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Abstract. Grover’s algorithm achieves a quadratic speedup for unstructured search given a
global oracle for the target set. In many applications, however, the target set is specified as the
intersection of multiple constraint sets. Constructing a global oracle for the intersection can be
costly, whereas the individual constraint oracles are often much simpler to implement.

We study a randomized Grover search algorithm that directly uses these constraint oracles. At
each iteration, one of the corresponding Grover operators is selected at random. For the two-operator
case with uniform sampling, we prove that the success probability approaches one after

Θ

(
π

4

√
N

r

)

iterations, where r is the size of the intersection. Thus, the algorithm achieves the same asymptotic
query complexity as standard Grover search but without requiring a global oracle. We then generalize
the analysis to arbitrary sampling distributions and an arbitrary number of Grover operators through
an auxiliary operator that approximates the expected Grover evolution, while retaining the same
asymptotic complexity. We further show that highly biased sampling distributions can still achieve
near-unit success probability, enabling cheaper Grover operators to be used more frequently. Finally,
we prove asymptotic optimality and support the theoretical results with numerical simulations.
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1. Introduction. Grover’s algorithm [9] is a fundamental quantum algorithm
that achieves a quadratic speedup for unstructured search. Given oracle access to a
Boolean function f : [N ] → 0, 1, it finds a marked item using O(

√
N) queries, which

is optimal in the black-box model [1].
The standard formulation assumes a single oracle defining the solution space. In

many applications, however, the solution is specified implicitly as the intersection of
multiple constraints. Such settings arise naturally in constraint satisfaction, combi-
natorial search [11, 5, 14], and database filtering tasks [17]. Related work on quantum
set operations has been studied in [16, 7], but existing Grover-based approaches are re-
stricted to two-set intersections and rely on problem-specific spectral analyses that do
not generalize easily. More recent structured or partial-search methods [2] suggest po-
tential improvements but typically require stronger oracle assumptions or specialized
settings. Randomized or dynamic variants of Grover search have also been considered
[14, 4, 8], highlighting the potential of stochastic modifications.
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Formally, suppose the solution set is

A =

k−1⋂
i=0

Ai

where each Ai can be checked by an efficient oracle. While one may construct a
global oracle for A and apply Grover’s algorithm directly [14], this is often inefficient,
as combining constraint oracles into a single unitary can incur substantial overhead
and circuit complexity [12]. This motivates the question:

Can we solve the intersection search problem by directly using
the simpler subproblem oracles, without explicitly constructing the
global oracle?

A natural idea is to associate each subset Ai with its corresponding Grover operator
Gi, and attempt to combine them to amplify the amplitude of the intersection ∩iAi.
However, this approach faces an immediate difficulty: unlike the standard Grover
operator, different Gi generally do not commute, and their composition does not
preserve the two-dimensional invariant subspace structure that underlies standard
Grover algorithm. As a result, deterministic compositions of these operators are
difficult to analyze and do not admit rigorous performance guarantees for coherent
amplitude amplification toward the desired solution space.

In this work, we analyze a different approach based on randomization. Instead
of deterministically composing Grover operators, we consider a stochastic process in
which, at each step, a Grover operator Gi is selected at random and applied to the
current state. This leads to a randomized sequence of unitary transformations, whose
collective behavior is nontrivial but analyzable. Similar ideas of randomized unitary
compositions have been successfully used in Hamiltonian simulation, where random
product formulas can approximate target dynamics efficiently (e.g., qDRIFT and its
higher order variants such as qSWIFT [15, 3], random permutation of the product
formula terms [6, 18]). However, in contrast to prior work that focuses on simulation
accuracy, our goal is to understand whether such randomized dynamics can serve as
a search mechanism.

The main contributions of this paper are summarized as follows.
• We analyze the randomized Grover algorithm with two operators under uni-
form sampling. Exploiting the special structure of the expected Grover oper-
ator, we show that after

Θ

(
π

4

√
N

r

)

iterations, the success probability reaches 1−O(1/
√
N), where r := |A0∩A1|.

Thus, the proposed algorithm achieves the same asymptotic performance as
standard Grover search without requiring a global oracle that marks elements
in A0 ∩ A1.

• We extend the analysis of the uniform two-operator setting to the general case
of multiple Grover operators sampled according to an arbitrary probability
distribution. The key ingredient is an auxiliary operator that approximates
the expected Grover evolution in the relevant subspace while preserving the
essential dynamics of the uniform two-operator case. Using this construc-
tion, we establish the same asymptotic performance guarantee in the general
setting.
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• We show that a high success probability can be achieved using a highly biased
sampling distribution. This is particularly advantageous when the implemen-
tation costs of the Grover operators differ significantly, as it allows the less
expensive operators to be sampled more frequently.

• We prove that the proposed algorithm is asymptotically optimal: any de-
terministic sequence of Grover operators that achieves a comparable success
probability must use the same asymptotic number of Grover iterations.

• We provide numerical simulations that verify the theoretical results.
The remainder of this paper is organized as follows. In Section 2, we briefly

review the standard Grover algorithm. Section 3 developes the randomized Grover
framework. Specifically, Subsection 3.1 analyzes the two-operator and uniform sam-
pling case, Subsection 3.2 extends the analysis to multiple operators with non-uniform
sampling distribution; Subsection 3.3 studies biased sampling distributions, and Sub-
section 3.4 establishes the asymptotic optimality of the proposed algorithm. Nu-
merical results are presented in Section 4. Finally, Section 5 concludes the paper.
Additional technical details and omitted calculations are deferred to the Appendix.

2. Preliminaries.

2.1. Grover’s algorithm. Grover’s algorithm [9] is a quantum search procedure
for finding a marked element in an unstructured database of size N = 2n, providing
a quadratic speedup over classical methods. Let M ⊆ {0, . . . , N − 1} denote the set
of marked items with |M| = r. The algorithm initializes the uniform superposition

|ψ⟩ = 1√
N

N−1∑
x=0

|x⟩ .

and applies the Grover operator G = DO, where O is the phase oracle marking
elements in M and D = 2 |ψ⟩ ⟨ψ| − I is the diffusion operator.

A standard fact is that the dynamics are confined to the two-dimensional subspace
spanned by the normalized marked and unmarked states

|α⟩ = 1√
r

∑
x∈M

|x⟩ , |β⟩ = 1√
N − r

∑
x/∈M

|x⟩ .

