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Abstract. The variational quantum eigensolver (VQE) is one of the most promising algo-
rithms for low-lying eigenstates calculation on Noisy Intermediate-Scale Quantum (NISQ) computers.
Specifically, VQE has achieved great success for ground state calculations of a Hamiltonian. How-
ever, excited state calculations arising in quantum chemistry and condensed matter often requires
solving more challenging problems than the ground state as these states are generally further away
from a mean-field description, and involve less straightforward optimization to avoid the variational
collapse to the ground state. Maintaining orthogonality between low-lying eigenstates is a key algo-
rithmic hurdle. In this work, we analyze three VQE models that embed orthogonality constraints
through specially designed cost functions, avoiding the need for external enforcement of orthogo-
nality between states. Notably, these formulations possess the desirable property that any local
minimum is also a global minimum, helping address optimization difficulties. We conduct rigorous
landscape analyses of the models’ stationary points and local minimizers, theoretically guaranteeing
their favorable properties and providing analytical tools applicable to broader VQE methods. A
comprehensive comparison between the three models is also provided, considering their quantum
resource requirements and classical optimization complexity.

Key words. Variational quantum eigensolver, excited states calculation, landscape analysis,
oblique manifold

1. Introduction. With the availability of near-term quantum devices and signif-
icant advancements in quantum supremacy experiments [2, 45], quantum computing
has gained substantial attention from various scientific disciplines in recent years.
Algorithms designed for these restricted devices, known as noisy intermediate-scale
quantum (NISQ) devices [34], have distinct characteristics: they operate on a small
number of qubits, exhibit some level of noise resilience, and often employ hybrid
approaches that combine quantum and classical computing steps. An example is
the variational quantum eigensolver (VQE) [27, 33], which shows particular promise
within the NISQ paradigm.

In general, VQE aims to variationally determine an upper bound to the ground
state energy of a Hamiltonian, which enables important energetic predictions for
molecules and materials [9]. Namely, given a Hamiltonian Ĥ with any normalized
trial wavefunction |ψ⟩, the ground state energy E0 associated with Ĥ is bounded by
E0 ≤ ⟨ψ|Ĥ|ψ⟩. The goal of VQE is to find a parametrization of |ψ⟩ such that the
expectation value of Ĥ is minimized. Note that the normalized trial wavefunction |ψ⟩
over a quantum computer is implemented by Û(θ)|0⟩, where Û(θ) is a parameterized
unitary operation. We can rewrite the VQE optimization problem with corresponding
cost function as

EVQE = min
θ

⟨0|Û†(θ)ĤÛ(θ)|0⟩.

The hybrid nature of VQE arises from the fact that the expectation value can be
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computed on a quantum device while the minimization problem with respect to θ is
computed on a classical computer.

Compared to other quantum eigensolvers, such as quantum phase estimation
(QPE) [1, 3, 18], which require circuit depths far beyond the capabilities of near-
term intermediate-scale quantum (NISQ) devices, the variational quantum eigensolver
(VQE) offers a more NISQ-friendly approach. VQE relies on shorter circuit depths
and fewer qubits but comes at the cost of increased number of measurements, pa-
rameter optimization on a classical computer and the need for a predefined ansatz to
approximate eigenstates. The choice of an appropriate ansatz is a critical component
of the VQE workflow and has been the focus of significant research in recent years.

The hardware-efficient ansatz (HEA) [17] directly parameterizes quantum states
using native quantum gates, making it well-suited for certain problem-specific sce-
narios. However, it is often inadequate for large-scale chemical problems due to its
limited scalability. In contrast, the unitary coupled cluster (UCC) ansatz [33], along
with its extensions such as UCCSD [35], UCCGSD [19], and k-UpCCGSD [19], has
demonstrated strong numerical accuracy with only linear scaling in quantum resource
requirements. This makes UCC-based ansatzes a promising trade-off between compu-
tational cost and accuracy. Recent studies [12, 36] have also explored adaptive ansatz
structures, which allow the ansatz dimensions to vary dynamically. These approaches
aim to provide reliable alternatives or improvements over fixed-structure ansatzes,
further enhancing VQE’s flexibility and efficiency.

A promising application for VQE is ab initio electronic structure calculation. In
particular, VQE solves the many-body problem under the full configuration inter-
action (FCI) framework [6, 14, 20, 40, 43], where the time-independent Schrödinger
equation is discretized exactly and the ground state is computed by solving the stan-
dard eigenvalue problem exponential-scaling with the number of electrons in the sys-
tem. The exponential cost of classical FCI fits well with capabilities of quantum
algorithms. Accordingly, quantum algorithms for ground state calculation under the
FCI framework have been extensively explored over recent decades [1, 3, 4, 25, 33].
Among them, VQE is a quantum-classical hybrid approach with the shortest circuit
depth, which makes it the most widely applied quantum eigensolver on NISQ devices.

In addition to the ground state, the consideration of excited states is also cru-
cial in quantum chemistry. However, computing excited states is generally a more
challenging task, due to the excited states generally being further away from a mean-
field description, as well as less straightforward optimization to avoid the variational
collapse to the ground state. Existing quantum algorithms for excited states compu-
tation can be broadly divided into two main types of methods: the perturbation-based
approaches and the variational approaches.

Perturbation-based methods always start from the ground state via VQE and
then evaluate the expansion values on single excited states from the ground state.
With these expansion values they further utilize different approaches to obtain the
low-lying excited state energies. The representatives in this category could be the
quantum subspace expansion (QSE) method [8, 10, 26] and quantum equation of
motion (qEoM) [30].

For the variational approach, it uses modified VQE cost functions to afford a
fully variational flexibility and maintain the orthogonality of the low-lying eigen-
states. These methods have the advantage of avoidance for the limitations and biases
of perturbation-based methods, but usually come with a higher cost of quantum
resources and the restriction to a specific ansatz chosen. For instance, the folded
spectrum method [27] folds the spectrum of a Hamiltonian operator via a shift-and-
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square operation, i.e., Ĥ → (Ĥ − λI)2, where λ is a chosen number and as such the
ground state of (Ĥ − λI)2 is the eigenstate of Ĥ whose eigenvalue is closest to λ.
Then (Ĥ − λI)2 is used as the Hamiltonian operator in VQE to obtain the desired
excited states. The witness-assisted variational eigenspectra solver [38, 39] incorpo-
rates an entropy term in the objective function to prevent variational collapse back
to the ground state by requiring the minimized excited state to be close to its initial
state, which is defined as an excitation from the ground state. The quantum deflation
method [13, 16] adopts the overlapping term between the target state and the ground
state as a penalty term in the objective function to keep the target state as orthogonal
as possible to the ground state.

While the methods above all have their classical algorithm counterpart, two meth-
ods, subspace search VQE (SSVQE) [28] and multistate contracted VQE (MCVQE)
[32] leverage a unique property of quantum computing to maintain the orthogonality
between eigenstates: all quantum operations are unitary and a unitary transformation
will not change the orthogonality of the states it is applied to. They first prepare K
non-parameterized mutually orthogonal states |ϕ1⟩, |ϕ2⟩, . . . , |ϕK⟩ and then apply a
parameterized unitary circuit Ûθ to these states. Hence, we can minimize the objective
function

K∑
k=1

⟨ϕk|Û†
θ ĤÛθ|ϕk⟩,

to obtain the desired eigenstates simultaneously. However, energies associated with
Ûθ|ϕ1⟩, . . ., Ûθ|ϕK⟩ may not be ordered. Hence, SSVQE introduces a min-max prob-
lem to obtain a specific excited state and a weighted objective function to preserve the
ordering of eigenstates in some further extensions. Instead, MCVQE uses a classical
post-processing to extract the ordered eigenstates from the eigen-subspaces obtained
from the optimization procedure. Specifically, it gives the approximated eigenstates
in the form of |ψk⟩ =

∑
l Ûθ|ϕl⟩Vlk, where Vlk is the (l, k)-th entry of a unitary

matrix V , which is the eigenvector matrix of the entangled contracted Hamiltonian
Hkl := ⟨ϕk|Û†

θ ĤÛθ|ϕl⟩.
As discussed, maintaining orthogonality between low-lying eigenstates is a central

algorithmic challenge for excited state computations, regardless of whether orthogo-
nality constraints are addressed explicitly or implicitly. Motivated by the quantum
orbital minimization method (qOMM) [5], in this work we will theoretically analyze
several approaches that embed the orthogonality constraints into the cost function
itself, resulting in an “unconstrained optimization” that fits better to the quantum
computer. Specifically, we obtain the energy landscape of these methods (including
the qOMM), which provides theoretical guarantees for the favorable properties of the
corresponding quantum algorithms.

Now we give the mathematical formulation of the excited states quantum eigen-
solver problem in matrix notation for later discussion. Given Hermitian matrix
A ∈ Cn×n, our target is to find the smallest p eigenpairs of A, denoted as

AX = XΛ, X ∈ Cn×p,

where Λ is the diagonal eigenvalue matrix. In the quantum computing setting, each
column of X is represented by ansatz like |ψi⟩ = Ûθi |ϕi⟩ with Ûθi being a unitary
operator for i = 1, . . . , p. If quantum error is not taken into account, each column of
X will always be of unit length, which gives the constraints for diagonal elements of
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X∗X. Further, this constraint corresponds to the oblique manifold, which is defined
as 1

(1.1) OB(n, p) =
{
X ∈ Cn×p : diag(X∗X) = 1

}
,

where 1 denotes an all-one vector of length p. Thus, we emphasize that although we
apply the unconstrained optimization problem over a quantum computer, the quan-
tum computer itself puts the extra oblique manifold constraints to the optimization
problem due to the normality condition of any quantum state. Moreover, we remark
that since the representability of ansatz circuit is typically sufficient, i.e., the varia-
tional space is rich enough, especially for the chemical systems, we ignore the ansatz
design and investigate the energy landscape of VQE cost function with respect to
X ∈ OB(n, p) directly.

Consider the well known optimization formulation of classical eigensolver, 2

min
X∈Cn×p

tr(X∗AX), s.t. X∗X = Ip.

To address the orthogonal constraints for excited states computation, we introduce the
three models below as examples; each provides a method to embed the orthogonality
constraint into the objective function, while the oblique manifold constraint arises
from the nature of quantum computers,

min
X∈OB(n,p)

tr ((2I −X∗X)X∗AX) ,(qOMM)

min
X∈OB(n,p)

1

2
tr(X∗AX) +

µ

4
∥X∗X − I∥2F ,(qTPM)

min
X∈OB(n,p)

tr(X∗AX) + µ1

∑
i<j

|(X∗X)ij | ,(qL1M)

where ∥·∥F denotes the Frobenius norm and µ, µ1 > 0 are finite penalty constants.
Each objective function above leads to a quantum eigensolver. Additionally, qOMM
and qTPM require matrix A to be negative definite Hermitian, while qL1M works for
any Hermitian matrix A and requires p < n. We note that the first model has been
developed as a hybrid quantum-classical algorithm, termed the quantum orbital min-
imization method (qOMM) [5]. The latter two models (qTPM and qL1M) have their
own favorable properties and are promising candidates for VQE algorithms. In this
work, we analyze the energy landscape of the proposed models. As the main contribu-
tion, we present theorems that characterize the stationary points and local minimizers
of all three models. Notably, all three models possess the favorable property that any
local minimum is also a global minimum.

