ones vector of length N appearing on the right-hand side
is proportional to the first column of H®", where H is the Hadamard gate. Hence, applying H®" to |0),
prepares the required uniform superposition. The resulting stacked vector takes the form

Cay
3
U al|0), a
Uall), .
UA|N — 1>a an_ 1
- * -

where * represents additional ancillary components. By applying the permutation described in Theorem 3,
these unwanted components can be rearranged so that the a; blocks appear contiguously, giving precisely
the block-encoding of vec(A). The full construction is illustrated in Figure 4.

For the case where IV is not a power of two, one can take the smallest r such that 2" > N, and thus the
same procedure yields the block-encoding of vec(A). The additional gate complexity beyond that of U 4 is
dominated by the final permutation II, which, by Theorem 3, can be performed with gate complexity

O (r(log M)*) = O (log N (log M)?) .
If M happens to be a power of two, the bound improves to O(log N).

3. Applications

Matrix products—including the matrix-matrix multiplication, the Kronecker product, and the Hadamard
product—are fundamental operations in linear algebra and arises in a variety of contexts. Block-encoding,
in turn, is a key primitive in many quantum algorithms, such as Hamiltonian simulation, quantum singular
value transformation (QSVT), quantum linear system algorithms (QLSAs), and quantum walks. Naturally,
matrix products between block-encodings also occur frequently in quantum computing. In this section, we
present several applications of such products.
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Bit string ~ 10---01 .- 11---11 00---00 00---01 --- 10---00
Integer ~ —2™~1 41 ... -1 0 1 s 2mel

Table 1: The correspondence between bit strings and integers.

3.1. Time-dependent Hamiltonian Sitmulation

In [2], a low-space-overhead simulation algorithm based on the truncated Dyson series is proposed for
time-dependent quantum dynamics. To reduce space requirements, a compression gadget is introduced.
Lemma 6 (Lemma 13 in [2]). Let {Uy : k € [K|} be a set of K unitaries that encode matrices Hy €
C2"x2™ such that

(0l @ L) Uk ([0)e © I,) = Hy,,  |Hpl <1, [0)q € C*™.
Then there exists a quantum circuit V' such that on input states spanned by {|k), : k € {0,..., K}},

K k
(<0|ac®Is)V(|0>ac®IS) = |0><O|b®IS+Z|k><k|b® HHj ) ‘k>b €C2"b7 |0>C 6((:2”(:7
k=1 j=1

where the number of qubits ny, € O(n.) = O(log K') and
k
H H; =H.H, - -HyH,.
j=1

The cost of V' is one query to each controlled-controlled-Uy, and O(K(n, + log K)) additional primitive
quantum gates.

In the truncated Dyson series approach for time-dependent Hamiltonians, one often needs to implement
sequential products of many Hamiltonian terms, controlled on an index register that select which terms
appear in the series. Theorem 6 from [2] guarantees that these products can be implemented with expo-
nentially fewer ancillary qubits than a naive implementation, while keeping gate complexity linear in the
number of terms. Following the qubit-efficient approach for implementing matrix-matrix products, we pro-
vide a simpler construction of V' that only uses controlled-U,. The asymptotic gate complexity remains the
same as in the original method, but redundant controls are eliminated, yielding a more concise quantum
circuit. Here is our construction.

Let T'p, 4, with 1 < p < ¢ < K, denote a quantum circuit that performs the transformation:

min{q,p+k—1}
T'pql0)clk)p|0)alt))s = [0)elk — g +p —1)6[0)a II H|l.+lg, Vi-p<k<K,

Jj=p

where the arithmetic in |-), is modulo 2™, and |g) is orthogonal to the subspace |0). ® I, ® |0), ® Is. To be
clarified, in Table 1, we list the correspondence between bit strings and integers in the register |-),. Then,
if ny > 1+ logy K, we have

k
Ty k]0)ek)[0)al ) s = [0)clk — K)[0)a | [] H | [¥)s +19), VO< k<K,
j=1

and thus the quantum circuit V' can be chosen as
ADD{ T, g,
where ADD? adds the integer K to the register |-);. The construction of T'; x proceeds in three steps:
15
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k), : | ADD] : 0)e —

1 T —

Tp:q Tqul,w
10)a 0V —
Up
W)>s |1/1>s 1
(a) The quantum circuit for T . (b) Implementing T', ., by composing T ¢ and Tqq1,w-

Figure 5: Tllustration of the two main steps for constructing T'1 i . (a) base case and (b) recursive composition.