In this basis, the evolution reduces to a rotation by a fixed angle determined by
sin θ =

√
r/N , so that after t iterations the state is

|ψt⟩ = sin((2t+ 1)θ) |α⟩+ cos((2t+ 1)θ) |β⟩ .

As a consequence, the success probability is maximized after O(
√
N/r) iterations.

2.2. Notations. Given a search space S of size N = 2n, let A0,A1, . . . ,Ak−1 ⊂
S be k distinct subsets, and let G0, G1, . . . , Gk−1 denote the corresponding Grover
operators. Define

|Ai⟩ =
1√
|Ai|

∑
x∈Ai

|x⟩ , and |Ac
i ⟩ =

1√
|Ac

i |

∑
x̸∈Ai

|x⟩ , i = 0, 1, . . . , k − 1.

Then each Gi acts as a rotation in the two-dimensional subspace spanned by |Ai⟩ and
|Ac

i ⟩. For any integer j ∈ [0, 2k − 1] with binary representation (jk−1 · · · j1j0)2, define
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Fig. 1: Partition of the search space into the regions Ij induced by A0,A1,A2.

(2.1) Ij :=

 ⋂
i:ji=0

Ai

⋂ ⋂
i:ji=1

Ac
i

 .

The relation between Ai and Ij is illustrated by the k = 3 case in Figure 1. The
corresponding normalized quantum state is

|Ij⟩ :=
1√
|Ij |

∑
x∈Ij

|x⟩ .

By construction, the sets Ii and Ij are disjoint for i ̸= j, and hence ⟨Ii|Ij⟩ = 0. The
uniform superposition state |ψ⟩ can be represented as

|ψ⟩ = 1√
N

N−1∑
i=0

|i⟩ = 1√
N

2k−1∑
j=0

√
|Ij | |Ij⟩ =

2k−1∑
j=0

√
|Ij |
N

|Ij⟩ =:

2k−1∑
j=0

αj |Ij⟩ ,

where αj =
√
|Ij |/N .

Note that Gi = DOi, where

D = 2 |ψ⟩ ⟨ψ| − I, and Oi |x⟩ =

{
− |x⟩ , x ∈ Ai,

|x⟩ , x ∈ Ac
i .

For any operator M ∈ C2n×2n , let [M ]I denote the restriction of M to the subspace

span{|Ij⟩ : j = 0, . . . , 2k − 1},
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namely

[M ]I =

 ⟨I0|M |I0⟩ · · · ⟨I0|M |I2k−1⟩
...

...
⟨I2k−1|M |I0⟩ · · · ⟨I2k−1|M |I2k−1⟩

 ∈ C2k×2k .

Under this notation, the diffusion operator D admits [D]I = 2αα⊤ − I, where α =
[α0, . . . , α2k−1]

⊤. Moreover, for every i = 0, . . . , k− 1 and every j = 0, . . . , 2k − 1, the
set Ij is either entirely contained in Ai or entirely contained in its complement Ac

i .
Consequently,

(2.2) Oi |Ij⟩ =

{
− |Ij⟩ , Ij ⊂ Ai,

|Ij⟩ , Ij ⊂ Ac
i .

Moreover, according to the definition of Ij , we have

(2.3) Oi |Ij⟩ = (−1)ji+1 |Ij⟩ ,

so [Oi]I is diagonal, whose j-th diagonal entry is (−1)ji+1, where ji denotes the i-th
bit in the binary representation of j.

Moreover, we denote r := |∩k−1
i=0 Ai| andm := |∩k−1

i=0 Ai| for notation simplification
in this paper.

3. Random Grover Search. In this section, we sequentially apply randomly
chosen operators from {G0, G1, . . . , Gk−1} to |ψ⟩, and denote by |ψ(t)⟩ the state after
t applications. Since the subspace spanned by

{
|Ij⟩ : j = 0, . . . , 2k − 1

}
is invariant

under each Gi, there exists real coefficients aj(t) such that

|ψ(t)⟩ =
2k−1∑
j=0

aj(t) |Ij⟩ .

Note that the coefficients aj(t) are random variables, where the randomness arises
from the random choice of Grover operators. For any fixed t, there are only finitely
many possible Grover sequences, and hence each aj(t) takes values from a finite set
Vj(t). Measuring |ψ(t)⟩ in the computational basis yields an outcome x ∈ I0 = ∩iAi

with probability

Psucc(t) =
∑

s∈V0(t)

P
(
x ∈ I0

∣∣a0(t) = s
)
P (a0(t) = s)

=
∑

s∈V0(t)

s2 · P (a0(t) = s) = E
[
a20(t)

]
.

Here, the success probability incorporates both the randomness of the choice of Grover
operators and the randomness of the final measurement. The above identity shows
that Psucc(t) is equal to the expectation of a20(t), where the randomness comes solely
from the choice of the Grover sequence.

3.1. Two Grover operators. First, we consider the simplest case, where k = 2
and G0, G1 are selected with equal probability at each iteration. Restricting to the
subspace spanned by {|I0⟩ , |I1⟩ , |I2⟩ , |I3⟩}, the oracle operators take the form

(3.1) [O0]I =


−1

−1
1

1

 , [O1]I =


−1

1
−1

1

 .
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The main result for this setting is stated below.

Theorem 3.1. Consider two distinct Grover operators G0 and G1, and let the
initial state be the uniform superposition state |ψ⟩. At each step, independently apply
either G0 or G1 with equal probability. Assume N > (m+ r)2/r, then after

T = Θ

(
π

4

√
N

r

)

steps, measuring the resulting quantum state yields an element in A0 ∩A1 with prob-
ability

Psucc(T ) = E
[
a20(T )

]
≥ 1−

(
2(m− r)√

Nr
+

4r

N

)
.

Proof. By the Cauchy inequality, we have

(3.2) E
[
a20(t)

]
≥ (E [a0(t)])

2
.

Since the random choices are independent, it follows that

(3.3)

E [a0(t)] = E
[
⟨I0|GitGit−1

· · ·Gi1 |ψ⟩
]
= ⟨I0|E

[
GitGit−1

· · ·Gi1

]
|ψ⟩

= ⟨I0|E [Git ]E
[
Git−1

]
· · ·E [Gi1 ] |ψ⟩ = ⟨I0|E [Gi1 ]

t |ψ⟩

= ⟨I0|
(
G0 +G1

2

)t

|ψ⟩ .

For convenience, we define

(3.4) G := (G0 +G1)/2.