The rest of the paper is organized as follows. In section 2, all three models will
be investigated in detail. A formal statement, together with their landscape analysis
and algorithm frameworks are given. The complete proof of the theorems will be pre-
sented in the appendix. In section 3, we present simulated quantum numerical results
to demonstrate the convergence of the VQE algorithms. Furthermore, we compare
their efficiency in terms of quantum resource requirements and classical optimization
complexity. Finally, section 4 concludes the paper and discusses future work.

1For the sake of notation, we adopt diag(·) similar to the MATLAB “diag” function, i.e., diag(v)
is a square diagonal matrix with the entries of vector v on the diagonal and diag(A) is a column
vector of the diagonal entries of A.

2We use Ip to denote the identity matrix of size p-by-p. For notation simplicity, we also use I to
denote the identity matrix with size consistent to the matrix operations.
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2. Optimization Landscape and Algorithms in VQE. In this section, we
provide a detailed landscape analysis and the algorithm framework of the three pro-
posed formulations. Proofs of the theorems stated here are deferred to the appendix.
Specifically, we characterize and contrast properties of stationary points and local
minimizers for these formulations. This lays theoretical groundwork for understand-
ing their algorithmic behavior and deriving optimization algorithms.

2.1. qOMM. The original orbital minimization method (OMM) was initially
developed to solve for the low-lying eigenspace of a negative definite Hermitian matrix
A in Kohn-Sham density functional theory [24, 31]. It employs the energy functional
given by

E0(X) = tr ((2I −X∗X)X∗AX) ,

where X represents a matrix of orbitals. Notably, OMM possesses a few favorable
properties [23], which provides some benefits for the algorithm design. First, even
though the orthogonality constraint among the columns ofX is not explicitly enforced,
the minimizers of E0(X) inherently consist of mutually orthogonal vectors. Second,
although the energy functional is non-convex, each local minimum is also a global
minimum.

OMM has been generalized over quantum computer as a VQE, and it leads to
the qOMM method, where the energy landscape is unknown but numerically per-
forms well. Correspondingly, we aim to characterize the stationary points and local
minimizers of qOMM, which are given by the optimization problem:

(2.1) min
X∈OB(n,p)

E0(X) = tr ((2I −X∗X)X∗AX) .

In contrast to the straightforward characterization of stationary points for the un-
constrained optimization in OMM, Theorem 2.1 reveals a more intricate structure of
the stationary points for qOMM. This subtle result for stationary points can then be
leveraged to deduce the desired property of local minimizers stated in Theorem 2.3.

Theorem 2.1. Given a negative definite Hermitian matrix A, stationary points
of qOMM (2.1) take the form XP , where P ∈ Rp×p is an arbitrary permutation
matrix, X ∈ Cn×p admits a block structure, X = (X1, · · · , Xk), and k is the number
of blocks. For each block Xi ∈ Cn×pi , we denote the reduced SVD as Xi = UiΣiV

∗
i

and the rank as ri, where Σi = diag(σi1, . . . , σiri) is the nonzero singular value matrix.
Matrix U is composed of column bases of Xis, i.e., U = (U1, · · · , Uk). The following
conditions hold.

1. The matrix U is partial unitary and diagonalize A, i.e., U∗U = I and U∗AU
is diagonal.

2. Denote the j-th diagonal entry of U∗
i AUi as ãij. Singular values are,

σij =

√
1 +

pi − ri

ãij ·
∑ri
ℓ=1

1
ãiℓ

≥ 1.

Furthermore, if the j-th column uij of Ui is not an eigenvector of A, then
σij =

√
2.

3. At most one block Xi is of full rank, and then Xi = UiV
∗
i ;

4. The right singular vector matrix Vi ∈ Cpi×ri is partial unitary such that
Xi ∈ OB(n, pi). The existence of Vi is guaranteed for any given Ui.
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In addition, any X ∈ Cn×p satisfying the conditions above is a stationary point of
qOMM (2.1).

The proof of Theorem 2.1 is given in Appendix A.

Remark 2.2. WhenXi is full rank, all the columns of Ui are eigenvectors of matrix
A. Otherwise Ui may not be eigenvectors. This is very different from OMM without
constraint. Here we give a concrete example for illustration. Suppose A is a 7-by-7
negative definite Hermitian matrix with eigendecomposition A = QΛQ∗ where

Q = (q1, · · · , q7) , Λ = diag(−1,−2,−3,−4,−5,−6,−7).

Now we construct a stationary point of size 7-by-5 with rank 2 from its reduced SVD,

X = UΣV ∗ := (q2, u2)

(√
3 √

2

)
V ∗, u2 =

√
2

5
q1 +

√
3

5
q6,

where V ∈ C2×5 is partial unitary such that diag(X∗X) = 1. LetD = −8I, substitute
X into the zero gradient condition (A.4), one could verify that

2AX −AXX∗X −XX∗AX +XD = 0,

which shows that such X is a stationary point but the second column of U is not an
eigenvector of A.

Theorem 2.3. Given a negative definite Hermitian matrix A, the local minimiz-
ers of qOMM (2.1) take the form of X = QpV

∗, where Qp are eigenvectors of A
corresponding to the p smallest eigenvalues, V ∈ Cp×p is an arbitrary unitary ma-
trix. Conversely, any matrix in the form of QpV

∗ is a local minimizer of qOMM.
Furthermore, any local minimum of qOMM is also a global minimum.

The proof of Theorem 2.3 is given in Appendix A.

Remark 2.4. Let matrix A have eigenvalues ordered non-decreasingly as λ1 ≤
λ2 ≤ · · · ≤ λn. The eigenvectors corresponding to the smallest p eigenvalues of A
may not be unique if λp = λp+1, leading to degeneracy. In this paper, when we refer
to the “smallest p eigenvalues”, we include any valid choice of eigenvectors in cases of
degeneracy.

From the landscape analysis above, we can observe that all the local minima have
the same objective function value and constitute the set of global minima. The min-
imizers at these local minima consist of mutually orthogonal vectors. This property
leads to an algorithm design where explicit orthogonal constraints are not required.
Rather, orthogonality of the minimizers can naturally emerge throughout the opti-
mization process without any orthogonalization steps, which allows for greater flex-
ibility in the choice of ansatz applied to each input state and the choice for input
states itself.

Given that the algorithm design and numerical experiments have been thoroughly
discussed in [5], here we omit the details of the algorithm of qOMM. Note that the
algorithm design of qOMM and qTPM are similar; one can also refer to subsection 2.2
for the framework.

2.2. qTPM. It is well known that the invariant subspace associated with the p
algebraically smallest eigenvalues of matrix A yields an optimal solution to the trace
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minimization problem with orthogonality constraints

min
X∈Cn×p

tr(X∗AX), s.t. X∗X = I.

Thus, we can introduce a penalty term using the Frobenius norm to construct the
corresponding unconstrained optimization problem:

(2.2) min
X∈Cn×p

fµ(X) :=
1

2
tr(X∗AX) +

µ

4
∥X∗X − I∥2F ,

where the penalty parameter µ > 0 takes suitable finite values. This trace penalty
minimization method (TPM) finds the optimal eigenspace and excludes all full-rank
non-optimal stationary points for an appropriately chosen µ [11, 44]. This differs from
general classical quadratic penalty methods, which require the penalty parameter µ
to go to infinity for the penalty model to approach the original constrained model.

Now consider applying the TPM model to the quantum computing setting, which
gives the quantum trace penalty minimization method (qTPM), i.e.,

(2.3) min
X∈OB(n,p)

fµ(X) =
1

2
tr(X∗AX) +

µ

4
∥X∗X − I∥2F .

Note that for X in oblique manifold OB(n, p), one has

∥X∗X − I∥2F = tr(X∗XX∗X) + tr(I − 2X∗X) = tr(X∗XX∗X)− p.

Thus, the optimization model (2.3) is equivalent to

(2.4) min
X∈OB(n,p)

gµ(X) :=
1

2
tr(X∗AX) +

µ

4
tr(X∗XX∗X).

This formulation gives some flexibility and convenience for theoretical analysis. Con-
sequently, we also refer to it as the qTPM model.

Remark 2.5. With µ > 0 the TPM model (2.2) is equivalent to another useful
method for large-scale eigenspace computation called the symmetric low-rank product
(SLRP) model [21, 22] defined as

min
X∈Cn×p

1

2
∥XX∗ −A∥2F ,

in the sense that any stationary point of one problem, after scaling and shifting, has
a one-to-one correspondence with a stationary point of the other. This equivalence
comes from the identity

1

2
tr(X∗AX) +

µ

4
∥X∗X − I∥2F ≡ µ

4

∥∥∥∥XX∗ − (I − A

µ
)

∥∥∥∥2
F

+ constant.

Since these two models are equivalent, we only discuss the qTPM, the generalization
of SLRP model to the quantum computing setting can be carried out in the same
manner.

Now let us analyze the energy landscape of qTPM. While the local minimizers of
OMM and qOMM are the same, the explicit penalty term in Frobenius norm leads
to a different behavior for TPM and qTPM. Note that local minimizers of TPM are
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scaled eigenvectors of matrix A, right multiplying any unitary matrix [44], which does
not satisfy the constraint in qTPM. Hence the local minimizers of qTPM are different
from that in TPM. Specifically, we have the following results describing the landscape
properties of qTPM.

Theorem 2.6. Given µ > |λmin(A)| and a negative definite Hermitian matrix
A 3, stationary points of qTPM (2.4) take the form XP , where P is an arbitrary
permutation matrix and X = (X1, · · · , Xk), where Xi ∈ Cn×pi with rank ri for i =
1, . . . , k. Denote the singular value decomposition of each Xi as Xi = UiΣiV

∗
i , where

Ui ∈ Cn×pi , Σi ∈ Rpi×pi , Vi ∈ Cpi×pi . Let

U = (U1, · · · , Uk) , Σ = diag (Σ1, · · · ,Σk) , V = diag (V1, · · · , Vk) ,

we have X = UΣV ∗, such X satisfies the following conditions:
1. U∗U = I, each Ui consists of eigenvectors of A with eigenvalues λi1, . . . , λipi

for i = 1, . . . , k.
2. For i = 1, . . . , k, Σi = diag (σi1, · · · , σipi) with

σij =

√√√√pi
ri

− 1

µ

(
λij −

1

ri

ri∑
l=1

λil

)
,

for j = 1, . . . , ri; σij = 0, j = ri + 1, . . . , pi.
3. V ∗V = I, each Vi ∈ Cpi×pi is unitary such that Xi ∈ OB(n, pi) for i =

1, . . . , k.
Besides, any X ∈ Cn×p satisfying the conditions above is a stationary point of qTPM
(2.4).

Theorem 2.7. Local minimizers of qTPM (2.4) with µ > |λmin(A)| and negative
definite Hermitian matrix A take the form of

(2.5) X = Qp(I −
1

µ
(Λp − Λ̄p))

1/2V ∗, Λ̄p =
1

p
tr(Λp)I,

where Qp are eigenvectors of A corresponding to the p smallest eigenvalues Λp (count-
ing geometric multiplicity), V ∈ Cp×p is unitary matrix such that diag(X∗X) = 1.
Conversely, any matrix in the form (2.5) is a local minimizer of qTPM. Furthermore,
any local minimum of qTPM is also a global minimum.

