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Abstract

We present SinCoTrap (Singularity-Corrected Trapezoidal Rule), a high-order locally corrected
trapezoidal method for periodic singular integrals in arbitrary dimension d with kernel |x|−s, 0 <

s < d. The scheme preserves the uniform tensor grid and modifies only a fixed, small stencil of
weights near the singularity. For a correction order p, the resulting quadrature attains the error rate
O(h2p+2+d−s). We derive explicit, mesh-independent limiting correction weights via analytic contin-
uation of a special generalization of the Riemann zeta function, yielding rapidly computable formulas
that can be pretabulated for each (d, s, p). This makes SinCoTrap both efficient in application and
robust for high-order accuracy across a broad class of periodic singular integrals.

1 Introduction

Singular integrals frequently arise in numerical analysis and scientific computing in many applications.
Accurate evaluation of these integrals is essential for reliable computation of physical quantities, but the
presence of singularities poses significant challenges for standard quadrature methods. Specifically, we
focus on singular integrals in arbitrary dimension d that takes the form

I[ϕ · σ] =
∫

V

ϕ(x)σ(x)dx, σ(x) =
1

|x− x0|s
, x ∈ R

d,

where σ(x) is a singular function with an isolated singularity at x0 ∈ Int(V ) for 0 < s < d, ϕ(x) is
a smooth function, and the entire integrand ϕ(x)σ(x) is smooth except at the singular points and is
periodic with unit cell V . Equivalently, ϕ · σ defines a C∞ function on the punctured torus.

Various approaches have been developed for singular quadrature to address the challenges posed by
singularities, which can be broadly classified into three categories: (1) Singularity cancellation [7], where
a change of variables (such as to spherical coordinates) cancels the singularity via the Jacobian, allowing
standard quadrature rules to be applied to the resulting regular integral; (2) Singularity subtraction
[12, 18], where the singular component is subtracted from the integrand and integrated separately by
introducing an auxiliary function that closely approximates the singular behavior, while the regular part
is handled numerically; and (3) Singularity correction [16, 17, 19], where the quadrature weights are
modified to account for the effect of the singularity and achieve high-order accuracy.

Our focus in this work is on the third category, specifically on singularity correction methods for
trapezoidal rule. The trapezoidal rule is a simple, stable, and widely used quadrature method, celebrated
for its super-algebraic convergence for smooth periodic functions [21]. Its accuracy deteriorates when
either periodicity or smoothness is lost: a smooth non-periodic integrand creates boundary error, which
can be corrected by endpoint or near-boundary modifications, whereas a periodic integrand with an
isolated singularity, as in the present work, creates a local singularity error. In both cases, one modifies
only a small number of quadrature weights while retaining the underlying uniform grid. The resulting
correction weights can be precomputed for a given boundary behavior or singularity type and reused for
a broad class of problems.

The pioneering corrected trapezoidal rule was introduced by Rokhlin [19] for one-dimensional endpoint
singularities. The central concept of the method involves adding local correction terms to analytically
cancel the leading-order terms of the quadrature error of the trapezoidal rule. The correction weights are
computed by solving a linear system, constructed by requiring that the corrected rule integrate exactly
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over the monomials, up to a desired degree, multiplying the singular function. However, the practical
utility of this approach is limited because achieving high-order accuracy requires correction weights whose
magnitude grows rapidly, leading to numerical instability.

Subsequent work by Kapur and Rokhlin [16] extended this approach by introducing additional quadra-
ture nodes outside the integration interval. This strategy yielded smaller correction weights and enabled
higher-order accuracy. Furthermore, they derived a mesh-size-independent rule by computing the asymp-
totic limit of the weights as h → 0, enhancing its practical utility, though explicit closed-form expressions
for these limiting weights were not provided. The principal drawbacks of this scheme are its requirement
for function evaluations outside the domain, which can be problematic or undefined, and the difficulties
involved in computing the asymptotic weights.

To address these issues, Marin et al. [17] introduced an alternative approach using a compactly
supported smooth window function g(x). By multiplying the singular function by g(x), the singularity
is localized and the effect of boundary errors are annihilated, thereby simplifying the computation of
the correction weights. For one-dimensional singular kernels of the form σ(x) = |x|s with s > −1,
they derived an explicit formula for the converged weights, revealing a connection to the Riemann
zeta function. The method was also extended to two dimensions for the singular kernel σ(x) = 1/|x|,
although a closed-form expression for the converged weights remained elusive. Later work by Jiang
and Li [14] improved the two-dimensional scheme by proving the non-singularity of the underlying linear
system for solving the correction weights and employing Richardson extrapolation to compute the weights
numerically. Besides, Wu and Martinsson [22] found an implicit formula for the two-dimensional weights,
connecting them to the higher-order parametric derivatives of the Epstein zeta function.

In this work, motivated by the need to accelerate the convergence of thermodynamic limit of exchange
energy in electronic structure calculations [5, 25] without increasing computational cost, we extend
the one dimensional high-order, singularity-corrected trapezoidal rules for singular functions in [17] to
arbitrary dimensions. Our contributions are twofold. First, we provide a rigorous analysis of the corrected
trapezoidal rule’s construction in a multi-dimensional setting. Second, we derive simple and explicit
formulas for the correction weights via analytic continuation, which enable their efficient and accurate
computation, thereby significantly enhancing the method’s practical utility.

Beyond exchange energy calculations in electronic structure theory, singularity corrected trapezoidal
rules find broad applications across scientific and engineering disciplines. For example, the evaluation of
surface singular integrals in boundary integral equations in 2D [2, 23] and 3D [13, 22, 24]; the numerical
discretization of the fractional Laplacian in non-local Fokker-Planck equations in 2D [14]; the computa-
tion of Coulomb potentials in 3D [1]; and the evaluation of integral operators in Lippmann-Schwinger
equations for scattering problems [6].

The rest of this paper is organized as follows. Section 2 details the algorithm for the singularity-
corrected trapezoidal rule in arbitrary dimensions, including the explicit construction of the correction
weights. Section 3 provides a theoretical analysis of the method’s convergence, establishing guarantees
for its high-order accuracy. Section 4 discusses extensions of the method to parallelotope domains and
anisotropic types of singularities. Numerical results in Section 5 validate the theoretical analysis and
demonstrate the algorithm’s practical performance. Finally, Section 6 offers concluding remarks, while
the Appendix collects supporting proofs and technical derivations.