According to (3.1), in the subspace spanned by {|I0⟩ , |I1⟩ , |I2⟩ , |I3⟩}, the operator
G takes the form

[G]I = (2αα⊤ − I)

(
[O0]I + [O1]I

2

)
=


1− 2α2

0 0 0 2α0α3

−2α0α1 0 0 2α1α3

−2α0α2 0 0 2α2α3

−2α0α3 0 0 2α2
3 − 1

 .
Next, suppose

Gt |ψ⟩ =
3∑

j=0

âj(t) |Ij⟩ .

Then the coefficients satisfy the recursion

(3.5)[
â0(t)
â3(t)

]
=M

[
â0(t− 1)
â3(t− 1)

]
, where M =

[
1− 2α2

0 2α0α3

−2α0α3 2α2
3 − 1

]
,

[
â0(0)
â3(0)

]
=

[
α0

α3

]
.

Here, α0 =
√
r/N and α3 =

√
1−m/N . Applying M t to the initial vector [α0, α3]

⊤

and extracting the first component yields
(3.6)

â0(t) =
α0(1− α2

0 + α2
3 +∆)(α2

3 − α2
0 +∆)t + α0(α

2
0 − α2

3 − 1 + ∆)(α2
3 − α2

0 −∆)t

2∆
,
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where ∆ =
√

(1− α2
0 − α2

3)
2 − 4α2

0α
2
3. The derivation of the above expression is

deferred to Subsection A.1. Since N > (m+ r)2/r, we have

(α0 + α3)
2 =

N −m+ r + 2
√
r(N −m)

N
>
N −m+ r + 2

√
m2 +mr + r2

N
> 1,

and thus (1 − α2
0 − α2

3)
2 − 4α2

0α
2
3 < 0. Therefore, we write ∆ = ıΓ, where Γ =√

4α2
0α

2
3 − (1− α2

0 − α2
3)

2, and the expression for â0(t) can be rewritten as

â0(t) =
2α0α3e

ıβρteıθt − 2α0α3e
−ıβρte−ıθt

2ıΓ
=

2α0α3ρ
t sin(tθ + β)

Γ
,

where

ρ =
√

2(α2
0 + α2

3)− 1, sin θ =
Γ

ρ
, sinβ =

Γ

2α3
, θ, β ∈

[
0,
π

2

]
.

Let

T =

⌊
π

2θ
− β

θ

⌋
>

π

2θ
− β

θ
− 1.

Then we have Tθ + β ∈ (π/2− θ, π/2], and thus sin(Tθ + β) ≥ sin(π/2− θ) = cos θ.
Moreover, noting that Γ ≤ 2α0α3, we obtain
(3.7)

â0(T0) ≥ ρT0 cos θ = cos θ
(
1− 2(1− α2

0 − α2
3)
)T0

2 ≥ cos θ
(
1− (1− α2

0 − α2
3)T0

)
,

where the last inequality follows from Bernoulli’s inequality.
Consequently,

(3.8)

0 ≤ 1− E
[
a20(t)

]
≤ 1− (E [a0(t)])

2
= 1− â20(t)

≤ 1− cos2 θ
(
1− (1− α2

0 − α2
3)T
)2

≤ sin2 θ + 2 cos2 θ(1− α2
0 − α2

3)T0

≤ sin2 θ + 2 · m− r

N
· π
2θ

≤ sin2 θ +
m− r

N
· π

sin θ
.

Here,

sin θ =
Γ

ρ
=

√√√√ 4r(N−m)−(m−r)2

N2

1− 2(m−r)
N

= 2

√
r

N

√√√√1−
(
m+r
2

)2 1
Nr

1− 2m−r
N

≤ 2

√
r

N
.

Moreover, since N > (m+ r)2/r, it follows that

1

sin θ
≤ 1

2

√
N

r

√
4

3
=

1√
3

√
N

r
.

Substituting these bound into (3.8), we obtain

0 ≤ 1− E
[
a20(t)

]
≤ 2(m− r)√

Nr
+

4r

N
.

For the oracle complexity, consider the function

f(r) :=
sin 2β

sin θ
=

(1 + α2
3 − α2

0)
√

2(α2
0 + α2

3)− 1

2α2
3

=
(2− m+r

N )
√

1− 2(m−r)
N

2− 2m
N

,
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for r ∈ (0,m]. Using the assumption N > (m+ r)2/r, it follows that

f ′(r) =
N +m− 3r

2N(N −m)
√
1− 2(m−r)

N

≥ 3m− 2r

2N2
> 0, ∀r ∈ (0,m].

Hence f(r) ≤ f(m) = 1. Then we get 2β ≤ θ, and thus 0 < β/θ ≤ 1/2. Then, we
have

T0 ≥ π

2θ
− 2 ≥ π

2(sin θ + θ3

6 )
− 2 ≥ π

2(sin θ + 1
6 (

π
2 sin θ)3)

− 2 ≥ π

4

√
N

r

N

N + 4r
− 2.

On the other hand, we have

T ≤ π

2θ
≤ π

2 sin θ
≤ π

4

√
N

r

1√
1− (m+r)2

4Nr

.

Finally, we conclude that T = Θ(π/4
√
N/r).

Remark 3.2. The operator M can be written as

M =

(
I − 2

[
α0

α3

] [
α0 α3

]) [1 0
0 −1

]
,

which closely resembles the Grover operator. However, since α2
0 + α2

3 < 1, this op-
erator is not a perfect rotation and instead leads to leakage of amplitude outside
the two-dimensional subspace during the evolution. Figure 2 shows the trajectory of
[â0(t), â3(t)]

⊤ in the two-dimensional plane under different parameters.

0 1
â3(t)

0.0

0.5

1.0

â
0
(t

)

(A) N= 215

0 1
â3(t)

0.0

0.5

1.0

â
0
(t

)

(B) N= 220

0 1
â3(t)

0.0

0.5

1.0

â
0
(t

)

(C) N= 225

Fig. 2: Projected trajectories onto the (â3(t), â0(t))-plane under the averaged evolu-
tion matrix M for different values of N , with fixed r = 1, |A0| = 200, and |A1| = 100.
The dashed curves represent quarter circles of radius 1, while the solid curves denote
the projected trajectories.

3.2. More than two Grover operators. In this section, we extend the analy-
sis to the case of more than two Grover operators. Let {Gi : i = 0, . . . , k − 1} be
selected independently at each step with probability {pi}k−1

i=0 . As discussed eariler,

E[a0(t)] = ⟨I0|

(
k−1∑
i=0

piGi

)t

|ψ⟩ .
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Using the notations introduced in Subsection 2.2, we define

G :=

k−1∑
i=0

piGi = D

k−1∑
i=0

piOi.