The proofs of Theorem 2.6 and Theorem 2.7 are given in Appendix B.
From the landscape analysis above, we can also observe that all the local minima

have the same objective function value and constitute the set of global minima. Al-
though the local minimizers of qTPM have a more intricate structure than qOMM,
they nonetheless encode the target eigen-subspace associated with the p smallest eigen-
values of matrix A (counting for geometric multiplicity). Through a post-processing
procedure such as Rayleigh-Ritz projection, the final eigenpair approximations can
be extracted. Thus, qTPM successfully captures the pertinent eigen-information at
its minimizers, even if not in the simplest form prior to post-processing.

We now present an algorithm framework for qTPM. In the quantum computing
setting of qTPM, each column of X is represented by the ansatz |ψi⟩ = Ûθi |ϕi⟩ for

3We use λmin(·) and λmax(·) to denote the minimum and maximum eigenvalues of a matrix
respectively.
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i = 1, . . . , p, where |ϕ1⟩, . . . , |ϕp⟩ are initial states, Ûθ1 , . . . , Ûθp are parameterized cir-
cuits with θ1, . . . , θp being parameters. Thus, our objective function and optimization
problem (2.4) turn into

min
θ1,··· ,θp

1

2

p∑
i=1

⟨ϕi|Û†
θi
ĤÛθi |ϕi⟩+

µ

2

p∑
i,j=1,i<j

∣∣∣⟨ϕi|Û†
θi
Ûθj |ϕj⟩

∣∣∣2 ,
where Ĥ is the Hamiltonian operator of the system. Given this variational formula-
tion, one can construct quantum circuits to evaluate both inner products appearing
in the objective function above, i.e., ⟨ψi|Ĥ|ψj⟩ and ⟨ψi|ψj⟩ respectively. When the
evaluation of the objective function is available, we can adopt a gradient-free opti-
mizer to minimize the objective function with respect to parameters θ1, . . . , θp. After

the optimization process, we obtain a set of parameters such that Ûθ1 |ϕ1⟩, . . . , Ûθp |ϕp⟩
approximate the target eigenspace QpS, where Qp ∈ Cn×p are p eigenvectors of Ĥ
associated with the smallest p eigenvalues and S ∈ Cp×p is an invertible matrix. Thus
we can perform a Rayleigh-Ritz step to extract the desired eigenspace. Specifically,
we construct two matrices, B and C, with their (i, j)-th elements defined as follows:

Bij = ⟨ϕi|Û†
θi
ĤÛθj |ϕj⟩ and Cij = ⟨ϕi|Û†

θi
Ûθj |ϕj⟩.

We then solve a generalized eigenvalue problem with the matrix pencil (B,C), given
by:

BR = CRΛ,

where R represents the eigenvector matrix, and Λ is a diagonal matrix with the
eigenvalues of (B,C) as its diagonal entries. Finally, we obtain the desired eigenvalues
contained in Λ, along with the corresponding eigenvectors

∑p
j=1 Ûθj |ϕj⟩Rji for i =

1, . . . , p.

2.3. qL1M. In addition to the Frobenius norm penalty, we could also consider
other types of penalty like the l1 penalty, which gives the quantum l1 minimization
method (qL1M),

(2.6) min
X∈OB(n,p)

E1(X) := tr(X∗AX) + µ1

∑
i<j

|(X∗X)ij | ,

with µ1 > 0 taking an appropriate value. Despite the nonsmooth nature of the
objective function introduced by the l1 penalty term, desirable properties can be
established due to its well-known “exactness” property [29]. Specifically, given the
penalty parameter larger than a certain value, solving the unconstrained problem
with respect to X yields the exact solution to the original constrained problem. We
now proceed to identify the local minimizers for a detailed characterization of the
landscape of qL1M.

Theorem 2.8. Local minimizers of qL1M (2.6) for Hermitian matrix A with
µ1 > 16p∥A∥2 and p < n take the form X = QpV

∗, where V ∈ Cp×p is an arbi-
trary unitary matrix and Qp consists of eigenvectors of the p smallest eigenvalues of
A (counting geometric multiplicity). Conversely, any matrix in the form of QpV

∗ is
a local minimizer of qL1M. Furthermore, any local minimum of qL1M is also a global
minimum.
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The proof of Theorem 2.8 is given in Appendix C.
Note that large-scale eigenvalue problems typically aim to find only a few most

important eigenpairs. Hence, the constraint p < n in Theorem 2.8 is acceptable in
practice.

The theorem above demonstrates that the local minimizers of the qL1M exhibit
the same elegant structure as qOMM. Similarly, orthogonality of the minimizers can
naturally emerge throughout the optimization process without any orthogonalization
steps. This favorable structure indicates the prospects for deriving computationally
efficient algorithms for qL1M that leverage established l1 regularization techniques.

Remark 2.9. Consider the weighted form of qL1M, which is defined as

(2.7) min
X∈OB(n,p)

tr(X∗AXW ) + µ1

∑
i<j

|(X∗X)ij |,

where weighted matrix W = diag(w1, · · · , wp) such that w1 > w2 > · · · > wp > 0.
One can easily verify that the proof of Theorem 2.8 can be applied to the weighted
qL1M (2.7) and we conclude that the local minimum of (2.7) with µ1 > 0 sufficiently
large must be the local minimum of

min
X∈Cn×p

tr(X∗AXW ), s.t. X∗X = I.

Therefore, we have local minimizer X = Qp for the weighted qL1M, where Qp are
ordered eigenvectors corresponding to the p smallest eigenvalues of A (counting geo-
metric multiplicity).

Now let us briefly discuss the algorithm design for the qL1M. In the quantum
computing setting of qL1M, our objective function and optimization problem (2.6)
turn into

min
θ1,··· ,θp

p∑
i=1

⟨ϕi|Û†
θi
ĤÛθi |ϕi⟩+ µ1

p∑
i,j=1,i<j

∣∣∣⟨ϕi|Û†
θi
Ûθj |ϕj⟩

∣∣∣ ,
where Ĥ is the Hamiltonian operator of the system. Starting from this objective func-
tion and following the same steps as qTPM, the desired eigenpairs can be obtained.
Additionally, more powerful and efficient optimization algorithms could be developed
by utilizing advanced techniques for handling the l1 penalty, though this lies beyond
the scope of this paper. The nonsmooth nature of the problem presents opportunities
for novel algorithm designs tailored to the qL1M formulation, offering an interesting
direction for future research.

3. Numerical Results. In this section, we conduct a comparative analysis of
the three VQE models: qOMM, qTPM, and qL1M, to assess their practical per-
formance. The comparison is twofold: we first evaluate the quantum resource cost
associated with each model, and then we present numerical simulations to investi-
gate their optimization behavior and convergence. These results provide empirical
validation for our theoretical findings and clarify the trade-offs between the different
approaches to enforce orthogonality.

3.1. Quantum resource estimate. We first analyze the efficiency of the three
VQE models by comparing their quantum resource costs. We begin with the quantum
circuits used to evaluate state inner products. For two states |ψ⟩ = Ûψ|0⟩ and |ϕ⟩ =
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Ûϕ|0⟩, the complex-valued inner product ⟨ψ|ϕ⟩ could be evaluated via the extended
Hadamard test [5], which computes the real and imaginary parts separately with
two circuits. In contrast, the real-valued fidelity |⟨ψ|ϕ⟩|2 could be measured with

only one circuit, for instance, the inversion test (measuring overlap ⟨0|U†
ψUϕ|0⟩) or

the SWAP test. While other variants exist, for the small qubit systems considered
here, these circuits are broadly comparable in depth and qubit count. We therefore
focus our analysis on the number of inner product test circuits in each model, which
is a primary indicator of both circuit execution time and overall quantum resource
expenditure.

The evaluation of the objective function of our VQE models involves two parts:
the Hamiltonian part and the regularization part. Assume that the Hamiltonian
Ĥ is decomposed into a linear combination of NU Hermitian and unitary opera-
tors (e.g., Pauli strings) as Ĥ =

∑NU

k=1 ckÛk. Thus, the Hamiltonian term can be

evaluated through a general inner product circuit by ⟨ψ|Ûk|ϕ⟩ = ⟨0|ÛψÛkÛϕ|0⟩ for
k = 1, . . . , NU .

Specifically, the qOMM objective function

f(|ψ1⟩, · · · , |ψp⟩) = 2

p∑
i=1

⟨ψi|Ĥ|ψi⟩ −
p∑

i,j=1

⟨ψi|ψj⟩⟨ψj |Ĥ|ψi⟩, Ĥ =

NU∑
k=1

ckÛk,

involves complex-valued terms ⟨ψi|ψj⟩ and ⟨ψi|Ûk|ψj⟩ for i < j, i, j = 1, . . . , p, and

real-valued terms ⟨ψi|Ûk|ψi⟩ for i = 1, . . . , p. Consequently, we employ the extended
Hadamard test, requiring p2NU inner product test circuits for the Hamiltonian part
and p(p− 1) for the regularization part. In contrast, the objective function of qTPM
and qL1M involves only real-valued terms |⟨ψi|ψj⟩|2 for i < j, i, j = 1, . . . , p, and

⟨ψi|Ûk|ψi⟩ for i = 1, . . . , p. Each Hamiltonian term is evaluated via a single Hadamard
test and each regularization term via an inversion test, reducing the circuit counts to
pNU and 1

2p(p− 1), respectively.
Table 1 summarizes the constituent terms of each objective function and the cor-

responding number of inner product test circuits required for their evaluation. The
comparison reveals a clear trade-off: qOMM, which employs an implicit regularization,
demands the highest quantum resource cost in terms of inner product test circuits.
In contrast, qTPM and qL1M, utilizing explicit regularization, achieve a significant
reduction in inner product test circuit overhead. This quantum resource efficiency,
however, comes at the cost of increased complexity in classical optimization and hyper-
parameter selection. Both qTPM and qL1M introduce hyperparameters that require
careful tuning, and their optimization landscapes present distinct challenges: qL1M
due to its non-smooth objective function and qTPM due to its more complex local
minima structure. Consequently, the selection of an appropriate model necessitates
a careful balance between quantum resource constraints and classical optimization
difficulty, tailored to the specific application and available hardware.

3.2. Optimization behavior. In this section, we present numerical results from
noiseless, state-vector simulations for the proposed VQE models. All simulations were
implemented using the Qiskit package [15]. By employing ideal quantum circuits and
calculating exact probability and expectation values, we focus on the models’ opti-
mization landscapes and exclude the effects of quantum hardware noise and measure-
ment sampling.