2 Singularity corrected trapezoidal rule

This section presents a systematic framework for constructing a locally corrected trapezoidal rule that
handles isolated singularities in arbitrary dimensions. We begin by establishing the necessary notation
and motivating the design of the local correction procedure. Subsequently, we provide a complete descrip-
tion of the algorithm, including explicit constructions for the correction weights. For clarity, extended
proofs and technical derivations are deferred to the appendix.

Setup and notations

In this paper, we denote integer lattice points with bold letters (e.g., i ∈ Z
d). Furthermore, we use

Greek letters, such as α = (α1, . . . , αd) ∈ Nd, to represent nonnegative integer lattice points, which
frequently serve as multi-indices in Taylor expansions. The distinction between general integer points i
and nonnegative multi-indices α will be clear from context. For vector i = (i1, . . . , id) ∈ R

d, different
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norms for vectors are defined as follows:

|i|∞ := max(|i1|, · · · , |id|), |i|1 := |i1|+ · · ·+ |id|, |i| :=
(
|i1|2 + · · ·+ |id|2

)1/2
.

By translation, we assume the isolated singularity is located at the origin and consider

I[ϕ · σ] =
∫

V

ϕ(x)σ(x) dx, σ(x) =
1

|x|s , 0 < s < d,

where ϕ is smooth, ϕ ·σ is smooth except at the singular points and periodic with unit cell V = [−a, a]d

for some a > 0.
We discretize V by a uniform tensor-product grid. Let N ∈ N+ and set mesh size h = a/N . For

lattice indices i = (i1, . . . , id) ∈ Zd, define grid points

xi := ih, X := {xi : |i|∞ ≤ N}.

The set X contains the origin and is symmetric in the sense that xi ∈ X implies −xi ∈ X .
Finally, we denote by T 0

h [f ] the punctured trapezoidal rule (excluding the origin). It is convenient to
write it in the tensor-product form 1

T 0
h [f ] := hd

∑

0<|i|∞≤N

ci f(xi), ci := 2−m(i), m(i) := #{j : |ij | = N}.

Thus ci = 1 for interior points, and each boundary coordinate contributes a factor 1/2 (e.g., in three
dimensions: face/edge/corner weights 1/2, 1/4, 1/8).

2.1 Motivation

For smooth periodic integrands, the trapezoidal rule converges super-algebraically [21]. However, in our
setting, the integrand satisfies smooth periodic boundary condition but has an isolated singularity at the
origin, which limits the convergence of the standard rule. The goal of singularity correction is to restore
high-order accuracy by modifying only a small number of quadrature weights near the singular point.

Step 1: extract the singularity effect. Note that the boundary coordinates in the trapezoidal rule
involve more complicated weights, in order to simplify the analysis and focus on the singularity, we
introduce a smooth radial cutoff function

η(x) = η(|x|) =
{
1, |x| ≤ a

4 ,

0, |x| ≥ a
2 .

(1)

This cutoff separates the local singularity effect and the boundary contribution, which makes the singular
correction independent of the particular quadrature treatment [10, 16] used near the boundary for more
general boundary conditions.

Using the cutoff function η(x), we split:

I[ϕ · σ] =
∫

V

ϕ(x)σ(x) (1− η(x)) dx+

∫

V

ϕ(x)σ(x) η(x)dx.

The first integrand agrees with the original integrand near ∂V and is smooth periodic; hence its trape-
zoidal error is super-algebraically small. The second term is supported strictly inside V and contains the
singularity at the origin. Therefore, by introducing φ = ϕη, it suffices to focus on integrals of the form

I[φ · σ] =
∫

V

φ(x)σ(x) dx,

where φ is smooth and compactly supported in V .

1Given any set A, we use #A to denote the number of elements in A.
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Step 2: local Taylor surrogate and the correction term. The difficulty is that φ(x)σ(x) is
singular at x = 0. To isolate the leading singular behavior and improve the smoothness of the integrand,
fix an order p ∈ N and introduce a localized Taylor surrogate. Let Pφ be the Taylor polynomial of φ at
x = 0 of degree 2p+ 1,

Pφ(x) :=

2p+1∑

|α|1=0

∂αφ(0)

α!
xα,

and choose a radial localized window function g ∈ C∞
c (V ) such that

g(x) = g(|x|), g(0) = 1, ∂αg(0) = 0, 1 ≤ |α|1 ≤ 2p+ 1. (2)

Define φ̃(x) := Pφ(x)g(x). Then φ− φ̃ is compactly supported in V and vanishes to order 2p+ 1 at the
origin:

∂α
(
φ− φ̃

)
(0) = 0, 0 ≤ |α|1 ≤ 2p+ 1,

so that (φ − φ̃)(x) = O(|x|2p+2) near the origin. Hence (φ − φ̃)(x)σ(x) = O(|x|2p+2−s), which has a
weakened singularity compared with φ(x)σ(x). This suggests the decomposition

I[φ · σ] = I[(φ− φ̃) · σ] + I[φ̃ · σ]
= T 0

h [φ · σ] + (I − T 0
h)[(φ − φ̃) · σ] +

(
I[φ̃ · σ]− T 0

h [φ̃ · σ]
)
.

The remaining task is to approximate the last difference I[φ̃ ·σ]−T 0
h [φ̃ ·σ] by a local correction supported

on a fixed stencil near x = 0.

Step 3: moment matching and a linear system. Motivated by Step 2, we approximate the local
defect I[φ̃ · σ]− T 0

h [φ̃ · σ] by a correction supported on a small stencil Xp ⊂ Z
d:

I[φ̃ · σ]− T 0
h [φ̃ · σ] = a(h)

∑

i∈Xp

wh
i φ̃(ih),

where a(h) is a scaling factor and {wh
i } are correction weights. Since φ̃ = Pφg, this requirement is

enforced by matching the trapezoidal defect on localized monomials. That is, for all multi-indices α

with 0 ≤ |α|1 ≤ 2p+ 1, we impose

∫

V

g(x)σ(x)xα dx = T 0
h [g · σ · xα] + a(h)

∑

i∈Xp

wh
i (ih)

α g(ih). (3)

This gives a finite linear system for the unknowns {wh
i }. Because g(x) and σ(x) are radial, and because

the domain, grid, and stencil are symmetric, the moment conditions associated with odd monomials are
automatically satisfied. Thus the system reduces to even moments and can be made square by a suitable
choice of Xp, together with symmetry conditions on the weights.