Restricted to the subspace

span
{
|Ij⟩ : j = 0, . . . , 2k − 1

}
,

we have [D]I = 2αα⊤ − I and[
k−1∑
i=0

piOi

]
I

=

k−1∑
i=0

pi [Oi]I .

According to (2.3), each [Oi]I is diagonal, with j-th diagonal entry equal to (−1)1+ji .

Consequently,
∑k−1

i=0 pi [Oi]I is also diagonal, whose j-th diagonal entry is

(3.9)

k−1∑
i=0

pi(−1)1+ji =
∑

i:ji=1

pi −
∑

i:ji=0

pi = 1− 2
∑

i:ji=0

pi,

where we use the identity
∑k−1

i=0 pi = 1.
Unlike the two-operator case with uniform sampling, the corresponding average

evolution matrix G is no longer sparse in the relevant subspace, which makes its
spectral analysis and the characterization of its powers considerably more challenging.
To address this difficulty, we construct a sparse approximation G̃ by discarding entries
whose contributions are asymptotically negligible. The following lemma provides the
construction of G̃.

Lemma 3.3. Consider k ≥ 2 distinct Grover operators G0, G1, . . . , Gk−1. Let

G =

k−1∑
i=0

piGi,

k−1∑
i=0

pi = 1, pi > 0,

define α̃ := [α0, 0, . . . , 0, α2k−1]
⊤, and let G̃ be an operator such that the subspace

span
{
|Ij⟩ : j = 0, . . . , 2k − 1

}
is invariant under G̃ and

[G̃]I :=
(
2αα̃⊤ − I

) k−1∑
i=0

pi[Oi]I .

Then, for all n ∈ N,

(3.10)
∥∥∥[Gn]I − [G̃n]I

∥∥∥
2
≤ 1

p

√
1− α2

0 − α2
2k−1

+
2n

p
(1− α2

0 − α2
2k−1),

where

p := min
0≤i≤k−1

pi.
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Proof. First, observe that

[G]I − [G̃]I = 2α(α− α̃)⊤
k−1∑
i=0

pi[Oi]I := 2αβ⊤.

Note that
∑k−1

i=0 pi[Oi]I is diagonal and its j-th diagonal entry is given by (3.9), we
have

βj =

{
0, j = 0, 2k − 1,

αj

(
1− 2

∑
i:ji=0 pi

)
, j = 1, . . . , 2k − 2.

Since ∥[G]I∥2 ≤ ∥G∥2 = 1, we have

∥∥∥[G]nI − [G̃]nI

∥∥∥
2
=

∥∥∥∥∥
n−1∑
l=0

[G]n−1−l
I ([G]I − [G̃]I)[G̃]

l
I

∥∥∥∥∥
2

≤
n−1∑
l=0

∥∥∥([G]I − [G̃]I)[G̃]
l
I

∥∥∥
2
.

Moreover,∥∥∥([G]I − [G̃]I)[G̃]
l
I

∥∥∥
2
= 2

∥∥∥αβ⊤[G̃]lI

∥∥∥
2
= 2∥α∥2

∥∥∥∥([G̃]⊤I )l β∥∥∥∥
2

= 2

∥∥∥∥([G̃]⊤I )l β∥∥∥∥
2

.

Denote (
[G̃]⊤I

)l
β = [b0(l), b1(l), . . . , b2k−1(l)]

⊤
.

By writing out the expression of [G̃]I explicitly, we obtain the following recurrence
relation:
(3.11)

b0(l)
b1(l)
...

b2k−2(l)
b2k−1(l)

 =


1− 2α2

0 −2α0α1 · · · −2α0α2k−2 −2α0α2k−1

0 γ1 0 0
...

. . .
...

0 0 γ2k−2 0
2α2k−1α0 2α2k−1α1 · · · 2α2k−1α2k−2 2α2

2k−1 − 1




b0(l − 1)
b1(l − 1)

...
b2k−2(l − 1)
b2k−1(l − 1)

 ,

where
γj = 2

∑
i:ji=0

pi − 1, j = 1, . . . , 2k − 2.

Let γ = max2≤j≤2k−2 |γj |. It can be shown that

2p− 1 ≤ γj ≤ 1− 2p, ∀j = 1, . . . , 2k − 2,

which implies γ ≤ 1− 2p.
From the recurrence (3.11), the first and last components satisfy[

b0(l)
b2k−1(l)

]
=M

[
b0(l − 1)

b2k−1(l − 1)

]
+ v(l − 1),

where

M =

[
1− 2α2

0 −2α0α2k−1

2α0α2k−1 2α2
2k−1 − 1

]
, v(l − 1) =

 −2α0

(∑2k−2
j=1 αjbj(l − 1)

)
2α2k−1

(∑2k−2
j=1 αjbj(l − 1)

) .
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For the remaining components, we have

bj(l) = γjbj(l − 1) = · · · = γljbj(0) = γl+1
j αi, ∀j = 1, . . . , 2k − 2.

For the term v(l − 1), we have
(3.12)

∥v(l− 1)∥2 = 2
√
α2
0 + α2

2k−1

∣∣∣∣∣∣
2k−2∑
j=1

αjbj(l − 1)

∣∣∣∣∣∣ ≤ 2

∣∣∣∣∣∣
2k−2∑
j=1

α2
jγ

l
j

∣∣∣∣∣∣ ≤ 2γl(1− α2
0 − α2

2k−1).

Since ∥M∥2 = 1 and b0(0) = b2k−1(0) = 0, it follows that

(3.13)

√
b0(l)2 + b2k−1(l)2 ≤

√
b0(l − 1)2 + b2k−1(l − 1)2 + 2γl(1− α2

0 − α2
2k−1)

≤ 2

(
l∑

q=1

γq

)
(1− α2

0 − α2
2k−1)

≤ 2γ

1− γ
(1− α2

0 − α2
2k−1)

≤ 1

p
(1− α2

0 − α2
2k−1),

where we used γ ≤ 1−2p in the last inequality. Moreover, a direct computation gives√√√√2k−2∑
j=1

bj(l)2 ≤ γl+1
√
1− α2

0 − α2
2k−1

.