We apply our VQE models on the task of finding the p = 3 lowest eigenvalues of
the electronic structure Hamiltonian within the Full Configuration Interaction (FCI)
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VQE model
Hamiltonian cost Regularization cost

Terms #(Test circ) Terms #(Test circ)

qOMM ⟨ψi|Ûk|ψj⟩, i ≤ j p2NU ⟨ψi|ψj⟩, i < j p(p− 1)

qTPM ⟨ψi|Ûk|ψi⟩ pNU |⟨ψi|ψj⟩|2, i < j 1
2p(p− 1)

qL1M ⟨ψi|Ûk|ψi⟩ pNU |⟨ψi|ψj⟩|, i < j 1
2p(p− 1)

Table 1: Terms involved in the objective function and the number of inner product
test circuits required for each VQE model. Here, NU denotes the number of terms in
the Hamiltonian decomposition, k = 1, . . . , NU and i, j = 1, . . . , p.

framework. For the molecule H2 with a distance 0.735 Å between two hydrogen atoms,
we construct the FCI Hamiltonian using PySCF [41] and map it to a qubit Hamil-
tonian via the Jordan-Wigner transformation. This results in a qubit Hamiltonian
expressed as a linear combination of Pauli operators, which defines the Hermitian ma-
trix A for our eigenvalue computations. All reference eigenvalues are obtained using
PySCF’s FCI solver.

Our numerical experiments employ the following setup for all three VQE models.
We model the H2 molecule in a minimal STO-3G basis, yielding a 4-qubit FCI Hamil-
tonian. The unitary coupled-cluster singles and doubles (UCCSD) ansatz is adopted
for the ansatz circuit, a standard choice for quantum chemistry applications [42]. The
quantum states before applying the ansatz are chosen as the Hartree-Fock state and
relevant single-excitation states. The ansatz parameters are initialized to zero, which
sets the UCCSD circuit to the identity operator, which naturally prepares the initial
states as the Hartree-Fock state and relevant single-excitation states.

For the classical optimization, we use the derivative-free optimizers COBYLA
and BOBYQA for comparison. The penalty parameters are set to µ = 1.0 for qTPM
and µ1 = 1.0 for qL1M, values sufficiently large to ensure the effectiveness of the
regularization terms. The optimization starts with the trust region radius set to
rhobeg=1e-1 and is terminated when the trust region radius falls below a minimum
value of rhoend=1e-7 or after a maximum of 600 iterations.

To quantify convergence accuracy, we compute two relative error metrics against
reference solutions. The reference objective function values fref are the theoretical
values at the local minima (summarized in Table 3), and the reference eigenvalues λref
are obtained from PySCF. We measure the relative errors in the objective function
and the l2-norm of the eigenvalues, respectively, as:

|fiter − fref|
|fref|

and
∥λiter − λref∥2

∥λref∥2
.

Figure 1 displays the convergence behavior of all three models using COBYLA
(left panel) and BOBYQA (right panel) optimizers, showing the relative error of the
objective function versus iteration count. The corresponding accuracy of the final
converged eigenvalues is quantified in Table 2 through their relative error to reference
values.

For the accuracy of the final converged eigenvalues, all three models achieve chem-
ical accuracy (1e-3 Hartree) compared to the reference values, though qOMM and
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Fig. 1: Relative error of the objective function versus optimization iteration of the
three VQE models for the lowest three eigenvalues of the H2 molecule with two
derivative-free optimizers: COBYLA and BOBYQA. The stop criteria is set to a
minimum trust region radius of rhoend=1e-7 or a maximum of 600 iterations.

VQE Model Eigenstate COBYLA BOBYQA

qOMM

Ground 1.83× 10−11 5.74× 10−15

1st Excited 2.25× 10−10 8.03× 10−15

2nd Excited 1.70× 10−8 1.13× 10−15

qTPM

Ground 2.47× 10−6 9.56× 10−16

1st Excited 2.56× 10−6 9.63× 10−15

2nd Excited 1.09× 10−4 1.38× 10−14

qL1M

Ground 1.09× 10−2 8.26× 10−10

1st Excited 7.31× 10−15 4.46× 10−15

2nd Excited 1.64× 10−15 8.80× 10−16

Table 2: The relative errors of the final computed eigenvalues for each model and
optimizer, compared to the reference values from PySCF.

qTPM exhibit superior precision compared to qL1M. As shown in Figure 1, qL1M is
more sensitive to the choice of optimizer due to the non-smoothness of its objective
function. BOBYQA yields significantly better accuracy in both the objective function
value and computed eigenvalues than COBYLA. This improvement may be attributed
to BOBYQA’s ability to construct a quadratic model of the objective function, al-
lowing for more informed search directions even in the presence of non-smoothness.
Nevertheless, the inherent non-smoothness of qL1M remains a fundamental challenge,
making optimizer selection and parameter tuning more demanding than for qOMM
and qTPM when seeking comparable accuracy.

Furthermore, we note that the convergence speed varies among the three mod-
els. Specifically, qOMM demonstrates the fastest convergence in terms of number
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Fig. 2: Convergence of relative errors of eigenvalues and trajectories of orthogonality
constraint under COBYLA optimizer for three VQE models. (Left) The convergence
behavior of relative error of eigenvalues in l2 norm for all three models. (Right) The
value of ∥X∗X − I∥F versus optimization iteration for three models.

of iterations, while qTPM exhibits the slowest convergence rate. This discrepancy
stems from the different landscape structures of the models. As previously discussed,
qOMM’s local minima directly align with the orthogonal target eigen-subspace, to-
gether with a smooth objective function, facilitating rapid convergence. In contrast,
qTPM’s local minima are more complex, and it requires additional refinement even
after reaching the target subspace, which slows down the overall convergence. qL1M,
while also targeting the orthogonal subspace, employs an l1 penalty approach that
may introduce additional complexity in the optimization landscape, resulting in a
moderate convergence speed relative to the other two models.

To elucidate the connection between local minima structure and optimization be-
havior, we examine the convergence of orthogonality error and eigenvalue accuracy
for all three VQE models using the COBYLA optimizer (Figure 2). The left panel
displays the corresponding eigenvalue errors obtained via Rayleigh-Ritz at each itera-
tion. Notably, qTPM exhibits a two-phase convergence: rapid approach to the target
eigen-subspace followed by prolonged refinement toward its specific non-orthogonal
minimum, requiring substantially more iterations than needed for eigenvalue esti-
mation alone. The right panel tracks the evolution of ∥X∗X − I∥F, revealing dis-
tinct orthogonality enforcement patterns: qL1M rapidly converges to zero, qOMM
approaches orthogonality gradually, while qTPM converges to the theoretically pre-
dicted non-zero value of

∥∥Λp − Λ̄p
∥∥
F
/µ. The patterns of orthogonality trajectories

align with the convergence behaviors of the eigenvalues.
Theoretically, while all three models successfully identify the desired low-lying

eigen-subspace, their distinct local minima structures (summarized in Table 3) lead
to different computational behaviors. The unitary solutions of qOMM and qL1M
(X∗X = I) reduce the Rayleigh-Ritz procedure to a standard eigenvalue problem,
whereas qTPM’s non-orthogonal solution (X∗X = V SV ∗ with diagonal S and uni-
tary V ) necessitates a generalized eigenvalue problem. Furthermore, qTPM’s complex
minima structure impacts its convergence: even after rapidly identifying the target
subspace from a good initial point, the optimization continues to refine toward its
specific non-orthogonal minimum prescribed by the theory. This additional adjust-
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ment, combined with the fact that optimization is terminated based solely on the
objective function’s convergence or a maximum iteration count, can result in a slower
convergence rate for qTPM compared to qOMM and qL1M.

VQE model Local minima form Objective value at local minima

qOMM X = QpV
∗ tr(Λp)

qTPM X = Qp(I − (Λp − Λ̄p)/µ)
1/2V ∗ tr(Λp)/2 + tr(Λ̄2

p − Λ2
p)/(4µ)

qL1M X = QpV
∗ tr(Λp)

Table 3: Summary of local minima for three VQE models. Here Qp and Λp are
eigenpairs of matrix A corresponding to the p smallest eigenvalues, Λ̄p = 1

p tr(Λp)I,

and V ∈ Cp×p is unitary.

Finally, we make a comparison for the entire quantum execution time and hard-
ware cost. The quantum resource analysis in subsection 3.1 indicates that qOMM re-
quires approximately p times more quantum execution time per iteration than qTPM
and qL1M. However, Figure 1 reveals that for p = 3, qOMM requires only about (or
less than) 1/p the number of iterations to achieve a precision of 1e-14. Consequently,
the total quantum execution time of qOMM is roughly comparable to (or even less
than) that of qTPM, though at the cost of greater quantum hardware resource con-
sumption. Meanwhile, qL1M achieves reduced quantum resource requirements and
execution time but demands more careful optimizer selection and tuning to attain
comparable accuracy, potentially increasing classical computational overhead. These
results underscore that model selection involves a trade-off between quantum resource
efficiency and classical optimization complexity, which should be guided by specific
application requirements and hardware constraints.

4. Conclusion. In this paper, we present the landscape analysis for three vari-
ational quantum eigensolver (VQE) models designed for excited states calculation:
qOMM, qTPM, and qL1M. These models offer a solution to the challenge of enforc-
ing orthogonality between eigenstates, by embedding the orthogonal constraint into
the objective functions. These models possess the desired property that any local min-
imum is also a global minimum, which could be highly advantageous for optimization
algorithm design. Our analysis not only provides theoretical guarantees for these
favorable properties, but also offers valuable tools for landscape analysis in various
other VQE models.

Among the three models proposed, qOMM uses an implicit orthogonalization ap-
proach by embedding the orthogonality constraint into the Hamiltonian term, while
qTPM and qL1M employ explicit regularization terms to penalize non-orthogonality
with different norms. The landscape analysis reveals distinct characteristics for each
model. For qOMM and qL1M, all local minima correspond to orthogonal solutions,
directly aligning with the target eigen-subspace. In contrast, qTPM’s local minima
are non-orthogonal but can be transformed into the desired eigen-subspace through
a generalized eigenvalue problem, which increases the number of iterations. qL1M
enforces orthogonality at its local minima, similar to qOMM, but utilizes an l1-norm
based penalty, leading to a non-smooth optimization landscape. This non-smoothness
introduces additional complexity in the optimization process, requiring specialized al-
gorithms to effectively navigate the landscape. The choice between these models
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involves a trade-off between quantum resource demands and classical optimization
complexity, with qOMM being more measurement intensive, while qTPM and qL1M
offer reduced quantum costs at the expense of hyperparameter tuning and more chal-
lenging optimization.

In addition, qOMM has been previously developed into a hybrid quantum-classical
algorithm with extensive numerical experiments demonstrating favorable results. For
qTPM and qL1M, the current work provides an algorithmic framework with coarse-
grained optimization strategies, while leaving comprehensive numerical case studies
for future work. We remark that with techniques tailored to each model’s particular
structure, more efficient and capable algorithms may be derived to enhance applica-
bility in the noisy intermediate-scale quantum era.

Appendix A. Proofs of qOMM.
Let us first introduce the concept of strict majorization as follows. Given a

vector x ∈ Rn, the notation x↑ denotes the reordered vector of x with entries in
non-decreasing order, i.e., x↑1 ≤ x↑2 ≤ · · · ≤ x↑n.

Definition A.1 (Strict Majorization). Let d and λ be two vectors in Rn. The
vector λ is strictly majorized by d, if

λ↑1 < d↑1,

λ↑1 + λ↑2 < d↑1 + d↑2,

...

λ↑1 + · · ·+ λ↑n−1 < d↑1 + · · ·+ d↑n−1,

λ↑1 + · · ·+ λ↑n−1 + λ↑n = d↑1 + · · ·+ d↑n−1 + d↑n.