In practice we will avoid constructing Pφg or evaluating derivatives of φ. Thus, the resulting corrected
trapezoidal rule is defined by applying the same local correction to the original function φ:

T 0
h [φ · σ] + a(h)

∑

i∈Xp

wh
i φ(ih).

Finally, letting h → 0 yields converged weights wi = limh→0+ wh
i that are independent of h (and, in

fact, independent of the particular choice of g within the above class). We highlight that these converged
weights give the same approximation order as the h-dependent weights, while being more practical to
compute and apply.

2.2 Linear system for the correction weights

We now derive the concrete linear system for the correction weights. In this paper, we adopt the
correction stencil Xp with p ∈ N defined as

Xp =
{
i ∈ Z

d : 0 ≤ |i|1 ≤ p
}
.

4
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Figure 1: Symmetric correction stencils Xp for d = 2 and p = 0, 1, 2.

This is a natural choice for the radial singular kernel 1/|x|s, though other stencils are possible. For
illustration, we visualize these stencils for d = 2 and p = 0, 1, 2 in Fig. 1.

Given the radial symmetry of both the singular kernel and the localized function g(x), and the
symmetry of the integral domain V and grid points X , we enforce symmetry of the weights under
independent sign flips of each coordinate. For β = (β1, β2, . . . , βd) ∈ Nd, define the sign-orbit

Gβ :=
{
(±β1,±β2, . . . ,±βd) ∈ Z

d
}
.

We then impose the symmetry constraint

wh
i = wh

β, for i ∈ Gβ , 0 ≤ |β|1 ≤ p. (4)

Under the symmetry of weights, all moment constraints in (3) associated with odd monomials vanish
automatically, so it suffices to consider even moments only:

∫

V

g(x)σ(x)x2αdx = T 0
h [g · σ · x2α] + a(h)

∑

0≤|β|1≤p

wh
β

∑

i∈Gβ

(ih)2α g(ih), 0 ≤ |α|1 ≤ p. (5)

At this time, the number of equations in (5) is equal to the number of distinct unknowns wh
β , which we

denote by Nw.

Remark 2.1. The symmetry (4) can be strengthened further (e.g., grouping points with the same Eu-
clidean distance to the origin) to reduce the number of unknowns. Such additional reductions must be
paired with a compatible set of moment conditions to keep the linear system nonsingular.

Scaling factor. For the homogeneous kernel σ(x) = |x|−s, the scaling factor a(h) is determined by
matching orders of h at both sides of (5). Applying the change variables x = hy we have

∫

V

g(x)σ(x)x2αdx− T 0
h [g · σ · x2α]

= hd+2|α|1−s
( ∫

|x|∞≤N

g(xh)σ(x)x2αdx−
∑

0<|i|∞≤N

g(ih)σ(i)i2α
)
,

where N = a/h. Therefore, we take the scaling factor as

a(h) = hd−s.

Matrix form. To recast (5) in matrix form, order the moment indices as

{
α ∈ N

d : 0 ≤ |α|1 ≤ p
}
= {α1,α2, . . . ,αNw

} .

Besides, order the sign-orbit representatives as β1, . . . ,βNw
in the same sequential order, where βk ∈ Nd

and 0 ≤ |βk|1 ≤ p. Then the linear system (5) can be rewritten as

Nw∑

k=1

wh
βk

∑

i∈Gβk

i2αj g(ih) =

∫

Rd

g(xh)σ(x)x2αjdx−
∞∑

|i|∞=1

g(ih)σ(i)i2αj := bhj ,
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for j = 1, . . . , Nw, where we have used that g(x) is compactly supported. Since g(ih) takes the same
value on each orbit Gβk

, we introduce the matrix notations

(A)jk =
∑

i∈Gβk

i2αj and (Gh)jk = g(βkh)δjk, (6)

for j, k = 1, . . . , Nw, where δjk is the Kronecker delta notation and Gh is diagonal. Thus, we can express
the linear system in matrix form as

AGhwh = bh, (7)

where wh and bh are the weight vector and the right-hand-side vector, respectively.
The well-posedness of the moment-matching system rests on the invertibility of the coefficient matrix

A, which depends only on the chosen stencil and the monomials used in the moment conditions.

Lemma 2.2 (Invertibility of the coefficient matrix). The coefficient matrix A defined in (6) is nonsin-
gular.

The proof of Lemma 2.2 is given in Section C.
Since g(0) = 1, the diagonal matrix Gh satisfies Gh → I as h → 0+. Thus the limiting weights are

determined by the h-independent system Aw = b, once the limit of the right-hand side bh is understood.
This is the focus of the next section.

2.3 Converged correction weights

We now pass to the limit h → 0+ in the weight system (7). Recall that A is independent of h, while
Gh → I as h → 0+. Thus the key step is to understand the asymptotic behavior (and then the limit)
of the right-hand side vector bh. This section has two goals: (i) justify the existence and convergence
rate of the limiting weights w, and (ii) evaluate the limiting right-hand side limh→0+ bh via analytic
continuation. Proofs of technical claims are deferred to the appendix.

For the first part, we have the following results on the convergence order of the right-hand side bh

and the correction weights wh with respect to h.

Lemma 2.3 (Convergence order of RHS). Let p ∈ N. Assume g(x) ∈ C∞
c (Rd) satisfies

∂βg(0) = 0, for 1 ≤ |β|1 ≤ 2p+ 1.

Given multi-index α ∈ Nd such that 0 ≤ |α|1 ≤ p, let s ∈ C lie in the strip 0 < Re(s) < d+ 2|α|1. Then
for h > 0 sufficiently small we have

∫

Rd

g(xh)
x2α

|x|s dx−
∞∑

|i|∞=1

g(ih)
i2α

|i|s = g(0)bα(s) +O(h2p+2), (8)

where bα(s) are constants independent of g(x) and h.

We remark that in order to give an explicit formula of the right-hand side bα(s) by analytic contin-
uation, we extend the range of s to the strip 0 < Re(s) < d+ 2|α|1 in Lemma 2.3.

Lemma 2.4 (Convergence order of weights). For corrected weights wh
i defined in (3) satisfying symmetric

condition (4) and its limit wi = limh→0+ wh
i , we have

∣∣wh
i − wi

∣∣ = O(h2p+2), 0 ≤ |i|1 ≤ p.