Combining the above bounds and using the triangle inequality, we obtain∥∥∥∥([G̃]⊤I )l β∥∥∥∥
2

≤ 1

p
(1− α2

0 − α2
2k−1) + γl+1

√
1− α2

0 − α2
2k−1

.

Therefore,

(3.14)

∥∥∥[G]nI − [G̃]nI

∥∥∥
2
≤

n−1∑
l=0

∥∥∥([G]I − [G̃]I)[G̃]
l
I

∥∥∥
2

≤ 2n

p
(1− α2

0 − α2
2k−1) + 2

n−1∑
l=0

γl+1
√
1− α2

0 − α2
2k−1

≤ 2n

p
(1− α2

0 − α2
2k−1) +

1

p

√
1− α2

0 − α2
2k−1

.

Finally, note that the subspace

span
{
|Ij⟩ : j = 0, . . . , 2k − 1

}
is invariant under both G and G̃, we have [Gn]I = [G]nI and [G̃n]I = [G̃]nI , and thus∥∥∥[Gn]I − [G̃n]I

∥∥∥
2
=
∥∥∥[G]nI − [G̃]nI

∥∥∥
2
≤ 1

p

√
1− α2

0 − α2
2k−1

+
2n

p
(1− α2

0 − α2
2k−1).
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Remark 3.4. Since p ≤ 1/k, the right-hand side of (3.10) attains its minimum at
p = 1/k, i.e., when all Grover operators are sampled with equal probability.

Using Lemma 3.3, we obtain the main result for the randomized Grover search algo-
rithm with arbitrary number of operators and non-uniform sampling distribution.

Theorem 3.5. Consider k ≥ 2 distinct Grover operators G0, G1, . . . , Gk−1, and
let the initial state be the uniform superposition state |ψ⟩. At each step, independently
apply Gi with probability pi > 0. Assume N > (m+ r)2/r, then after

T = Θ

(
π

4

√
N

r

)

steps, measuring the resulting quantum state yields an element in ∩k−1
i=0 Ai with prob-

ability

Psucc(T ) = E
[
a20(T )

]
≥ 1− 4r

N
−
(
2 +

4

p

)
m− r√
rN

− 2

p

√
m− r

N
,

where p = min0≤i≤k−1 pi.

Proof. Let G̃ be the operator constructed in Lemma 3.3. Observe that the evo-
lution induced by G̃ on the invariant subspace span{|I0⟩ , |I2k−1⟩} is identical to
the evolution on the invariant subspace span{|I0⟩ , |I3⟩} considered in Theorem 3.1.
Therefore, we choose

T0 =

⌊
π

2θ
− β

θ

⌋
= Θ

(
π

4

√
N

r

)
where θ and β are the same as in Theorem 3.1.

Using (3.7), together with the estimate in Lemma 3.3 and the triangle inequality,
we obtain

E[a0(T )]

= E
[
⟨I0|GT0 |ψ⟩

]
≥ E

[
⟨I0| G̃T0 |ψ⟩

]
−
∥∥∥[GT0 ]I − [G̃T0 ]I

∥∥∥
2

≥ cos θ(1− (1− α2
0 − α2

2k−1)T0)−
1

p

√
1− α2

0 − α2
2k−1

− 2T0
p

(1− α2
0 − α2

2k−1).

Hence, the success probability satisfies

Psucc(T ) = E
[
a20(T )

]
≥ (E [a0(T )])

2

≥ cos2 θ
(
1−

(
1− α2

0 − α2
2k−1

)
T
)2 − 2

p

√
1− α2

0 − α2
2k−1

− 4T0
p

(1− α2
0 − α2

2k−1)

≥ 1− sin2 θ − 2(1− α2
0 − α2

2k−1)T − 2

p

√
1− α2

0 − α2
2k−1

− 4T0
p

(1− α2
0 − α2

2k−1)

≥ 1− 4r

N
−
(
2 +

4

p

)
m− r√
rN

− 2

p

√
m− r

N
,

where we use the bound sin θ ≤ 2
√

r
N and T ≤

√
N
r from Theorem 3.1.

According to Theorem 3.5, the randomized Grover search algorithm amplify the
success probability approaching 1 if 1/p = o(

√
N) under mild assumptions between

m, r, and N . In contrast, a deterministic sequence of Grover operators does not
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necessarily amplify the success probability to approach 1. To illustrate this, consider
the sequence

(3.15) G0, G1, G0, G0, G1, G0, G0, . . .

Let r0 := |A0|, r1 := |A1|, and r := |A0 ∩ A1|, and assume N > max{4r0, 4r1}. The
operator G0G0G1 appears periodically in this sequence and can be rewritten as

G0G0G1 = G0(2 |ψ⟩ ⟨ψ| − I)O0(2 |ψ⟩ ⟨ψ| − I)O1

= G0(2 |ψ⟩ ⟨ψ| − I)G†
0O1

=
(
2G0 |ψ⟩ ⟨ψ|G†

0 − I
)
O1.

Operators of this form were studied in [10], where the Walsh–Hadamard transform in
the standard Grover algorithm is replaced by a general unitary operator. Following the
same line of argument, we identify a two-dimensional invariant subspace of G0G0G1,
spanned by

|u⟩ = 1√
|A1|

∑
y∈A1

|y⟩ , |v⟩ = G0 |ψ⟩ .

Restricted G0G0G1 to the subspace span {|u⟩ , |v⟩}, and expressing it in the basis
{|u⟩ , |v⟩}, we obtain the matrix representation

(3.16) W :=

[
1 2 ⟨u|v⟩

−2 ⟨v|u⟩ 1− 4| ⟨u|v⟩ |2
]
.

Since Tr(W ) = 2− 4| ⟨u|v⟩ |2 and det(W ) = 1, the powers of W satisfy the recurrence

Wn = (2− 4| ⟨u|v⟩ |2)Wn−1 −Wn−2.

Solving this recurrence yields

Wn =
1

sin θ

[
sinnθ − sin(n− 1)θ 2 ⟨u|v⟩ sinnθ

−2 ⟨v|u⟩ sinnθ (1− 4| ⟨u|v⟩ |2) sinnθ − sin(n− 1)θ

]
,

where sin θ
2 := ⟨u|v⟩. The derivation of the expression is deferred to Subsection A.2.