(A.1)

Lemma A.2. Assume vector λ ∈ Rn satisfies λ ̸= 1 and

n∑
i=1

λi =

n∑
i=1

1 = n,

where 1 is the all-one vector in length n. Then λ is strictly majorized by 1.

Proof. Without loss of generality, we assume that λ is in non-decreasing order,
i.e., λ1 ≤ λ2 ≤ · · · ≤ λn. Then we can further split λ into three parts by comparing
its components with 1, i.e.,

λ1 ≤ · · · ≤ λi < 1 = λi+1 = · · · = λj < λj+1 ≤ · · · ≤ λn.

Denote d1 = d2 = · · · = dn = 1. Since λ ̸= 1, the summation condition
∑n
i=1 λi =∑n

i=1 di guarantees that the first and the third part are not empty. Then for the first
part of λ whose values are strictly less than 1, we have

(A.2) λ1 + · · ·+ λk < d1 + · · ·+ dk,

for all k = 1, . . . , i. For the second part, λis are all one. Hence, equation (A.2) is
satisfied for k = i+ 1, . . . , j. Regarding the third part, where λis are strictly greater
than 1, if there exists an index ℓ ∈ {j + 1, . . . , n− 1} such that

λ1 + · · ·+ λℓ ≥ d1 + · · ·+ dℓ,
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then we must have λ1 + · · · + λs > d1 + · · · + ds for all s > ℓ, which contradicts
the summation condition

∑n
i=1 λi =

∑n
i=1 di. Combining the discussion above, we

complete the proof of the lemma.

Proof of Theorem 2.1. Stationary points of (2.1) are characterized by the first-
order condition of the Lagrangian function. Denoting the Lagrange multiplier by a
diagonal matrix D = diag(d1, . . . , dp), the Lagrangian function admits

(A.3) L(X,D) = tr ((2I −X∗X)X∗AX) + tr(D⊤(X∗X − I)).

The first-order condition of (A.3) yields{
2AX −AXX∗X −XX∗AX +XD = 0,(A.4a)

X ∈ OB(n, p).(A.4b)

For any permutation matrix P , we have that (A.4) is equivalent to{
2AXP −AXP (XP )∗XP −XP (XP )∗AXP +XPP⊤DP = 0,

XP ∈ OB(n, p),

where P⊤DP is a diagonal permutation of D. Therefore, without loss of generality,
we assume that D has k distinct diagonal values in non-decreasing ordering,

D =

d1Ip1 . . .

dkIpk


for d1 < d2 < · · · < dk and pi denoting the degeneracy of di. The matrix X is
denoted by k column blocks, X = (X1, . . . , Xk) following the same partition of D.
The reduced singular value decomposition of each Xi admits Xi = UiΣiV

∗
i , where

Ui ∈ Cn×ri ,Σi ∈ Rri×ri , Vi ∈ Cri×pi for ri ≤ pi being the rank of Xi. Putting these
SVDs together, we obtain the reduced SVD of X,

X =
(
U1Σ1V

∗
1 · · · UkΣkV

∗
k

)
=
(
U1 · · · Uk

)Σ1

. . .

Σk


V

∗
1

. . .

V ∗
k

 = UΣV ∗,
(A.5)

where the diagonal of Σ is not necessarily in non-increasing order.
Left multiplying X∗ on both sides of (A.4a), we have

2X∗AX −X∗AXX∗X −X∗XX∗AX = −X∗XD,

whose left-hand side is Hermitian. Hence, the right-hand side X∗XD is also Hermi-
tian, i.e., X∗XD = DX∗X. Substituting the block structure of X into X∗XD =
DX∗X, we obtain,

(di − dj)X
∗
jXi = 0, i, j = 1, . . . , k.

Since di ̸= dj for i ̸= j, we have X∗
jXi = 0 and hence U∗

j Ui = 0.
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We left multiply U∗, right multiply V , substitute the SVD of X into (A.4a), and
reorganize the expression leading to

(A.6) ÃΣ(2I − Σ2) = Σ2ÃΣ− ΣD,

where we denote Ã = U∗AU and adopt the fact V ∗DV = D. Recalling the block
structure of X and U , we equate the left- and right-hand sides of (A.6), and obtain
relations for diagonal and off-diagonal blocks,

(A.7) ÃiiΣi(2I − Σ2
i ) = Σ2

i ÃiiΣi − diΣi, i = 1, . . . , k,

for diagonal blocks, and

(A.8) ÃijΣj(2I − Σ2
j ) = Σ2

i ÃijΣj , i, j = 1, . . . , k, and i ̸= j,

for off-diagonal blocks, where Ãij = U∗
i AUj .

We first focus on the i-th diagonal block in (A.7). Denote the j-th diagonal entry

of Ãii and Σi as ãij and σij , respectively. Comparing the diagonal entries in (A.7)
leads to

2ãij(1− σ2
ij) = −di, 1 ≤ j ≤ ri.

By the negativity of A, we have ãij < 0 for all i, j, and represent σij by di and ãij as

σ2
ij = 1 +

di
2ãij

.

Summing j from 1 to ri, we obtain,

di =
2(pi − ri)∑ri

j=1
1
ãij

,

where we adopt the fact that tr(X∗
i Xi) =

∑ri
j=1 σ

2
ij = pi by the first-order condition

(A.4b). When pi = ri, i.e., Xi is of full rank, we have di = 0. Since di and dj are
distinct, we know that there is at most one Xi of full rank and hence at most one
block such that σij = 1. For all other strictly low-rank blocks, we have σij > 1.

Next, we focus on the (i, j) off-diagonal block in (A.8). Comparing the (k, ℓ)
elements of the (i, j) block, we have

(A.9) u∗ikAujℓ · σjℓ(2− σ2
jℓ − σ2

ik) = 0 =⇒ u∗ikAujℓ = 0

for k = 1, . . . , ri and ℓ = 1, . . . , rj , where uik, ujℓ are the k-th, ℓ-th column of Ui, Uj
respectively. Equation (A.9) implies the A-orthogonality of Ui and Xi, i.e.,

U∗
i AUj = 0 and X∗

i AXj = 0,

for all i ̸= j.
As we have shown that both X∗

i Xj and X∗
i AXj are zero for i ̸= j, all blocks in

(A.4a) are decoupled, and satisfy

(A.10) 2AXi −AXiX
∗
i Xi −XiX

∗
i AXi + diXi = 0, i = 1, . . . , k.
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When Xi is of full-rank, we have di = 0, σij = 1 for j = 1, . . . , pi, and Xi is a
partial unitary matrix. Equation (A.10) simplifies to

AXi = XiX
∗
i AXi,

which implies that the column space of Xi is an invariant subspace of A. Therefore,
Xi is spanned by some eigenvectors of A and such Xi satisfies the oblique manifold
constraint.

Now we consider the case that Xi is strictly rank deficient. Given the basis Ui,
the diagonal values of Ãii are fixed. Substituting the expression of di back into that
of σ2

ij , we have

σij =

√
1 +

pi − ri

ãij ·
∑ri
ℓ=1

1
ãiℓ

> 1.

To satisfy the oblique manifold constraint, i.e., Xi ∈ OB(n, pi), we need to find a Vi
such that diag(X∗

i Xi) = 1. To achieve this, introduce the standard singular value
decomposition of Xi from its reduced version above as

Xi = UiΣiV
∗
i =

(
Ui Ui⊥

)(Σi 0
0 0

)(
V ∗
i

V ∗
i⊥

)
:= ŪiΣ̄iV̄

∗
i ,

where Ūi ∈ Cn×pi , V̄i ∈ Cpi×pi . Denote σij = 0 for j = ri+1, . . . , pi, then
∑pi
j=1 σ

2
ij =

pi. By Lemma A.2, we know that {σ2
ij}

pi
j=1 and 1 satisfy the majorization relations.

Therefore, by Schur-Horn theorem, there exists V̄i unitary such that diag(V̄iΣ̄
2
i V̄

∗
i ) =

1, which gives the desired Vi such that Xi ∈ OB(n, pi).
Next we analyze Ui of rank-deficient Xi = UiΣiV

∗
i . Denote the j-th column of

Ui as uij . Comparing off-diagonal term of (A.7) we have

u∗ij1Auij2(2− σ2
ij2 − σ2

ij1) = 0, j1, j2 = 1, . . . , ri, j1 ̸= j2.

Note that pi > ri implies di < 0 and hence σij > 1 for 1 ≤ j ≤ ri. Therefore,
u∗ij1Auij2 = 0 for j1, j2 = 1, . . . , ri, j1 ̸= j2, which gives

U∗
i AUi = diag (ãi1, · · · , ãiri) .

Besides, substitute Xi = UiΣiV
∗
i into (A.10), multiply ViΣ

−1
i from the right at both

sides, we obtain

AUi(2I − Σ2
i ) = Ui(Σ

2
iU

∗
i AUi − diI).

Since both U∗
i AUi and 2I − Σ2

i are diagonal, given j = 1, . . . , ri, if σ
2
ij ̸= 2, uij must

be an eigenvector of A; if σ2
ij = 2, uij may not be the eigenvector of A.

Finally, we verify that any X satisfying the conditions in Theorem 2.1 is indeed
a stationary point of qOMM. Given the combined reduced SVD form X = UΣV ∗ as
in (A.5), according to conditions in Theorem 2.1,

U∗AU := Ã = diag(ã11, · · · , ã1r1 , · · · , ãk1, · · · , ãkrk).

Let

D = diag(d1Ip1 , · · · , dkIpk), di =
2(pi − ri)∑ri

j=1
1
ãij

, i = 1, . . . , k.
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Then we have σ2
ij = 1 + di

2ãij
and di = 2ãij(σ

2
ij − 1) for j = 1, . . . , ri, which gives

(A.11) diIri = 2Ãi(Σ
2
i − Iri),

where Ãi = diag(ãi1, · · · , ãiri) for i = 1, . . . , k. Note that for Vi ∈ Cpi×ri ,

V ∗
i diIpi = diV

∗
i = diIriV

∗
i ,

thus we have V ∗D = D′V ∗, where D′ = diag(d1Ir1 , · · · , dkIrk). Substitute X =
UΣV ∗ into the first-order condition of stationary points (A.4) we have

2AX −AXX∗X −XX∗AX +XD =
(
AU(2I − Σ2)− U(Σ2Ã−D′)

)
ΣV ∗.

Note that AU(2I −Σ2)−U(Σ2Ã−D′) can be computed block by block according to
partition U = (U1, · · · , Uk). Take one block Ui = (ui1, · · · , uiri) for example, without
loss of generality, we assume that ui1, · · · , ui,ri−1 are eigenvectors of A except uiri .
By the condition in Theorem 2.1 it leads to σ2

iri
= 2. Therefore,

AUi(2I − Σ2
i )

= (ui1, · · · , ui,ri−1, Auiri)


ãi1

. . .

ãi,ri−1

1



2− σ2

i1

. . .

2− σ2
i,ri−1

0



= (ui1, · · · , ui,ri−1, uiri)


ãi1

. . .

ãi,ri−1

ãiri



2− σ2

i1

. . .

2− σ2
i,ri−1

0


= UiÃi(2I − Σ2

i ).