Proof. According to linear system (7) and the non-singularity in Lemma 2.2, we have

wh = (Gh)−1A−1bh, w = A−1b.

By the assumptions on g(x), Taylor’s theorem gives

|g(βh)− 1| = |g(βh)− g(0)| ≤ C|βh|2p+2 ≤ Ch2p+2, 0 ≤ |β|1 ≤ p.

Hence ‖I − Gh‖2 ≤ Ch2p+2 and (Gh)−1 is uniformly bounded for all sufficiently small h. Moreover,
Lemma 2.3 implies ‖bh − b‖2 ≤ Ch2p+2. Since b is fixed, this also gives the uniform bound ‖bh‖2 ≤
‖b‖2 + ‖bh − b‖2 ≤ C for all sufficiently small h. Therefore

‖wh − w‖2 = ‖(Gh)−1A−1bh −A−1b‖2 = ‖(Gh)−1(I −Gh)A−1bh +A−1(bh − b)‖2
≤ ‖(Gh)−1‖2‖I −Gh‖2‖A−1‖2‖bh‖2 + ‖A−1‖2‖bh − b‖2leqCh2p+2,

which yields the stated componentwise bound.
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For the second part, we compute the limit of right-hand side bh as h → 0+ explicitly. Inspired by
the computation of lattice sums and Wigner limit for the electron sums in chemistry [3], we derive an
explicit expression of the limit of bh by means of analytic continuation.

To make the analytic continuation between different regions clear, we introduce the following notation.

Definition 2.5 (Analytic continuation operator). Let D1 be a non-empty domain in C, let D2 ⊂ C be a
non-empty set, and let Ω ⊂ C be a connected open set such that D1 ∪D2 ⊂ Ω. For an analytic function
fD1 on D1, suppose there exists an analytic function F on Ω such that F = fD1 on D1. The analytic
continuation operator from D1 to D2 is then defined by restricting F to D2:

AD2

D1
[fD1 ](z) := F (z), z ∈ D2.

We also denote the restriction over D2 by fD2 .

Remark 2.6. The operator AD2

D1
is defined only when such an analytic continuation exists. The sets D1

and D2 need not overlap, and uniqueness follows from the identity theorem on the connected open set
Ω. For an analytic pair (f,D), we write fD(z) when we wish to emphasize the domain of analyticity;
otherwise we simply write f(z).

To compute the limit of bhα as h → 0+ for a given α ∈ N
d, we introduce two sets in the complex

plane C. For brevity, set
sα := d+ 2|α|1.

We define

D1 = {s ∈ C : 0 < Re(s) < sα} ,
D2 = {s ∈ C : sα ≤ Re(s) < sα + 1} \ {sα}.

Their union
D1 ∪D2 = {s ∈ C : 0 < Re(s) < sα + 1} \ {sα}

is the connected open set through which the analytic continuation is performed.
By Lemma 2.3, the limit of bhα as h → 0+ exists. Since this limit is unique, it can be identified along

any sequence h → 0+. We choose the admissible mesh sizes h = a/N and let N → ∞, which gives

bD1
α (s) = lim

N→∞



∫

Rd

g(x
a

N
)
x2α

|x|s dx−
∞∑

|i|∞=1

g(i
a

N
)
i2α

|i|s


 , s ∈ D1. (9)

To examine this limit, since supp(g) ⊂ [−a, a]d, we introduce the partial expressions

uD1

N (s) :=

∫

Rd

g(x
a

N
)
x2α

|x|s dx, vD1

N (s) :=

N∑

|i|∞=1

g(i
a

N
)
i2α

|i|s .

A key observation is that, for any fixed N , the integral uD1

N (s) converges only for Re(s) < d + 2|α|1,
whereas the summation vD1

N (s) is well-defined for all s ∈ D1 ∪D2.

Lemma 2.7. The function

bD1
α (s) = lim

N→∞

([
uD1

N − vD1

N

]
(s)
)

is analytic on D1.

Lemma 2.8. The function bD1
α (s) possesses an analytic continuation over D1 ∪D2 and we have

bD2
α (s) := AD2

D1

[
bD1
α

]
(s) = AD2

D1

[
lim

N→∞

(
uD1

N − vD1

N

)]
(s) = lim

N→∞

(
AD2

D1

[
uD1

N − vD1

N

]
(s)
)
.

Moreover, we introduce another domain D3 ⊆ D2 that removes the line {s ∈ C : Re(s) = sα}, defined
as

D3 = {s ∈ C : sα < Re(s) < sα + 1} .
The purpose of introducingD3 is to avoid the line containing the pole, so that we have a simple expression
of bD3

α (s) over D3 (such an expression is only well-defined on D3).
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Lemma 2.9. For s ∈ D3, there is

bD3
α (s) = lim

N→∞

(
AD3

D1
[uD1

N ](s)−AD3

D1
[vD1

N ](s)
)
= − lim

N→∞
AD3

D1
[vD1

N ](s) = −
∞∑

|i|∞=1

i2α

|i|s .

Corollary 2.10. For s ∈ D1, there is

bD1
α (s) = AD1

D3
[bD3

α ](s) = AD1

D3


−

∞∑

|i|∞=1

i2α

|i|s


 (s).

For ease of understanding, we illustrate the above analytic-continuation procedure at a point s0 ∈
D1 ∩ R in Fig. 2.

Re(s)

Im(s)

0

Re(s) = d + 2|α|1

D1 D2

b
D1
α (s0)

b
D1
α (s0;N)

b
D2
α (s)

b
D2
α (s;N)

N → ∞

N → ∞

A
D2
D1

A
D1
D2

Figure 2: A schematic of computing the limit using analytic-continuation. For bD1
α (s0) defined in (9),

start from bD1
α (s0;N), continue to D2 to obtain bD2

α (s;N), take N → ∞ in D2, then continue back to
recover bD1

α (s0).

In order to compute the corrected weights, we will derive an explicit expression of bD1
α (s), which is a

generalized zeta function (up to sign). Define

Z2α(s) :=
∑

n∈Zd\{0}

n2α

|n|s , Re(s) > d+ 2|α|1.