After one step of the Grover sequence, the quantum state becomes G0 |ψ⟩, which
lies in the invariant subspace spanned by |u⟩ and |v⟩. After n applications of G0G0G1,
the success probability satisfies
(3.17)

P(n)
succ = |⟨I0| (G0G0G1)

nG0 |ψ⟩|2

=

(
2 sin θ

2 sinnθ

sin θ
⟨I0|u⟩+

(1− 4 sin2 θ
2 ) sinnθ − sin(n− 1)θ

sin θ
⟨I0|v⟩

)2

=

(
2 sin θ

2 sinnθ

sin θ

√
r

r1
+

(
3− 4r0

N

)√
r

N
·
(1− 4 sin2 θ

2 ) sinnθ − sin(n− 1)θ

sin θ

)2

=
4 sin2 θ

2

sin2 θ

(
sinnθ

√
r

r1
+ 2

(
3− 4r0

N

)√
r

N

(
cos
(
n− 1

2

)
θ − 2 sin

θ

2
sinnθ

))2

≤
4 sin2 θ

2

sin2 θ

(√
r

b
+ 18

√
r

N

)2

.
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This upper bound can be significantly smaller than 1 when r ≪ r1 < N . More-
over, the success probabilities associated with the sequences G1(G0G0G1)

nG0 and
G0G1(G0G0G1)

nG0 can also be bounded far below 1. The corresponding analysis is
presented in Subsection A.3. Therefore, the deterministic sequence (3.15) provides an
example in which the success probability does not necessarily approach 1. Numerical
experiments are conducted in Subsection 4.1 to verify the above analysis.

3.3. Biased sampling distribution. We now consider the scenario where G0

is substantially cheaper to implement than the remaining Grover operators, and the
goal is to minimize the number of queries to Gi, i = 1, . . . , k−1. A related problem was
studied in [13], where the authors considered the two-operator setting and proposed
a deterministic construction under the assumptions that A1 ⊂ A0 and |A1| ≪ |A0|.
Our framework requires neither of these restrictions.

By adopting a suitably biased sampling distribution, we can significantly reduce
the expected number of applications of the remaining operators, while applying G0

in the majority of iterations. The following corollary establishes the corresponding
performance guarantee.

Corollary 3.6. Let δ ∈ (0, 1/k), and suppose that

(3.18) p :=
1

δ − 4r
N − 2(m−r)√

rN

(
4(m− r)√

rN
+ 2

√
m− r

N

)
<

1

k
.

At each step, independently apply an operator chosen from {G0, G1, . . . , Gk−1} ac-
cording to the probability distribution

p0 = 1− (k − 1)p, p1 = p2 = · · · = pk−1 = p.

Then, after

T = Θ

(
π

4

√
N

r

)
steps, measuring the resulting quantum state yields an element in ∩k−1

i=0 Ai with prob-
ability

Psucc(T ) = E
[
a20(T )

]
≥ 1− δ.

Moreover, the expected total number of applications of G1, . . . , Gk−1 is

O
(
k

δ
· m
r

)
.

Proof. According to Theorem 3.5, we have

(3.19)

1− E[a20(T )] ≤
4r

N
+

(
2 +

4

p

)
m− r√
rN

− 2

p

√
m− r

N

=
4r

N
+

2(m− r)√
rN

+

4(m−r)√
rN

+ 2
√

m−r
N

p
= δ.

Therefore,
Psucc(T ) = E

[
a20(T )

]
≥ 1− δ.

The expected total number of applications of G1, . . . , Gk−1 is

pT (k − 1) = O
(
k

δ
· m
r

)
.
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3.4. Optimality of the random Grover search algorithm. In this section,
we analyze the optimality of our approach in terms of query complexity

Theorem 3.7 (Optimality of the random Grover search algorithm). Consider
k ≥ 1 distinct Grover operators G0, G1, . . . , Gk−1. For any sequence Gi1 , Gi2 , . . . , Git ,
suppose that the corresponding success probability satisfies

Psucc(t) =
∣∣⟨I0|GitGit−1

· · ·Gi1 |ψ⟩
∣∣2 ≥ 1− δ,

where δ = O(1/
√
N). Then

t = Ω

(
π

4

√
N

r

)
.

Proof. Let

|ψt⟩ := GitGit−1 · · ·Gi1 |ψ⟩ =
2k−1∑
j=0

aj(t) |Ij⟩ ,

and define

sin θt := |a0(t)| = |⟨I0|ψt⟩| , θt ∈
[
0,
π

2

]
.

In particular,

sin θ0 = |a0(0)| = α0.

Since

Oi |Ij⟩ = (−1)1+ji |Ij⟩ ,

where we use the binary representation of j = (jk−1 · · · j1j0)2, and

Git = (2 |ψ⟩ ⟨ψ| − I)Oit , |ψ⟩ =
2k−1∑
j=0

αj |Ij⟩ ,

we obtain

a0(t) = ⟨I0| (2 |ψ⟩ ⟨ψ| − I)Oit |ψt−1⟩ = 2 ⟨I0|ψ⟩ ⟨ψ|Oit |ψt−1⟩ − ⟨I0|Oit |ψt−1⟩

= 2α0

2k−1∑
j=0

(−1)1+jitαjaj(t− 1)− (−1)1+0ita0(t− 1)

= a0(t− 1) + 2α0

2k−1∑
j=0

(−1)1+jitαjaj(t− 1),

where we use the fact that 0i = 0 for all i = 0, . . . , k− 1 in the last inequality. Taking
absolute values gives

sin θt = |a0(t)| =

∣∣∣∣∣∣a0(t− 1) + 2α0

2k−1∑
j=0

(−1)1+jitαjaj(t− 1)

∣∣∣∣∣∣ .
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Therefore,

sin θt ≤ (1− 2α2
0)|a0(t− 1)|+ 2α0

2k−1∑
j=1

αj |aj(t− 1)|

≤ (1− 2α2
0)|a0(t− 1)|+ 2α0

√√√√2k−1∑
j=1

α2
j

√√√√2k−1∑
j=1

aj(t− 1)2

≤ (1− 2α2
0)|a0(t− 1)|+ 2α0

√
1− α2

0

√
1− a0(t− 1)2

= cos(2θ0) sin θt−1 + sin(2θ0) cos θt−1

= sin(θt−1 + 2θ0).

It can be shown by induction that

(3.20) θt ≤ (2t+ 1)θ0, ∀t ≤ π

4θ0
− 1

2
.

The case t = 0 is immediate. If the relation holds for t− 1, then for t ≤ π
4θ0

− 1
2 , we

have
θt−1 + 2θ0 ≤ (2t− 1)θ0 + 2θ0 = (2t+ 1)θ0 ≤ π

2
.