Thus, according to (A.11) we have

AUi(2I − Σ2
i )− Ui(Σ

2
i Ãi − diIri) = Ui(Ãi(2I − Σ2

i )− Σ2
i Ãi + diIri) = 0,

which implies that

2AX −AXX∗X −XX∗AX +XD =
(
AU(2I − Σ2)− U(Σ2Ã−D′)

)
ΣV ∗ = 0.

Therefore, such X is a stationary point of qOMM.

To further distinguish the local minimizers from stationary points, we introduce
the concept of strong Schur-Horn continuity, which plays a key role during the con-
struction of descent direction near the stationary point that is not a local minimizer.

Definition A.3 (Strong Schur-Horn Continuity [7]). Suppose A ∈ Cn×n is a
Hermitian matrix with an eigendecomposition A = QΛQ∗, where Q is the unitary
eigenvector matrix and Λ is the diagonal eigenvalue matrix. Matrix A is strongly
Schur-Horn continuous if, for any perturbed eigenvalues Λ̃ satisfying tr(Λ̃) = tr(Λ)

and
∥∥∥Λ̃− Λ

∥∥∥
F
= O(ε) for ε > 0 sufficiently small, there exists a Hermitian matrix

B̃ = G2QG1Λ̃G
∗
1Q

∗G∗
2 such that
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1. diag(B̃) = diag(A),
2. G1 and G2 are unitary matrices, and
3. ∥Gi − I∥F = O(ε1/2) for i = 1, 2.

Furthermore, we have the following proposition for strong Schur-Horn continuity.

Proposition A.4 ([7]). If A ∈ Cn×n is a Hermitian matrix whose eigenvalue
is strictly majorized by the diagonal, then A is strongly Schur-Horn continuous.

Lemma A.5 essentially applies the strong Schur-Horn continuity to singular values
of a matrix, and obtains a construction for perturbed singular value decomposition of
a point in oblique manifold.

Lemma A.5. Suppose X ∈ OB(n, p) is non-unitary with a singular value decom-
position X = UΣV ∗, where U ∈ Cn×p, Σ ∈ Rp×p whose diagonal entries may not
be in a non-increasing order and V ∈ Cp×p. Given any perturbed singular values
Σ̃ ∈ Rp×p such that

tr(Σ̃2) = tr(Σ2) and
∥∥∥Σ̃2 − Σ2

∥∥∥
F
= O(ε),

for ε > 0 sufficiently small, there exist unitary Ṽ ∈ Cp×p such that X̃ := U Σ̃Ṽ ∗ ∈
OB(n, p) and ∥∥∥X̃ −X

∥∥∥
F
= O(ε1/2).

Proof. Denote H := X∗X = V Σ2V ∗ and s := diag(Σ2). Since X is a point on
oblique manifold, we have

∑p
i=1 si = tr(H) = p and diag(H) = 1. According to

Lemma A.2, s is strictly majorized by 1. Therefore, Proposition A.4 implies that H
is strongly Schur-Horn continuous, and there exists

H̃ = G2V G1Σ̃
2G∗

1V
∗G∗

2

such that diag(H̃) = diag(H) = 1, Gi is unitary, and ∥Gi − I∥F = O(ε1/2) for i = 1, 2.

Let Ṽ = G2V G1. Then, the distance between V and Ṽ is bounded by∥∥∥Ṽ − V
∥∥∥
F
= ∥G2V G1 −G2V +G2V − V ∥F ≤ ∥G1 − I∥F + ∥G2 − I∥F = O(ε1/2),

where we use the unitary invariance of Frobenius norm. Constructing the perturbed
X̃ as X̃ = U Σ̃Ṽ ∗, we know that X̃ ∈ OB(n, p) following diag(X̃∗X̃) = diag(H̃) = 1.

Furthermore, the distance between X and X̃ could be bounded as,∥∥∥X̃ −X
∥∥∥
F
=
∥∥∥U Σ̃Ṽ ∗ − UΣV ∗

∥∥∥
F
≤
∥∥∥Σ̃− Σ

∥∥∥
F
+ ∥Σ∥F

∥∥∥Ṽ ∗ − V ∗
∥∥∥
F
= O(ε1/2),

which completes the proof.

Proof of Theorem 2.3. Given the combined reduced SVD of any stationary point
X = UΣV ∗ as in (A.5), one can always expand the SVD to include zero singular
values, i.e.,

Xi = UiΣiV
∗
i =

(
Ui Ui⊥

)(Σi 0
0 0

)(
V ∗
i

V ∗
i⊥

)
=: ŪiΣ̄iV̄

∗
i ,

where Ūi ∈ Cn×pi is a partial unitary matrix, Σ̄i ∈ Rpi×pi is a diagonal matrix,
V̄i ∈ Cpi×pi is a unitary matrix, and Ū∗

i Ūj = 0 for all 1 ≤ i ̸= j ≤ k. Combining these
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SVDs similarly to that in (A.5), we obtain,

X =
(
Ū1Σ̄1V̄

∗
1 · · · ŪkΣ̄kV̄

∗
k

)
=
(
Ū1 · · · Ūk

)Σ̄1

. . .

Σ̄k


V̄

∗
1

. . .

V̄ ∗
k

 = Ū Σ̄V̄ ∗.

Denoting the j-th diagonal entries of Ū∗
i AŪi as ãij for j = 1, . . . , pi and i = 1, . . . , k,

the objective value at X = Ū Σ̄V̄ ∗ admits,

E0(X) =

k∑
i=1

tr
(
(2I − Σ̄2

i )Σ̄iŪ
∗
i AŪiΣ̄i

)
=

k∑
i=1

ri∑
j=1

ãij(2− σ2
ij)σ

2
ij .

Notice that ãijs are all negative since A is negative definite. In the following, we give
the decay direction for low-rank X and full-rank X, respectively.

First, we consider stationary points X that are of strict low-rank. In arbitrary
ε-neighborhood of X for ε > 0 sufficiently small, we construct a perturbed point
X̃ = Ū Σ̃Ṽ ∗ such that

Σ̃2 = (1− ε)Σ2 + εI.

One has tr(Σ̃2) = tr(Σ2) and
∥∥∥Σ̃2 − Σ2

∥∥∥
F
= O(ε). According to Lemma A.5, there

exists Ṽ ∈ Cp×p such that X̃ = Ū Σ̃Ṽ ∗ ∈ OB(n, p) and
∥∥∥X̃ −X

∥∥∥
F
= O(ε1/2). The

difference between the objective values at X̃ and X is bounded as,

E0(X̃)− E0(X) =

k∑
i=1

ri∑
j=1

ãij(2− ε)ε(σ2
ij − 1)2 +

k∑
i=1

pi∑
j=ri+1

ãij(2− ε)ε < 0.

Thus, for sufficiently small ε > 0, there exists X̃ ∈ OB(n, p) such that
∥∥∥X̃ −X

∥∥∥
F
=

O(ε1/2) and E0(X̃) < E0(X). The rank-deficient stationary points are strict saddle
points.

Next, we consider the full rank stationary point X. According to Theorem 2.1,
full rank stationary point is of form X = UV ∗, with U ∈ Cn×p being orthonormal
eigenvectors of A and V ∈ Cp×p is unitary. Denote the unitary eigenvector matrix of
A as Q =

(
q1 · · · qn

)
, whose corresponding eigenvalues are λ1 ≤ · · · ≤ λn. If U is

not spanned by eigenvectors corresponding to the p smallest eigenvalues, then there
exist a column in U , denote as us, with eigenvalue λ̃ > λp, and another qt ̸∈ span(U)

with t ≤ p and λt ≤ λp < λ̃. We construct a perturbed point as

X̃ = ŨV ∗ =
(
u1 · · · us−1

√
1− ε2us + εqt us+1 · · · up

)
V ∗.

We could verify that X̃ ∈ OB(n, p) and
∥∥∥X̃ −X

∥∥∥
F
= O(ε). The difference between

objective values at X̃ and X is bounded as,

E0(X̃)− E0(X) = ε2(λt − λ̃) < 0.

Thus, if U is not spanned by eigenvectors corresponding to the p smallest eigenvalues,
X is not a local minimizer.
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We have previously demonstrated that any local minimizer of qOMM takes the
form X = QpV

∗, where Qp are eigenvectors of A corresponding to the p smallest
eigenvalues Λp and V ∈ Cp×p unitary. Substituting X = QpV

∗ into the energy
functional E0(X) it yields the same objective value E0(QpV

∗) = tr(Λp). Hence, any
local minimum of qOMM is also a global minimum.

Finally, note that oblique manifold OB(n, p) is a bounded and closed set and the
objective function E0(X) is smooth with respect to X, there exists a minimum of
E0(X) over OB(n, p). Thus, we conclude that any matrix in the form X = QpV

∗ is
a global minimizer of qOMM and there is no other local minimizer.

Appendix B. Proofs of qTPM.
The proofs of theorems of qTPM follow a similar procedure as qOMM above,

hence we present the main steps and emphasize the differences owing to the nature
of qTPM. Some detailed derivation may not appear again for simplicity.

Proof of Theorem 2.6. The Lagrangian multiplier function of qTPM is

L(X,D) :=gµ(X) +
1

2

p∑
i=1

di(x
∗
i xi − 1)

=
1

2
tr(X∗AX) +

µ

4
tr(X∗XX∗X) +

1

2
tr(D⊤(X∗X − I)),

then the first-order condition of stationary points gives{
AX + µXX∗X +XD = 0,(B.1a)

X ∈ OB(n, p).(B.1b)

Note that gµ(X) is invariant under right multiplication of permutation matrices. Sim-
ilar to the proof of Theorem 2.1, without loss of generality, we assume

D = diag (d1Ip1 , · · · , dkIpk) ,

with d1 < d2 < · · · < dk and p1+· · ·+pk = p. Correspondingly, we divide the columns
of X into k parts X = (X1, · · · , Xk) in the same way as D. Applying singular value
decomposition to each block of X one has Xi = UiΣiV

∗
i where Ui ∈ Cn×pi ,Σi ∈

Rpi×pi and Vi ∈ Cpi×pi for i = 1, . . . , k. Thus,

X =
(
U1 · · · Uk

)Σ1

. . .

Σk


V

∗
1

. . .

V ∗
k

 := UΣV ∗.

Multiplying X∗ from the left at both sides of (B.1a) we have

X∗AX + µX∗XX∗X +X∗XD = 0,

which implies thatX∗XD = DX∗X and further, (di−dj)X∗
jXi = 0 for i, j = 1, . . . , k.

Thus, we have X∗
jXi = 0 for i ̸= j. Substitute the block partition of X and D into

(B.1a), utilizing X∗
jXi = 0 for i ̸= j it yields

(B.2) AXi + µXiX
∗
i Xi + diXi = 0, i = 1, . . . , k.

Substitute Xi = UiΣiV
∗
i into (B.2) for each block, multiplying U∗

i from the left and
multiplying Vi from the right we arrive at

(B.3) ÃiΣi + µΣ3
i = −diΣi, i = 1, . . . , k,
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where we denote Ãi = U∗
i AUi.

To determine U , denote the j-th column of Ui as uij , comparing off-diagonal
terms of (B.3) we have

u∗ij1Auij2σij2 = 0, j1, j2 = 1, . . . , ri, j1 ̸= j2.