In one dimensional scenario, it happens to be 2ζ(s− 2|α|1), where ζ(s) is the well-known Riemann zeta
function. In higher dimension, the case α = 0 reduces to the Epstein zeta function [4, 8, 9], which has a
meromorphic continuation to the whole complex plane C with the only simple pole s = d. Following the
idea of Riemann, we derive a functional equation for Z2α(s) that yields its meromorphic continuation
and a rapidly convergent series representation for numerical evaluation.

Theorem 2.11. For generalized zeta function defined as

Z2α(s) :=
∑

n∈Zd\{0}

n2α

|n|s , Re(s) > d+ 2|α|1,

it has a meromorphic continuation to the whole complex plane C with the only simple pole at s = d+2|α|1,
and satisfies the functional equation

Γ(s/2)

πs/2
Z2α(s) =

(
− 1

4π

)|α|1 2H2α(0)

s− d− 2|α|1
− 2δ0,α

s
+

∑

n∈Zd\{0}

n2α

∫ ∞

1

e−|n|2πt t
s
2−1dt

+

(
− 1

4π

)|α|1 ∑

k∈Zd\{0}

∫ ∞

1

e−|k|2πtH2α(
√
πtk) t

d+2|α|1−s

2 −1dt,

(10)

where H2α(x) is the multivariate Hermite polynomial in order 2α defined in Definition E.1.
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For numerical evaluation, it is useful to rewrite the integral terms in (10) using the upper incomplete
Gamma function

Γ(s, x) :=

∫ ∞

x

ts−1e−t dt, for s ∈ C, x > 0.

For s ∈ C and x > 0, the change of variables u = tx gives
∫ ∞

1

ts−1e−txdt =
1

xs
Γ(s, x).

Applying this identity to the first integral series in (10) yields

∞∑

|n|∞=1

n2α

∫ ∞

1

e−|n|2πt t
s
2−1 dt =

∞∑

|n|∞=1

n2α 1

|n|sπs/2
Γ(

s

2
, |n|2π)

=
1

πs/2

∞∑

|n|∞=1

(
n

|n|

)2α
1

|n|s−2|α|1
Γ(

s

2
, |n|2π).

(11)

For the second integral series, we first expand H2α(x) =
∑

0≤|β|1≤2|α|1
cβx

β and then apply the same
identity of incomplete Gamma function term by term. This gives

∞∑

|k|∞=1

∫ ∞

1

e−|k|2πtH2α(
√
πtk) t

d+2|α|1−s

2 −1 dt

= π
s−d−2|α|1

2

∑

0≤|β|1≤2|α|1

cβ

∞∑

|k|∞=1

(
k

|k|

)β
1

|k|d+2|α|1−s
Γ

( |β|1 + d+ 2|α|1 − s

2
, |k|2π

)
. (12)

The series in representations (11) and (12) are rapidly convergent because the incomplete Gamma
factors decay exponentially in the lattice index. The following tail estimate quantifies this decay and can
be used to choose a finite summation cutoff.

Corollary 2.12. Given a, b ∈ R, for N ∈ N such that πN2 ≥ max
{
a, 1, 2a+b+d

2

}
, we have

∞∑

|n|∞=N+1

|n|b Γ(a, |n|2π) ≤ 3d−1 d1+max{0,b/2} πa ·N2a+b+de−πN2

.

Proof. This is a special case of Lemma E.5.

In practice, this bound is used to choose the truncation range needed for a prescribed accuracy. To
reduce roundoff error when summing the series, one may use Kahan summation [15]. Finally, because
the linear system for the correction weights can become ill-conditioned for large p, it is preferable to
solve it either symbolically or using high-precision arithmetic.

2.4 The SinCoTrap quadrature rule

We now summarize the quadrature rule obtained from the preceding construction. Fix a correction order
p ∈ N and the correction stencil

Xp = {i ∈ Z
d : 0 ≤ |i|1 ≤ p}.

The converged correction weights w are determined by the linear system

Aw = b,

where for α,β ∈ Nd such that 0 ≤ |α|1, |β|1 ≤ p,

Aα,β =
∑

i∈Gβ

i2α, bα(s) = −Z2α(s).

Here Gβ =
{
(±β1,±β2, . . . ,±βd) ∈ Zd

}
. The weights are then extended to all i ∈ Xp by wi = wβ for

i ∈ Gβ.
For h = a/N , the SinCoTrap rule for σ(x) = |x|−s is defined as

Qp
h[φ · σ] := T 0

h [φ · σ] + Cp
h[φ], Cp

h[φ] := hd−s
∑

i∈Xp

wi φ(ih), (13)

where Cp
h[·] is the correction operator for the singularity.
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3 Convergence order analysis

This section establishes the convergence rate of the singularity corrected trapezoidal rule for singular
kernel σ(x) = |x|−s with 0 < s < d.

Lemma 3.1 (Odd-moment cancellation). Let g(x) = g(|x|) be smooth and compactly supported in
V = [−a, a]d, and let σ(x) = |x|−s with 0 < s < d. If a multi-index α has at least one odd component,
then, for any correction order p ∈ N, the exact integral and the numerical quadrature vanish,

I[g · σ · xα] = 0, and Qp
h[g · σ · xα] = 0.

Proof. Without loss of generality, suppose that α1 is odd. Since g and σ are radial, then we have

I[g · σ · xα] =

∫

[−a,a]d−1

∫ a

0

g(|x|)σ(|x|) [xα1
1 + (−x1)

α1 ]

d∏

j=2

x
αj

j dx1 · · ·dxd = 0.

Similarly, using c(i1,i2,...,id) = c(−i1,i2,...,id), we obtain

T 0
h [g · σ · xα] = hd

N∑

i2=−N

· · ·
N∑

id=−N

N∑

i1=1

ci g(|ih|)σ(|ih|) [(i1h)α1 + (−i1h)
α1 ]

d∏

j=2

(ijh)
αj = 0.

For every sign-orbit Gβ, the symmetry condition (4) gives

∑

i∈Gβ

(ih)α =
1

2

∑

i∈Gβ

[(ih)α + ((−i1, i2, . . . , id)h)
α] = 0.

Consequently, the correction Cp
h[g · xα] is zero and we conclude that Qp

h[g · σ · xα] = 0.

Now we state the main theorem regarding the convergence order of SinCoTrap for compactly sup-
ported singular integrals.

Theorem 3.2. Let V = [−a, a]d ⊆ Rd and consider

I[φ · σ] =
∫

V

φ(x)σ(x) dx, σ(x) =
1

|x|s , 0 < s < d,

where φ is smooth and compactly supported in V . For a correction order p ∈ N, let Qp
h[·] be the SinCoTrap

rule defined in (13). Then, as h → 0+,

I[φ · σ] = Qp
h[φ · σ] + O(h2p+2+d−s).