By the monotonicity of the sine function on
(
0, π2

]
and sin θt ≤ sin(θt−1 + 2θ0), we

have
θt ≤ θt−1 + 2θ0 ≤ (2t+ 1)θ0.

Consequently, the success probability at time t satisfies

Psucc(t) = sin2 θt ≤ sin2 ((2t+ 1)θ0) , ∀t ≤ π

4θ0
− 1

2
.

Given sin2 ((2t+ 1)θ0) ≥ Psucc(t) > 1− δ, we further obtain
(3.21)

t ≥ arcsin
√
1− δ

2θ0
− 1

2
≥

π
2 −

√
2δ

2(sin θ0 + sin3 θ0)
− 1

2
≥ (

π

4
−

√
δ) ·

√
N

r
· N

N + r
− 1

2
,

where we use the inequalities arcsin
√
1− δ ≥ π/2 −

√
2δ and θ0 ≤ sin θ0 + sin3 θ0.

Let δ = O(1/
√
N), we have

t = Ω

(
π

4

√
N

r

)
.

4. Numerical Experiments. In this section, we present several numerical ex-
periments to verify the theoretical results. The code for all simulations is publicly
available1.

4.1. Comparison between deterministic and random strategies. In this
group of experiments, we compare a deterministic periodic sequence with the ran-
domized strategy for two Grover operators. The deterministic sequence is

G0, G1, G0, G0, G1, G0, G0, · · ·

1https://github.com/greenttt-cell/RGS code

https://github.com/greenttt-cell/RGS_code
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Fig. 3: Comparison between the deterministic periodic sequence and the correspond-
ing randomized strategy under four parameter settings. In each panel, the solid curve
represents the deterministic sequence, while the dashed curve shows the empirical
mean over 50 independent randomized trials. The vertical dotted line marks the
stopping time T , and the dash-dotted vertical line marks the fist peak time t∗det of
the deterministic curve. The corresponding values of t∗det are 2.6 × 106, 1.8 × 106,
1.3× 106, and 0.7× 106 for the four panels, respectively.

so that G0 and G1 are applied with frequencies 2/3 and 1/3, respectively. In the
randomized strategy, G0 and G1 are independently selected with probabilities 2/3
and 1/3. For each parameter setting, we perform 50 independent randomized trials
and plot the empirical mean evolution of the target success probability a20(t).

Figure 3 compares the two approaches under four parameter settings. In all
cases, the deterministic periodic sequence exhibits persistent oscillations and fails to
amplify the success probability close to 1. By contrast, the randomized strategy yields
a nearly monotone increase in the success probability and reaches a value close to 1
near the stopping time T . One may attempt to improve the deterministic approach
by terminating the evolution at its first peak time t∗det and boosting the overall suc-
cess probability through repeated measurements. However, this strategy remains less
efficient than the randomized scheme. For example, in Figure 3b

t∗det > 1.8× 106, a20(t
∗
det) < 0.2, and T < 5.0× 106.
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Repeating the deterministic procedure three times yields a total cost exceeding 5.4×
106 iterations, while the overall success probability remains below

1− (1− 0.2)3 = 0.488.

Thus, even when combined with repetition, the deterministic strategy is unable to
match the performance of the randomized approach.

The advantage of randomized strategy persists as |A1| varies over 20, 50, 100, and
400 while the overlap size |A0 ∩ A1| is fixed. As |A1| increases, the deterministic
sequence becomes progressively less effective, with its maximum success probability
decreasing substantially. By contrast, the randomized strategy consistently achieves
a success probability close to one.

4.2. Sampling Grover operators with a biased distribution. We next
validate Corollary 3.6, which shows that a suitably biased sampling distribution can
maintain a high success probability while substantially reducing the use of expensive
Grover operators. All simulations are implemented using the reduced matrix rep-
resentations of the Grover operators in the basis {|Ij⟩ : j = 0, . . . , 2k − 1}. In all
experiments, the evolution starts from the uniform superposition state and is run for

T =

⌊
π

4

√
N

r

⌋

iterations. At each step, a Grover operator is sampled independently according to the
distribution specified in Equation (3.18). For each parameter setting, we perform 50
independent trails and estimate the expected success probability

Psucc(t) = E
[
a20(t)

]
, t = 1, . . . , T.

We first consider the two-operator setting. Fixing N = 240, |A1| = 100, and
r = 1, we vary |A0| ∈ {100, 1000} and the tolerance parameter δ ∈ {0.1, 0.3, 0.5}. The
results are shown in Figure 4. In all cases, the success probability increases steadily
and reaches a value exceeding the theoretical guarantee 1− δ near the stopping time
T . As expected, smaller values of δ lead to higher final success probabilities. For
comparison, we also include the evolution obtained by repeatedly applying only G0.
The resulting success probability remains substantially lower, indicating that even
infrequent applications of G1 play an essential role in the amplification process.

We next consider a three-operator setting with N = 240, |A0| = 100, |A1| = 200,
|A2| = 50, and r = 1. The tolerance parameter δ is chosen from {0.005, 0.15, 0.4}.
As shown in Figure 5a, the success probability again approaches one near T and
consistently exceeds the lower bound 1−δ, confirming the prediction of Corollary 3.6.

To examine the sampling distribution, Figure 5b reports the empirical usage ratios
of the three Grover operators. In all tested cases, the inexpensive operatorG0 accounts
for the overwhelming majority of iterations, while G1 and G2 are used only sparingly.
Moreover, increasing δ further reduces the usage frequency of the expensive operators
while maintaining a high success probability. These observations demonstrate that
the proposed biased sampling strategy successfully concentrates queries on low-cost
oracles without sacrificing the amplification performance.

5. Conclusion. In this work, we studied a randomized variant of Grover search
for solving intersection problems defined by multiple constraints. Instead of con-
structing a global oracle, which can be costly, our approach directly exploits the
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Fig. 4: Success-probability evolution for different values of δ, with fixed N = 240,
|A1| = 100, and r = 1. The solid curves show the empirical averages over 50 indepen-
dent trials, while the dashed curve corresponds to repeatedly applying only G0. The
vertical dotted line marks the stopping time T .

Grover operators associated with the individual constraints. An each step, a Grover
operator is selected according to a prescribed sampling distribution and applied to
the quantum state.