Denote rank(Xi) = ri for i = 1, . . . , k. Since σij > 0 for 1 ≤ j ≤ ri, u
∗
ij1
Auij2 =

0 for j1, j2 = 1, . . . , ri, j1 ̸= j2. Denote the corresponding reduced singular value
decomposition of Xi as

Xi = UiΣiV
∗
i =

(
Ui1 Ui2

)(Σi1 0
0 0

)(
V ∗
i1

V ∗
i2

)
= Ui1Σi1V

∗
i1.

Then we know that U∗
i1AUi1 is diagonal. Furthermore, since Xi and Ui1 are invariant

subspaces of matrix A by (B.2), Ui1 consists of mutually orthogonal eigenvectors of
A. Besides, from X∗

i Xj = 0 for i ̸= j, we have U∗
i1Uj1 = 0. Thus, in order to give a

compact form ofX, we choose Ui2 corresponding to zero singular values for i = 1, . . . , k
to be eigenvectors of A such that U = (U1, · · · , Uk) is unitary, i.e., U∗U = I.

Next we figure out the singular values of Xi for i = 1, · · · , k. Denote the diagonal
entries of U∗

i AUi as λij for j = 1, . . . , pi. Comparing diagonal terms of (B.3) we have

λijσij + µσ3
ij = −diσij , j = 1, . . . , pi.

Since A is negative definite, λij < 0. Note that σij > 0 for 1 ≤ j ≤ ri, we have

σ2
ij = −λij + di

µ
, j = 1, . . . , ri.

Summing up j from 1 to ri we obtain,

di = − 1

ri
(

ri∑
j=1

λij + µpi),

where we adopt the fact that tr(X∗
i Xi) =

∑ri
j=1 σ

2
ij = pi by the first-order condition

(B.1b). Therefore, we get

σ2
ij =

pi
ri

− 1

µ
(λij −

1

ri

ri∑
l=1

λil) :=
pi
ri

− 1

µ

(
λij − λ̄i

)
, j = 1, . . . , ri.

Now we check the consistency for stationary points satisfying the first-order con-
dition (B.1). Note that A is negative definite and µ > |λmin(A)|, we have

µ > −λmin(A) ≥ −λ̄i ≥
ri
pi
(λij − λ̄i), j = 1, . . . , ri, i = 1, . . . , k,

which ensures that σ2
ij > 0 for j = 1, . . . , ri and i = 1, . . . , k. Given i = 1, . . . , k, if σ2

ij

are not all ones for j = 1, . . . , pi, according to Lemma A.2, {σij}pij=1 and 1 satisfy the

majorization relation. Thus, by Schur-Horn theorem, there exists Vi ∈ Cpi×pi unitary
such that diag(ViΣ

2
iV

∗
i ) = 1. Hence, we conclude that there always exists unitary Vi

such that Xi = UiΣiVi satisfies the oblique manifold constraint.
Finally, we verify that any X satisfying the conditions in Theorem 2.6 is indeed

a stationary point of qTPM, i.e., there exists a diagonal matrix D such that

AX + µXX∗X +XD = 0.
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Given the singular value decomposition X = UΣV ∗ as in Theorem 2.6, let

D = diag(d1Ip1 , · · · , dkIpk), di = − 1

ri
(µpi +

ri∑
j=1

λij), i = 1, . . . , k.

Then we have V ∗D = DV ∗. Since AU = UΛ, where

Λ = diag (λ11, · · · , λ1p1 , · · · , λk1, · · · , λkpk) ,

it yields

AX + µXX∗X +XD = UΣ
(
Λ + µΣ2 +D

)
V ∗.

From the expression of Σ in Theorem 2.6, one can easily see that Σ
(
Λ + µΣ2 +D

)
= 0

and hence AX + µXX∗X + XD = 0. Therefore, such X is a stationary point of
qTPM.

Proof of Theorem 2.7. According to Theorem 2.6, stationary points of qTPM
(2.4) take the form X = UΣV ∗ with U∗U = Ip and V ∗V = Ip. Besides, U∗AU = Λ
is diagonal with eigenvalues λ11, · · · , λ1p1 , · · · , λk1, · · · , λkpk of A being its diagonal
entries. Then we can rewrite the objective value of qTPM at stationary point X as

gµ(X) =
1

2
tr(V ΣU∗AUΣV ∗) +

µ

4
tr(V ΣU∗UΣV ∗V ΣU∗UΣV ∗)

=
1

2
tr(ΛΣ2) +

µ

4
tr(Σ4) =

1

2

k∑
i=1

pi∑
j=1

(λij +
µ

2
σ2
ij)σ

2
ij .

Thus, the objective value at stationary points relies on the eigenvalues and singular
values. In the following, we construct descent directions for stationary points that are
strictly saddle points.

First, we show that any rank deficient stationary point is a strict saddle point.
Given the singular value decomposition of X = UΣV ∗ as in Theorem 2.6, if X is rank
deficient, there exists at least a block of Σ, denoted as Σi, such that ri < pi. The
diagonal entries of Σi are

σij =

√
pi
ri

− 1

µ

(
λij − λ̄i

)
, j = 1, . . . , ri; σij = 0, j = ri+1, . . . , pi,

where we denote λ̄i = 1
ri

∑ri
l=1 λil. Given ε > 0 sufficiently small, consider the

perturbation Σ̃ of singular values Σ by introducing

σ̃2
i1 = σ2

i1 − ε, σ̃2
ipi = σ2

ipi + ε = ε,

where we adopt the fact that σipi = 0. All the other entries in Σ̃ are the same as Σ.

Then we have tr(Σ̃2) = tr(Σ2) and
∥∥∥Σ̃2 − Σ2

∥∥∥
F
= O(ε). According to Lemma A.5,

there exists Ṽ ∈ Cn×n such that X̃ = U Σ̃Ṽ ∗ ∈ OB(n, p) and
∥∥∥X̃ −X

∥∥∥
F
= O(ε1/2).

Thus, X̃ is a perturbation of X over oblique manifold with desired singular values.
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At this time, we have

gµ(X̃)− gµ(X) =
1

2
(λi1 +

µ

2
σ̃2
i1)σ̃

2
i1 −

1

2
(λi1 +

µ

2
σ2
i1)σ

2
i1 +

1

2
(λipi +

µ

2
σ̃2
ipi)σ̃

2
ipi

=
1

2

(
λipi − (λ̄i +

pi
ri
µ)

)
ε+

1

2
µε2.

Note that λipi < 0 since A is negative definite. Besides,

λ̄i +
pi
ri
µ > λ̄i + µ > λ̄i + |λmin(A)| ≥ 0.

Therefore, gµ(X̃) − gµ(X) < 0 when ε > 0 is sufficiently small. Such rank deficient
stationary point has a descent direction and is a strict saddle point.

Next we turn to the full rank stationary points X = UΣV ∗. According to Theo-
rem 2.6, the singular value matrix Σ of full rank X satisfies

Σ2 = I − 1

µ

Λ1

. . .

Λk

+
1

µ

λ̄1Ip1 . . .

λ̄kIpk

 ,

where we denote the average value λ̄i =
1
pi

∑pi
j=1 λij for i = 1, . . . , k. Note that those

blocks with the same average value can be merged through a permutation. Without
loss of generality, we assume λ̄i ̸= λ̄j for i, j ∈ {1, . . . , k}, i ̸= j. Now we show that
any singular value matrix Σ with k > 1 is a strict saddle point. Assume that X is a
full rank stationary point with k > 1, then one can always find two blocks with indices
i and j such that λ̄i < λ̄j . Given ε > 0 sufficiently small, consider a perturbation Σ̃
of original Σ by introducing

σ̃2
i1 = σ2

i1 + ε, σ̃2
j1 = σ2

j1 − ε,

while keeping all the other singular values in Σ̃ the same as Σ. Then we have tr(Σ̃2) =

tr(Σ2) and
∥∥∥Σ̃2 − Σ2

∥∥∥
F
= O(ε). According to Lemma A.5, there exists Ṽ ∈ Cn×n such

that X̃ = U Σ̃Ṽ ∗ ∈ OB(n, p) and
∥∥∥X̃ −X

∥∥∥
F
= O(ε1/2). Thus, X̃ is a perturbation of

X over oblique manifold with desired singular values. At this time, we have

gµ(X̃)− gµ(X)

=
1

2
(λi1 +

µ

2
σ̃2
i1)σ̃

2
i1 −

1

2
(λi1 +

µ

2
σ2
i1)σ

2
i1 +

1

2
(λj1 +

µ

2
σ̃2
j1)σ̃

2
j1 −

1

2
(λj1 +

µ

2
σ2
j1)σ

2
j1

=
1

2
(λ̄i − λ̄j)ε+

1

2
µε2 < 0,

when ε > 0 is sufficiently small. Thus, those full rank stationary points X with k > 1
are all strict saddle points.

Finally, we consider the selection of eigenvectors. We have shown that any local
minimizer has a singular value decomposition X = UΣV ∗ where U consists of eigen-
vectors of matrix A, V ∈ Cn×n unitary such that diag(X∗X) = 1. Denote the ordered
eigenvectors of A as

(
q1 · · · qn

)
with corresponding eigenvalues λ1 ≤ · · · ≤ λn. If

U is not spanned by eigenvectors corresponding to the p most smallest eigenvalues,
then there exists a column in U , denoted as us, with eigenvalue λ̃ > λp, and another
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qt /∈ span(U) with t ≤ p and λt ≤ λp < λ̃. We construct a perturbed point as

X̃ = ŨΣV ∗ =
(
u1 · · · us−1

√
1− ε2us + εqt us+1 · · · up

)
ΣV ∗.

One could verify that X̃ ∈ OB(n, p) and
∥∥∥X̃ −X

∥∥∥
F
= O(ε). The difference between

objective values at X̃ and X is bounded as,

gµ(X̃)− gµ(X) =
1

2
ε2(λp − λ̃)σ2

s < 0.

Thus, if U is not spanned by eigenvectors corresponding to the p smallest eigenvalues,
X is not a local minimizer.

Therefore, any local minimizer of qTPM takes the form X = Qp(I − 1
µ (Λp −

Λ̄p))
1/2V ∗, where Qp and Λp are eigenpairs of A corresponding to the p smallest

eigenvalues, Λ̄p = 1
p tr(Λp)I. Substituting X = Qp(I − 1

µ (Λp − Λ̄p))
1/2V ∗ into the

energy functional gµ(X) yields the same objective value

gµ

(
Qp(I −

1

µ
(Λp − Λ̄p))

1/2V ∗
)

=
µ

4
tr

(
(I +

1

µ
Λ̄p)

2 − 1

µ2
Λ2
p

)
.

Again, since oblique manifold OB(n, p) is a bounded and closed set and the objective
function gµ(X) is smooth with respect to X, there exists a global minimum of gµ(X)
over OB(n, p). Thus, we conclude that any matrix in the form X = Qp(I − 1

µ (Λp −
Λ̄p))

1/2V ∗ is a global minimizer of qTPM and there is no other local minimizer.

Appendix C. Proofs of qL1M.