1. Base case: T, , can be implemented using the circuit shown in Figure 5a. The gate ADDZ acts as a
decrement (minus-one) operator on the register |-);, and can be implemented in two ways according
to Theorem 2. For consistency with the analysis in [2], we assume that ADDZ is implemented using
O(ny) gates and ny, + 1 ancilla qubits. The operator U, is controlled by the most significant qubit in
[)p. Specifically, if k£ < 0, the most significant qubit of |k — 1), is 1 and thus the output is

k= 1)b[0)a[t))s-
For 1 <k < K <2%~! the most significant qubit of |k — 1), is 0 and the output is
|k —1)p|0)a Hp[1h)s + |g)-

In conclusion, the circuit shown in Figure 5a correctly realizes T .
2. Recursive composition: Given circuits for T, , and T';41,4,, We can construct T’ ,, as shown in
Figure 5b. For 1 — p < k < K, applying this composition to |0).|k)s|0)a|®))s gives

min{q,p+k—1}

0)clk)b[0)altr)s — 10)1 | [0)elk — g+ p — 1)6[0)q II  H|1Ws+l9
Jj=p
min{q,p+k—1}
— [0)110)clk — g +p — 1)s/0) I[I  Hi)ws+male
Jj=p
min{w,p+k—1} min{q,p+k—1}
—10)1 { [0)elk — w +p — 1)4]0)a II # I H|W+lg) | +Ialg")
i=q+1 J=p
min{w,p+k—1}
=10)1[0)c|k —w +p — 1)5[0)q II  Hj| 1)+ (00nlg) +I1lg"),
Jj=p

where [0)1|g") 4+ |1)1]¢”) is orthogonal to the subspace [0)1|0). ® I, ® |0), ® I, verifying that the
circuit implements T', ,,. This recursive composition requires one additional ancilla qubit and one
multi-controlled NOT gate, which can be implemented using O(n, + n.) primitive gates with a few
ancillas.

3. Full construction: Let n, = [log, K| + 1. Starting from T, ,, circuits, we can construct Ty x using
[logy K| ancilla qubits. Thus, n. can be chosen as [log, K'|. The overall cost is one query to each
controlled-Uy, and O(K (log K + n,)) additional primitive quantum gates.

3.2. Block-encoding matrices with Kronecker-sum structure
It is often the case that matrices of practical interest exhibit a Kronecker-sum structure, meaning they
can be expressed as a sum of Kronecker products. By identifying and exploiting this structure, together
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with our method for implementing Kronecker products, the task of block-encoding a complicated matrix
can be reduced to block-encoding several simpler matrices. We demonstrate this approach through several
representative examples.

3.2.1. Generalized Sylvester equation
The generalized Sylvester equation, typically expressed as

i A, XB, =C,

k=1

where Ay, By and C are known matrices and X is unknown, arises naturally in a wide range of scientific
and engineering applications [4]. Exploiting the vectorization identity

vec(AXB) = (B" @ A)vec(X),

the equation can be reformulated as the linear system

(i Bl ® Ak> vec(X) = vec(C).

k=1

Given block-encodings of Ay, By, and C, one can first construct block-encodings of Bg ® Ayg’s, and then
apply the LCU method [9] to obtain the block-encoding of

m
ZB% X Ak.
k=0

Further, the block-encoding of vec(C) can be constructed directly from the block-encoding of C| as described
in Section 2.3.2. Equipped with these block-encodings, the generalized Sylvester equation can then be solved
on a quantum computer using QLSAs.

3.2.2. Discretised differential operators

Differential equations are widely used to model physical processes. As the dimension increases, the size
of the discretised matrix grows exponentially. However, many such matrices can be expressed as a sum of
Kronecker products, which makes them well-suited for efficient block-encoding.

As a concrete example, consider the problem of pricing multi-asset derivatives by solving the Black-
Scholes partial differential equation (PDE) using the finite-difference method. This task suffers from the
curse of dimensionality, namely the exponential growth of computational complexity with the number of
underlying assets. In [19], the authors present a quantum algorithm for this problem. By discretising the
spatial variables in the Black-Scholes PDE, the problem is reformulated as an ODE system:

Ly(r) = Fy(r) +elr),

where ¢(7) encodes the inhomogeneous contributions from boundary conditions, and the coefficient matrix
F admits a Kronecker-sum structure:

F = F2nd 4 FlSt

d o d—1 d
2nd ,_ 0i y®i—1 2nd Qd—i 0i0Pij yoi—1 1st ®j—i—1 1st ®d—j
F '*;thI @ D™ eI +;j;174hihjl @D™ eI ® D' @ 199,
d
Fi =% ! (r — 102) I~ @ Dlst @ [®4-1
' 2h; 2" ’

i=1
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where d is the number of assets, 0y, hy, pi;, 7 are given real parameters, I denotes the identity matrix. The
one-dimensional finite-difference matrices for first- and second-order derivatives are

Dlst . D2nd L
T . . . ) T

To solve such ODEs on a quantum computer, the state-of-the-art approaches rely on efficient block-
encodings of the coefficient matrix [30, 24, 31]. The block-encodings of D' and D*™ can be efficiently
implemented by the method of [11]. Once the two block-encodings are available, the block-encoding of F
follows naturally from its Kronecker-sum structure, combined with the LCU method.