Proof. Let Pφ(x) be the Taylor polynomial of φ(x) at x = 0 of degree 2p + 1 and define the localized
surrogate as

φ̃(x) := Pφ(x)g(x), Pφ(x) :=

2p+1∑

|α|1=0

∂αφ(0)

α!
xα,

where g(x) ∈ C∞
c (Rd) is compactly supported in domain V such that

g(x) = g(|x|), g(0) = 1, ∂αg(0) = 0, 1 ≤ |α|1 ≤ 2p+ 1.

Decompose the quadrature error of the singular integral as:

I[φ · σ]−Qp
h[φ · σ] = (I − T 0

h)[(φ − φ̃) · σ] + Cp
h[φ̃− φ] + (I −Qp

h)[φ̃ · σ]
:= E1 + E2 + E3.

For E1, denote f := φ− φ̃, then by direct calculation we have

f(0) = 0, ∂αf(0) = 0, for 1 ≤ |α|1 ≤ 2p+ 1. (14)

10



Thus, using the fact that f ∈ C∞
c (V ), we can write

E1 = I[f · σ]− T 0
h [f · σ] =

∫

[−a,a]d
f(x)

1

|x|sdx−
N∑

|i|∞=1

hdf(ih)
1

|ih|s

= hd−s
(∫

Rd

f(xh)
1

|x|s dx−
∞∑

|i|∞=1

f(ih)
1

|i|s
)
= O(h2p+2+d−s),

where we used Lemma 2.3 with α = 0 and f(0) = 0 in the last step.
For E2, note that Taylor’s theorem with (14) gives |φ̃(x)−φ(x)| ≤ C|x|2p+2 on V , hence on the fixed

stencil Xp with bounded weights, we have

|E2| ≤ hd−s
∑

i∈Xp

|wi| |φ̃(ih)− φ(ih)| ≤ Ch2p+2+d−s.

For E3, expand φ̃ = Pφg and use Lemma 3.1 to drop the odd monomials we obtain

(I −Qp
h)[φ̃ · σ] =

p∑

|α|1=0

∂2αφ(0)

(2α)!
(I −Qp

h)[x
2αg · σ].

For each even monomial above, according to the moment conditions (3) we have

I[x2αg · σ]− T 0
h [x

2αg · σ] = hd−s
∑

i∈Xp

wh
i (ih)

2αg(ih).

On the other hand, the SinCoTrap rule Qp
h uses the converged weights wi, so

(I −Qp
h)[x

2αg · σ] =
(
I − T 0

h

)
[x2αg · σ]− hd−s

∑

i∈Xp

wi (ih)
2αg(ih).

Substituting the moment identity gives

(I −Qp
h)[x

2αg · σ] = hd−s
∑

i∈Xp

(wh
i − wi) (ih)

2αg(ih).

Thus, by Lemma 2.4 we have

|E3| ≤ Chd−s

p∑

|α|1=0

∑

i∈Xp

∣∣(ih)2αg(ih)
∣∣ ∣∣wh

i − wi

∣∣ ≤ Ch2p+2+d−s.

Combining the three bounds yields the claim.

Remark 3.3. The assumption that φ is smooth is imposed only for convenience; the argument requires
only finitely many derivatives. In particular, it suffices to assume that φ ∈ Cd+2p+3

c (V ) and to use
the corresponding finite-regularity version of Lemma 2.3, obtained by applying Poisson summation to
finitely differentiable, compactly supported functions. This regularity threshold is sufficient and may not
be optimal.

Remark 3.4. Replacing wi by the non-converged weights wh
i removes the term E3 above, but E1 and

E2 still scale like h2p+2+d−s, so the overall order remains unchanged.

Next we give the convergence rate for singular integrals satisfying the smooth periodic boundary
conditions.

Corollary 3.5. Let V = [−a, a]d ⊆ Rd and consider

I[ϕ · σ] =
∫

V

ϕ(x)σ(x) dx, σ(x) =
1

|x|s , 0 < s < d,

where ϕ(x) is smooth, ϕ(x)σ(x) is periodic on V and is smooth except at the singular points. For a
correction order p ∈ N, let Qp

h[·] be the SinCoTrap rule defined in (13). Then, as h → 0+,

I[ϕ · σ] = Qp
h[ϕ · σ] +O(h2p+2+d−s).

11



Proof. Using the smooth cutoff η defined in (1), we split the integral as

I[ϕ · σ] = I[ϕ · σ · η] + I[ϕ · σ · (1− η)].

For the first term, since ϕ(x)η(x) is smooth and compactly supported in V , Theorem 3.2 implies

I[ϕ · σ · η] = T 0
h [ϕ · σ · η] + Cp

h[ϕ · η] +O(h2p+2+d−s).

For the second term, since ϕ(x)σ(x)(1− η(x)) is 0 at x = 0, the punctured trapezoidal rule is equivalent
to the standard trapezoidal rule. Moreover, since ϕ(x)σ(x)(1−η(x)) is smooth and periodic with respect
to the domain V , the Euler-Maclaurin formula yields

I[ϕ · σ · (1 − η)] = T 0
h [ϕ · σ · (1− η)] +O(hq),

for any q > 0. Finally, note that Cp
h[ϕ · η] = Cp

h[ϕ] for h > 0 sufficient small, we have

I[ϕ · σ] = T 0
h [ϕ · σ · η] + Cp

h[ϕ · η] +O(h2p+2+d−s) + T 0
h [ϕ · σ · (1− η)] +O(hq)

= T 0
h [ϕ · σ] + Cp

h[ϕ] +O(h2p+2+d−s),

which completes the proof.

4 Extensions

In this section, we present two extensions of the SinCoTrap. First, we extend the method to integrals with
singular kernel 1/|x⊤Bx|s/2, where B is a symmetric positive definite matrix. Second, we extend the
method to integrals over general bounded domains, specifically parallelotopes. We note that these two
extensions are equivalent under a linear transformation and they find applications in electronic structure
calculations for solids with parallelepiped-shaped unit cells.