Lemma C.1. Given matrix X = (x1, · · · , xp) ∈ Cn×p and vector x0 ∈ Cn×1 such
that x0 /∈ span(X), there exists d ∈ Cn×1 such that

d∗d = 1, d∗X = 0, d∗x0 < 0.

Additionally, if for i, j = 0, 1, · · · , p, i ̸= j,

(C.1) x∗i xi = 1, |x∗i xj | ≤ ε0,

where ε0 = 1
4p , then there exists d ∈ Cn×1 such that

d∗d = 1, d∗X = 0, d∗x0 < −1

2
.

Proof. Denote the orthogonal projection of x0 over span(X) as s = XX†x0. Since
x0 /∈ span(X), let

d =
s− x0

∥s− x0∥2
,

then we have

d∗d = 1, d∗X = 0, d∗x0 = d∗(s− ∥s− x0∥2 d) = −∥s− x0∥2 < 0,

which completes the proof of the first statement.
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Next we give a lower bound of ∥s− x0∥2 based on condition (C.1). According to
Gerschgorin disk theorem, eigenvalues of X∗X lie in disks

Gi = {z ∈ C : |z − 1| ≤
p∑
j ̸=i

|(X∗X)ij | ≤ pε0 <
1

2
}, i = 1, · · · , p.

Thus, X∗X is non-singular and all the eigenvalues of X∗X lie in [ 12 ,
3
2 ]. Moreover, all

the eigenvalues of (X∗X)−1 lie in [ 23 , 2]. Therefore,

∥X∥2 ≤
√

3

2
, ∥(X∗X)−1∥2 ≤ 2.

Note that |(X∗x0)j | = |x∗jx0| ≤ ε0 for j = 1, . . . , p. At this time, we have

∥s∥2 =
∥∥X(X∗X)−1X∗x0

∥∥
2
≤ ∥X∥2

∥∥(X∗X)−1
∥∥
2
∥X∗x0∥2 ≤

√
6pε0 ≤

√
3

2
.

Hence,

d∗x0 = −∥s− x0∥2 = −
(
∥x0∥22 − ∥s∥22

)1/2
≤ −1

2
,

which completes the proof of the second statement.

Proof of Theorem 2.8. Motivated by the exact property of l1 penalty, we complete
the proof by showing that any local minimizer of qL1M (2.6) actually satisfies the
orthogonal constraint X∗X = I and thus becomes the local minimizer of classical
trace minimization method. Specifically, for any X not satisfying the orthogonal
constraint, one can always find a descent direction nearby over the oblique manifold,
indicating that it cannot be a local minimizer.

Denote X = (x1, · · · , xp). Assume that X does not satisfy the orthogonal con-
straint, i.e., there exists columns xi, xj , i ̸= j such that x∗i xj ̸= 0. Now we find a
descent direction for such X based on the value of |x∗i xj |. Given a constant ε0 = 1

4p ,
we divide the discussion into two scenarios.

Case 1: There exists i, j ∈ {1, . . . , p}, i ̸= j such that |x∗i xj | > ε0.
Without loss of generality, we assume that |x∗1x2| > ε0. Consider a perturbation

of X over oblique manifold denoted as X̃ = (x̃1, · · · , x̃p), such that

x̃1 =
√
1− ε2x1 + εd, x̃j = xj , j = 2, 3 . . . , p,

with ε > 0 sufficiently small and d ∈ Cn×1 to be determined later. Note that p < n,
if Ax1 ∈ span(X), there exists d such that

d∗d = 1, d∗X = 0, and d∗Ax1 = 0.

If Ax1 /∈ span(X), according to Lemma C.1, there exists d such that

d∗d = 1, d∗X = 0, and d∗Ax1 < 0.

In both cases we have

x̃∗1x̃1 = 1, x̃∗1x̃j =
√
1− ε2x∗1xj , j = 2, . . . , p,



LANDSCAPE ANALYSIS OF EXCITED STATES VQE 29

and

x̃∗1Ax̃1 = (1− ε2)x∗1Ax1 + 2ε
√
1− ε2Re(d∗Ax1) + ε2d∗Ad.

Note that λmin(A) ≤ x∗1Ax1 ≤ λmax(A) and λmin(A) ≤ d∗Ad ≤ λmax(A), together
with d∗Ax1 ≤ 0, we have

E1(X̃)− E1(X)

=− ε2x∗1Ax1 + 2ε
√

1− ε2d∗Ax1 + ε2d∗Ad+ µ1

∑
j ̸=1

(
√
1− ε2 − 1)|x∗1xj |

≤ (λmax(A)− λmin(A)) ε
2 + µ1(

√
1− ε2 − 1)ε0

≤
(
λmax(A)− λmin(A)− µ1

ε0
2

)
ε2,

where we use
√
1− ε2 − 1 ≤ − ε2

2 for ε > 0 sufficiently small in the last inequality.
Further, from

µ1 > 16p∥A∥2 =
4

ε0
∥A∥2 ≥ 2

ε0
(λmax(A)− λmin(A)),

we have E1(X̃)− E1(X) < 0, while∥∥∥X̃ −X
∥∥∥
F
=
∥∥∥(√1− ε2 − 1)x1 + εd

∥∥∥
2
≤ ε.

Therefore, such X cannot be a local minimizer.
Case 2: |x∗i xj | ≤ ε0, for i, j = 1, . . . , p, i ̸= j.
Without loss of generality, we assume that |x∗1x2| ≠ 0. Let ı =

√
−1, denote

x∗1x2 = a+ ıb, where a = Re(x∗1x2), b = Im(x∗1x2).

From ( a√
a2+b2

)2 + ( b√
a2+b2

)2 = 1, we know that one of | a√
a2+b2

| or | b√
a2+b2

| is greater
than 1√

2
. This condition further separates the discussion into two subcases.

We firstly address the case when | a√
a2+b2

| ≥ 1√
2
. Here we assume a = Re(x∗1x2) >

0, the analysis for a < 0 can be carried in the same manner. According to Lemma C.1,
there exists d ∈ Cn×1 such that

d∗d = 1, d∗x1 = 0, d∗x2 < −1

2
, and d∗xj = 0, j = 3, . . . , p.

Consider a perturbation of X over oblique manifold, which is denoted as X̃ =
(x̃1, · · · , x̃p), such that

x̃1 =
√
1− ε2x1 + εd, x̃j = xj , j = 2, . . . , p.

Denote c = d∗x2 < 0, one has

x̃∗1x̃1 = 1,

x̃∗1x̃2 =
√
1− ε2x∗1x2 + εd∗x2 =

√
1− ε2(a+ ıb) + εc,

x̃∗1x̃j =
√
1− ε2x∗1xj , j = 3, . . . , p.
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Note that a > 0, c < 0, let ε > 0 be small enough such that
√
1− ε2a+ εc > 0. Thus

we have

|x̃∗1x̃2| = |
√

1− ε2x∗1x2 + εd∗x2| < |x∗1x2|.

Hence,

|
√
1− ε2x∗1x2 + εd∗x2| − |x∗1x2| =

|
√
1− ε2x∗1x2 + εd∗x2|2 − |x∗1x2|2

|
√
1− ε2x∗1x2 + εd∗x2|+ |x∗1x2|

≤ |
√
1− ε2x∗1x2 + εd∗x2|2 − |x∗1x2|2

2|x∗1x2|

=
|
√
1− ε2a+ εc+ ı

√
1− ε2b|2 − |a+ ıb|2

2
√
a2 + b2

=
1

2
√
a2 + b2

(
ε2(c2 − a2 − b2) + 2ε

√
1− ε2ac

)
≤ ε2c2

2
√
a2 + b2

+
εc

2
,

where in the last equality we use a√
a2+b2

≥ 1√
2
and

√
1− ε2 ≥ 1√

2
for ε > 0 sufficiently

small. Additionally, from

x̃∗1Ax̃1 = (1− ε2)x∗1Ax1 + 2ε
√
1− ε2Re(d∗Ax1) + ε2d∗Ad,

we have

E1(X̃)− E1(X) ≤ −ε2x∗1Ax1 + 2ε
√

1− ε2Re(d∗Ax1) + ε2d∗Ad

+ µ1(
ε2c2

2
√
a2 + b2

+
εc

2
) + µ1

p∑
j=3

(
√
1− ε2 − 1)|x∗1xj |.

Note that

|d∗Ax1| ≤ ∥d∥2 · ∥A∥2 · ∥x1∥2 ≤ ∥A∥2,

together with c ≤ − 1
2 we have

(C.2) E1(X̃)− E1(X) ≤ ε(2∥A∥2 −
µ1

4
) + ε2(d∗Ad− x∗1Ax1 +

µ1c
2

2
√
a2 + b2

).

Since µ1 > 16p∥A∥2, it implies that 2∥A∥2 − µ1

4 < 0. Besides, the right-hand side of
(C.2) will be dominated by the linear term when ε > 0 is sufficiently small. Hence,

we have E1(X̃) − E1(X) < 0 with
∥∥∥X̃ −X

∥∥∥
F
≤ ε. Therefore, such X cannot be a

local minimizer.
Now we turn to the case when | b√

a2+b2
| ≥ 1√

2
. Without loss of generality, we

assume that b > 0, the analysis for b < 0 can be carried in the same way. Again, we
can find a direction d satisfying

d∗d = 1, d∗x1 = 0, d∗x2 < −1

2
, and d∗xj = 0, j = 3, . . . , p.
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Let d̃ = −ıd, then d̃∗x2 = ıd∗x2. In the same manner, we construct a perturbation X̃
of X such that

x̃1 =
√
1− ε2x1 + εd̃, x̃j = xj , j = 2, . . . , p.

Denote c = d∗x2 < 0. At this time, we have

x̃∗1x̃1 = 1,

x̃∗1x̃2 =
√
1− ε2x∗1x2 + εd̃∗x2 =

√
1− ε2(a+ ıb) + ıεc,

x̃∗1x̃j =
√
1− ε2x∗1xj , j = 3, . . . , p.

Since b = Im(x∗1x2) > 0, let ε > 0 be small enough such that
√
1− ε2b + εc > 0, we

have

|
√

1− ε2x∗1x2 + εd̃∗x2| − |x∗1x2| ≤
ε2c2

2
√
a2 + b2

+
εc

2
.

Following the same discussion we have E1(X̃) < E1(X) with
∥∥∥X̃ −X

∥∥∥
F
≤ ε and thus

such X cannot be the local minimizer of E1(X).
We have shown that any local minimizer of qL1M satisfies the orthogonal con-

straint and hence is a local minimizer of classical trace minimization method,

min
X∈Cn×p

tr(X∗AX), s.t. X∗X = I.

The analysis for the trace minimization method [37] tells that local minimizers take the
formX = QpV

∗, with V ∈ Cp×p unitary and Qp are eigenvectors corresponding to the
p smallest eigenvalues Λp of matrix A. Furthermore, by substituting X = QpV

∗ into
the energy functional E1(X) we obtain the same objective value E1(QpV

∗) = tr(Λp).
Thus, any local minimum of qL1M is also a global minimum.

On the other hand, note that oblique manifold OB(n, p) is a bounded and closed
set and the objective function E1(X) is continuous with respect to X. Thus, qL1M
must possess a global minimum over OB(n, p), which implies that any matrix in
the form of X = QpV

∗ is a global minimizer of qL1M and there are no other local
minimizers.
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