3.2.8. Adjacent matrix of extended binary tree.
Consider the adjacent matrix of an extended binary tree, given by

v B
g a B B
ga Bﬂﬁﬂ
«Q
A= B ¥ ’ ©)
B Y
B v
I s 7

where «, 8,7 € (0,1). Block-encodings of such matrices were analyzed in [11]. Here we show that a more
efficient block-encoding can be obtained by expressing A as a sum of Kronecker products. Specifically, we
decompose A as

B g B [ v—28
B g B a
B 8 B o
_ B B B o
A= 3 + 0 0 + ~
B 0 0 Y
g 0 0 0 O 0 0 v
i g 0 0 0 O ] i 0 0 | i
(10)
The first matrix in Equation (10) can be written as a Kronecker product:
1 0 000 0 0 O .
01 00 0 O OTUDW A
V23 0010000 o0l® = V2B ® C.
0 001 00 0O
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(a) Quantum circuit of U;. (b) Quantum circuit of Us.

Figure 6: Block-encodings of the three matrices in the decomposition Equation (10). Subfigure (a) shows the block-encoding
of the first matrix, whose inverse gives that of the second matrix, while subfigure (b) shows the block-encoding of the third
matrix.

By Theorem 1, the block-encodings of B and C can be choosen as

10000000
001000000
00100000
00010000 11 1

I8200001000’andH:\/§[1—1}
000000T100
000000T10
0000000 1

To convert Is® H into a block-encoding of B ® C', we apply Theorem 3 and obtain the permutation matrix

10 0 0
0 010
P_0001’
01 0 0

which can be implemented with two CNOT gates. Consequently, the unitary
U,:=Is2H)- (I4®PT) . (Iz @ PT ®Iz) . (PT ®I4>

serves as a block-encoding of B ® C, and the corresponding quantum circuit is shown in Figure 6a. To
verify, note that PT|Ob> = [b0), for all b € {0,1}. Applying the three P layers followed by H gives

|0j251J0) — |72051J0) — [J2510j0) — [J241J00)
1
s ——[jadndo) (10Y + 1))
\@|3231]0>(| > | >)

Taking the overlap with |Oigiiio) yields

0) j2 = 17
(Oigirio|U1|0j21jo) = %, J2 = 0 and (i2,41) = (j1,J0),
0, otherwise.

Equivalently, with j := 4j5 + 251 + jo and ¢ := 4iy + 2i1 + ig, the nonzero entries appear precisely when
j2 =0and i € {24,2j + 1}, each with value 1/+/2. This exactly reproduces the structure of B @ C.

In the same way, a block-encoding of the second matrix in Equation (10) can be obtained either by
direct construction or by taking the inverse of U;. Hence, block-encodings of the first two terms in the
decomposition are established.
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Figure 7: Block-encoding of the adjacent matrix of an extended binary tree.

For the third term in Equation (10), which is diagonal, we employ the block-encoding circuit Us shown