4.1 Extension to anisotropic singular kernel

We begin with an anisotropic singular kernel induced by a symmetric positive definite matrix B ∈ Rd×d.
Consider

I[φ · σB ] =

∫

V

φ(x)σB(x)dx, σB(x) =
1

|x⊤Bx|s/2 0 < s < d,

where V = [−a, a]d, φ(x) is smooth and compactly supported in V . Since B is invertible, the only
singular point of I[φ · σB] remains at x = 0. For discretization, we employ the same uniform grid used
for the isotropic kernel σ(x) = 1/|x|s.

Central symmetry and moment constraints. Since the singular kernel is changed, the local cor-
rection weights must be recomputed accordingly. In contrast to the isotropic kernel |x|−s, the anisotropic
kernel σB(x) is generally not radially symmetric (unless B is a scalar multiple of the identity). It retains
only central symmetry

σB(−x) = σB(x),

since x⊤Bx = (−x)⊤B(−x). This reduced symmetry affects both the design of the correction stencil
Xp and which moment constraints are automatically satisfied.

Following the moment-matching construction in Section 2, we again determine the correction weights
by requiring exactness on localized monomials g(x)σB(x)x

α. Accordingly, we assume the correction
stencil Xp ⊂ Zd is centrally symmetric and contains the origin, i.e., i ∈ Xp implies −i ∈ Xp and 0 ∈ Xp,
and we impose the same symmetry on the weights:

wh
−i = wh

i .

These weights are determined by enforcing, for 0 ≤ |α|1 ≤ 2p+ 1,

∫

V

g(x)σB(x)x
α dx = T 0

h [g · σB · xα] + a(h)
∑

i∈Xp

wh
i (ih)

α g(ih).

12



As in the isotropic case, we choose a radial localized function g ∈ C∞
c (V ) such that g(0) = 1 and

∂βg(0) = 0 for 1 ≤ |β|1 ≤ 2p+ 1.
With only central symmetry, the automatic cancellation applies to monomials of odd total degree: if

|α|1 is odd, then both the integral and the corrected rule vanish (see Lemma 4.4). In contrast, monomials
with |α|1 even but with at least one odd component are not forced to vanish in general. Therefore, the
moment-matching system must include all multi-indices with even total degree,

|α|1 = 2q, for q = 0, 1, . . . , p,

which determines the number of independent constraints (and hence the number of independent weights).

Stencil choice and linear system. As discussed above, in the anisotropic case the symmetry only
forces cancellation of moments with odd total degree. Hence, to obtain a square moment-matching system
we choose the stencil so that the number of independent weights matches the number of even-total-degree
moment conditions, i.e., Nw.

A convenient way is to take one representative in the nonnegative orthant for each multi-index of
even total degree up to 2p and then include its negative. Specifically, define

Xp := X+
p ∪ X−

p , X+
p :=

{
β ∈ N

d : |β|1 ≤ 2p, |β|1 even
}
, X−

p := −X+
p .

Since every nonzero point in X+
p is paired with its negative in X−

p , and conversely, thus the full stencil

Xp is centrally symmetric. We impose the central symmetry wh
−β = wh

β, so the independent unknowns

can be taken as {wh
β}β∈X+

p
. (Here the origin is included in X+

p and is not duplicated by the sign pairing.)

For illustration, we plot the correction stencils Xp for p = 0, 1, 2 in two dimensions in Fig. 3.
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Figure 3: Correction stencils Xp for d = 2 and p = 0, 1, 2 for anisotropic singular kernel 1/|x⊤Bx|s/2.

Remark 4.1. The stencil above is a simple and convenient choice but not unique. Any alternative
stencil can be used provided that:

1. it is centrally symmetric and contains the origin;

2. the number of independent weights (after enforcing wh
−i = wh

i ) matches the number of even-total-
degree moment constraints, i.e., #X+

p = Nw;

3. the resulting matrix for moment matching is nonsingular.

Now we derive the matrix form of the moment-matching system. The scaling factor remains a(h) =
hd−s by the same homogeneity argument as in Section 2. Order the even-total-degree moment indices
as α1, . . . ,αNw

and the independent stencil nodes in X+
p as β1, . . . ,βNw

with the same ordering. Then
the moment conditions become

Nw∑

k=1

wh
βk

∑

i∈{βk,−βk}

iαj g(ih) =

∫

Rd

g(xh)σB(x)x
αj dx−

∞∑

|i|∞=1

g(ih)σB(i)i
αj := bhj ,

for j = 1, 2, . . . , Nw. As in Section 2, it is convenient to introduce

Ajk :=
∑

i∈{βk,−βk}

iαj , (Gh)jk := g(βkh)δjk, (15)

13



Then the system becomes
AGhwh = bh.

Remark 4.2. It is tempting to reuse the sign-orbit (radial-symmetry) grouping from the isotropic case.
However, once the constraint set includes a multi-index α with |α|1 even but with at least one odd
component, the corresponding row in the coefficient matrix defined as Ajk :=

∑
i∈Gβk

iαj becomes zero

under sign-orbit summation, making the system singular and thus the right-hand side vector no longer
lies in the spanned space of A. This is precisely why we switch to a merely centrally symmetric stencil
in the anisotropic setting.

In practice, for a given choice of stencil Xp, the nonsingularity of the resulting moment matrix A can
be checked directly. Since every entry of A is an integer, det(A) ∈ Z as well, and it can therefore be
computed exactly using integer arithmetic (thus avoiding roundoff issues). Although exact determinant
computation has cost that grows rapidly with the matrix size, this check remains very fast for the
moderate values of p used in practice.

Weight computation. The limiting weights wi = limh→0+ wh
i can be defined by passing to the limit

h → 0+, and the convergence analysis follows similarly to Section 2. Furthermore, the right-hand side
can be evaluated using analytic continuation through a generalized zeta function associated with matrix
B.

Theorem 4.3. For any symmetric positive definite matrix B ∈ Rd×d, define

ZB
α (s) :=

∑

n∈Zd\{0}

nα

(n⊤Bn)s/2
, Re(s) > d+ |α|1,

where |α|1 is an even number. Then ZB
α (s) admits a meromorphic extension to the whole complex plane

with at most a simple pole at s = d+ |α|1. Further, it satisfies the functional equation as

Γ(s/2)

πs/2
ZB
α (s) = |B|− 1

2

(
− 1

4π

) |α|1
2 2Hα(0;B

−1)

s− d− |α|1
− 2δ0,α

s
+

∑

n∈Zd\{0}

nα

∫ ∞

1

e−πtn⊤Bn t
s
2−1dt

+ |B|− 1
2

(
− 1

4π

) |α|1
2 ∑

k∈Zd\{0}

∫ ∞

1

e−πtk⊤B−1kHα(
√
πt k;B−1) t

d+|α|1−s

2 −1dt,

where |B| is the determinant of B and Hα(x;B
−1) is the multivariate Hermite polynomial with covariance

matrix B−1 defined in Definition E.1.