Under mild assumptions, we proved that the expected success probability ap-
proaches one after

Θ

(
π

4

√
N

r

)

iterations by leveraging the special structure of the expected Grover operator. Fur-
thermore, we showed that a highly biased sampling strategy is sufficient to achieve
near-optimal performance, making the proposed framework particular attractive when
the implementation costs of different Grover operators vary significantly. We also
established that the randomized algorithm is asymptotically optimal in query com-
plexity: any deterministic sequence of Grover operators that achieves a comparable
success probability must incur the same asymptotic complexity. Numerical simula-
tions were conducted to validate the theoretical results and illustrate the effectiveness
of the proposed approach across different parameter regimes.

These findings indicate that randomization provides an effective and analyzable
mechanism for combining multiple Grover operators, offering a practical alternative
when the construction of a global oracle is prohibitively expensive. An interesting
direction for future work is to explore the random framework on estimating the number
of solutions.

Appendix A. Supplementary Calculations.
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Fig. 5: Numerical results for N = 240, |A0| = 100, |A1| = 200, |A2| = 50, r = 1, and
δ ∈ {0.005, 0.15, 0.4}. (a) Empirical mean success probability for different values of δ.
(b) Corresponding mean usage ratios of G0, G1, and G2.

A.1. Derivation of the expression of â0(t). To compute â0(t) explicitly, we
diagonalize the matrix M . The characteristic polynomial of M is given by

λ2 − 2(α2
3 − α2

0)λ+ 1 = 0,

whose roots are λ± = (α2
3 − α2

0)±∆, where

∆ =
√
(1− α2

0 − α2
3)

2 − 4α2
0α

2
3.

Thus, M can be diagonalized as

M = P

[
λ+ 0
0 λ−

]
P−1,

where

P =

[
2α0α3 2α0α3

α2
0 + α2

3 − 1 + ∆ α2
0 + α2

3 − 1−∆

]
,

and

P−1 =
1

4α0α3∆

[
−
(
α2
0 + α2

3 − 1−∆
)

2α0α3

α2
0 + α2

3 − 1 + ∆ −2α0α3

]
.

Using the fact that

M t = P

[
λt+ 0
0 λt−

]
P−1,

we get
(A.1)

â0(t) =
α0(1− α2

0 + α2
3 +∆)(α2

3 − α2
0 +∆)t + α0(α

2
0 − α2

3 − 1 + ∆)(α2
3 − α2

0 −∆)t

2∆
.
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A.2. Derivation of the expression of Wn. Let c = ⟨u|v⟩. The matrix W
defined in (3.16) is of the form

W =

[
1 2c

−2c 1− 4|c|2
]
,

and its characteristic polynomial is

λ2 − (2− 4|c|2)λ+ 1 = 0.

Define θ by cos θ = 1−2|c|2 (so that sin2(θ/2) = |c|2), yielding eigenvalues λ± = e±iθ.
By the Cayley–Hamilton theorem,

W 2 − 2 cos θW + I = 0,

which implies the recurrence

Wn = 2 cos θWn−1 −Wn−2, n ≥ 2, W 0 = I, W 1 =W.

Solving it gives

Wn =
sin(nθ)

sin θ
W − sin((n− 1)θ)

sin θ
I.

Substituting W yields

Wn =
1

sin θ

[
sin(nθ)− sin((n− 1)θ) 2c sin(nθ)

−2c sin(nθ) (1− 4|c|2) sin(nθ)− sin((n− 1)θ)

]
.

Therefore,

Wn =
1

sin θ

[
sin(nθ)− sin((n− 1)θ) 2 ⟨u|v⟩ sin(nθ)

−2 ⟨v|u⟩ sin(nθ)
(
1− 4| ⟨u|v⟩ |2

)
sin(nθ)− sin((n− 1)θ)

]
A.3. Additional estimates for deterministic prefix variations. In main

text, we consider the quantum state

(G0G0G1)
nG0 |ψ⟩ , ∀n = 0, 1, . . . ,

and show that the success probability P(n)
succ := |⟨I0| (G0G0G1)

nG0 |ψ⟩|2 can be signif-
icantly smaller than 1 for all n. Here we consider the following two variant sequences

G1(G0G0G1)
nG0 |ψ⟩ and G0G1(G0G0G1)

nG0 |ψ⟩ .

First, since G†
1 = O1(2 |ψ⟩ ⟨ψ| − I), we have

∥G†
1 |I0⟩ − |I0⟩ ∥2 =

∥∥∥∥O1

(
2

√
r

N
|ψ⟩ − |I0⟩

)
− |I0⟩

∥∥∥∥
2

= 2

√
r

N
∥O1 |ψ⟩ ∥2 ≤ 2

√
r

N
.

Similarly,

∥G†
0 |I0⟩ − |I0⟩ ∥2 ≤ 2

√
r

N
.

Consequently,

∥G†
1G

†
0 |I0⟩ − |I0⟩ ∥2 = ∥(G0(G1 − I) + (G0 − I))† |I0⟩ ∥2

≤ ∥G0∥2 · ∥(G1 − I)† |I0⟩ ∥2 + ∥(G0 − I)† |I0⟩ ∥2 ≤ 4

√
r

N
.
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For the first prefix variation, we have

|⟨I0|G1(G0G0G1)
nG0 |ψ⟩|2

≤ (|⟨I0| (G1 − I)(G0G0G1)
nG0 |ψ⟩|+ |⟨I0| (G0G0G1)

nG0 |ψ⟩|)2

≤
(
∥(G1 − I)† |I0⟩ ∥2 · ∥(G0G0G1)

nG0 |ψ⟩ ∥2 +
√
P(n)
succ

)2

≤
(
2

√
r

N
+

√
P(n)
succ

)2

.

For the second prefix variation, we similarly have

|⟨I0|G0G1(G0G0G1)
nG0 |ψ⟩|2

≤ (|⟨I0| (G0G1 − I)(G0G0G1)
nG0 |ψ⟩|+ |⟨I0| (G0G0G1)

nG0 |ψ⟩|)2

≤
(
∥(G0G1 − I)† |I0⟩ ∥2 · ∥(G0G0G1)

nG0 |ψ⟩ ∥2 +
√
Psucc

)2
≤
(
4

√
r

N
+
√
Psucc

)2

.

Therefore, both variations are controlled by the base-sequence success probability, up

to an additional error of order O(
√
r/N). Together with the upper bound of P(n)

succ, it
shows that the two variations also fail to amplify the success probability close to 1 in
the regime r ≪ r1 < N .
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