in Figure 6b. Define
a = cos@ 5= cosﬁ ﬁ::coseo—’—a2
27 2’ 2 7

then the top-left 8 x 8 block of U is

N~ o~ o~ o~ o~ o~ o~

The parameters &, 7, 7 will be specified later. Next, we perform LCU on the block-encodings of the three
matrices, obtaining

~~~~~~~ 1
tB® C+ 2B @ CT + (1 - 22)diag (7, &, a,d,7,7,7,7) = - A.
c

Here, the parameters x, c,7, @, are chosen such that

Ve e S 508
5 =2 Y= )

0 ?i”f A a
x'y:E ’Y:ma

To implement this procedure on a quantum computer, the parameters must further satisfy

1
0<z<g, Al lal, 7] < 1.

By choosing ¢ = 2/2 + 2, these conditions can be fulfilled since a, 3,7 € (0,1). For explicitly given values
of a, 8,7, one may select a smaller c. Setting ( = 2arccos v/2x, we obtain

NG NG i-=x
*

2

m© - Aen=| P Ve l

“forls

\/§‘|
2 =

N|—=
TS
8
*
*

2

N[
|
&
*
*

In summary, the quantum circuit for the block-encoding of %A is given in Figure 7. This construction
naturally generalizes to extended binary trees of greater depth. Suppose the tree has depth n. Then A
can be block-encoded using O(n?) quantum gates and 3 ancillary qubits. The O(n?) complexity arises
from the multi-controlled rotation R, () required in block-encoding the diagonal part, while the remaining
components of the block-encoding can be implemented with only O(n) gates.

In the special case 8 € (0,1/3) with « =1 —38 and v = 1 — f3, i.e., when A is a symmetric stochastic
matrix, setting ¢ = 1 suffices, and the block-encoding of A becomes exact. Moreover, in this regime we have
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7 = &, which allows us to eliminate the final multi-controlled rotation R, () in Figure 6b. The overall gate
complexity of the block-encoding then reduces to O(n).

In contrast, the construction of [11] requires 5 ancilla qubits and a more involved circuit to obtain a
block-encoding with normalization ¢ = 8. Our construction uses only 3 ancillas and achieves a strictly
better constant: in general we can choose ¢ < 2v/2+2 < 5, and in favorable parameter regimes even ¢ = 1.
This demonstrates the benefit of identifying and exploiting the Kronecker-sum structure.

4. Conclusion

In this work we developed new techniques for implementing matrix products within the block-encoding
framework, extending the scope and efficiency of existing constructions. First, we addressed the general
case where the matrices are not necessarily square and their dimensions are not restricted to powers of two,
thereby broadening the applicability of block-encoded operations. Second, we introduced a qubit-efficient
method for realizing matrix-matrix multiplications that significantly reduces ancilla requirements at the
cost of a modest increase in gate complexity. This improvement is particularly pronounced in the sequential
product setting, where the number of required ancilla qubits decreases exponentially. In addition, we refined
the implementation of the Kronecker product compared to prior work [21], replacing SWAP operations
with pairs of CNOT gates and thus lowering gate cost. By applying the same qubit-efficient principle
from our matrix-matrix multiplication construction, we also developed a qubit-efficient Kronecker product
implementation. Moreover, we rederived the Hadamard product between block-encodings and extend its
construction to the convolution operation and vectorization operator. Finally, we demonstrated the utility
of these basic product operations in applications such as time-dependent Hamiltonian simulation and the
block-encoding of the adjacent matrix of an extended binary tree, where our constructions yield concrete
resource reductions relative to existing approaches.

Taken together, our results enrich the toolbox for manipulating block-encodings, offering both qubit
efficiency and structural flexibility. Looking ahead, it will be of interest to integrate these techniques into
practical quantum algorithms—such as Hamiltonian simulation and quantum optimization—and to further
explore linear operations and their applications in emerging areas of quantum computational science.

Appendix A. Qubit-efficient implementation of Kronecker product

Similarly to the matrix-matrix product, the Kronecker product between block-encoded matrices admits
a qubit-efficient implementation.

o . toot ,
For simplicity, consider first the case where B € C2°%2° and C € C2 *2" are square matrices whose

b ob
dimensions are powers of two, and let their block-encodings be Ug € C2 *2" and U € C2°*2°. Without
loss of generality, assume that U ¢ uses more ancilla qubits, i.e., c —t > b — s. Noting that

B®C:(Igb®c)(B®Igv)’

and the block-encodings of Io» ® C and B ® Isc are obtained directly from U¢ and U g, respectively, we
may apply the qubit-efficient matrix-matrix product construction to realize the block-encoding of B ® C.
The resulting quantum circuit is presented in Figure A.8; it implements a block-encoding of B ® C while
requiring only one additional ancilla qubit beyond those used by U g and U . The effect of this circuit on
the input state |[0)1|0)c—¢|x)s|y)+ is as follows:

10)110)c—t|2)sly)e — [1)1 ([0)e—i Blz)oly)e + |9))
— [0)1|0)c—¢Blz)s|y)e + [1)1]9)
—10)1[0) e~ Bl2)sCly)c +0)11g") + [L)1lg"),

where both of the last two terms are orthogonal to the subspace |0)._t11 ® Iss+¢. Consequently, the circuit
implements a block-encoding of B ® C' using only one additional ancilla qubit.
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Figure A.8: Quantum circuit for qubit-efficient implementation of the Kronecker product. Two barriers divide the circuit into
three phases. The left and right phases implement the block-encodings of B ® Izc and Iy, ® C, respectively. The middle phase
applies the permutation used in Example 1.

For the general case where B and C have arbitrary sizes, the same construction applies after embedding

B and C into larger 2° x 2° and 2¢ x 2! blocks. The output registers |-)s and |-); can then be rearranged as
in Section 2.1 so that B ® C occupies the top-left corner of the overall unitary.
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