For numerical evaluation, the two lattice series in the functional equation are evaluated by finite sum-
mation. As in the isotropic case, rewriting the integral terms with upper incomplete Gamma functions
reveals exponential decay in the lattice index, and the corresponding tail bound determines a summation
cutoff for a prescribed accuracy. The anisotropic estimate follows the same argument, and the detailed
derivation is given in Section E.

4.2 Extension to parallelotope domain

We now extend the SinCoTrap method to singular integrals over a general parallelotope with the isotropic
kernel σ(x) = 1/|x|s. Let Vpara be a parallelotope defined as

Vpara =
{ d∑

j=1

cjvj | −1 ≤ cj ≤ 1, j = 1, . . . , d
}
, (16)

where {v1, . . . ,vd} are linearly independent vectors in Rd. Introduce a linear transformation x = Ty
such that

[v1, . . . ,vd] = T · a[e1, . . . , ed] = T · aId,
where a > 0 and Id is the d-by-d identity matrix, such a transformation maps the hypercube [−a, a]d to
the parallelotope Vpara. Then we have

∫

Vpara

φ(x)
1

|x|s dx = | det(T )|
∫

[−a,a]d
φ(Ty)

1

|y⊤T⊤Ty|s/2 dy.
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Thus, integration over a parallelotope with an isotropic kernel reduces to the cube integral with anisotropic
kernel 1/|y⊤By|s/2 where B := T⊤T . Conversely, given any symmetric positive definite matrix B, one
may choose T such that B = T⊤T (e.g., Cholesky factorization), to convert the cube integral with
anisotropic kernel to an integral over parallelotope with isotropic kernel. Therefore, the two extensions
are equivalent up to a linear change of variables.

For numerical computation, assume that each coordinate direction of the parallelotope is discretized
with the same number of points 2N + 1 with N ∈ N. We construct the grid on Vpara by mapping the
uniform grid on [−a, a]d through the linear transformation x = Ty. In particular, for yi = ih where
h = a/N , we define the corresponding points in Vpara by xi := Tyi = T (ih). The resulting quadrature
rule is

Qp
para

[
φ · 1

|x|s
]
= | det(T )|

(
hd

∑

0<|i|∞≤N

ci φ(xi)
1

|xi|s
+ hd−s

∑

i∈Xp

wi φ(xi)
)
, (17)

where ci are the standard coefficients of trapezoidal rule and {wi} are the converged SinCoTrap weights
(computed once for the associated matrix B = T⊤T and parameters d, s, p).

4.3 Convergence analysis

Since the two extensions are equivalent via a linear transformation, we only present the convergence
analysis for integral with singular kernel 1/|x⊤Bx|s/2 over the hypercube domain. The results and their
proofs largely parallel to those for the isotropic case, though the anisotropy introduced by the matrix B
entails more intricate notation and computations. Below, we state the main theorems, highlighting the
essential modifications required to accommodate the anisotropic setting.

We begin with the basic cancellation property implied by central symmetry.

Lemma 4.4 (Odd total-degree cancellation). Given multi-index α ∈ Nd with |α|1 being odd, and smooth
radial function g(x) = g(|x|) being compactly supported within V = [−a, a]d, if the correction stencil
Xp and weights {wi} satisfy central symmetry, i.e., i ∈ Xp ⇒ −i ∈ Xp and w−i = wi, then for
σB(x) = |x⊤Bx|−s/2,

I[g · σB · xα] = 0, and Qp
h[g · σB · xα] = 0.

Proof. Define F (x) := g(x)σB(x)x
α. The radiality of g and the central symmetry of σB imply that

g(−x) = g(x) and σB(−x) = σB(x). Moreover, since |α|1 is odd,

(−x)α = (−1)|α|1xα = −xα.

Hence F (−x) = −F (x). Because V is centrally symmetric,

I[g · σB · xα] =

∫

V

F (x) dx =
1

2

∫

V

(
F (x) + F (−x)

)
dx = 0.

For the punctured trapezoidal sum, the index set {i ∈ Z
d : 0 < |i|∞ ≤ N} is centrally symmetric and

c−i = ci, hence terms cancel in pairs:

T 0
h [g · σB · xα] =

hd

2

∑

0<|i|∞≤N

ci

(
F (ih) + F (−ih)

)
= 0.

Likewise, central symmetry of Xp and w−i = wi gives

hd−s
∑

i∈Xp

wi g(ih) (ih)
α =

hd−s

2

∑

i∈Xp

wi

(
g(ih)(ih)α + g(−ih)(−ih)α

)
= 0.

Therefore Qp
h[g · σB · xα] = 0.

Theorem 4.5. Let V = [−a, a]d ⊆ Rd and consider the singular integral

I[φ · σB] =

∫

V

φ(x)σB(x) dx, σB(x) =
1

|x⊤Bx|s/2 , 0 < s < d,

where B ∈ Rd×d is symmetric positive definite and φ is smooth. Assume that either φ is compactly
supported in V or φ · σB is periodic on V and is smooth expect at the singular points. Let Qp

h be the
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singularity corrected trapezoidal rule constructed using the centrally symmetric stencil and the associated
converged weights:

Qp
h[φ · σB ] = T 0

h [φ · σB ] + Cp
h[φ], Cp

h[φ] = hd−s
∑

i∈Xp

wi φ(ih).

Then as h → 0+ we have
I[φ · σB ] = Qp

h[φ · σB] +O(h2p+2+d−s).

Proof. The argument is similar to the proof of Theorem 3.2 after replacing σ(x) = |x|−s by σB(x) =
|x⊤Bx|−s/2. The only change is that the componentwise odd-moment cancellation (Lemma 3.1) is
replaced by the odd total-degree cancellation (Lemma 4.4).

5 Numerical results

This section validates the predicted convergence rate of SinCoTrap on a three-dimensional test from
electronic structure calculations involving the singular kernel σ(x) = 1/|x|2 (d = 3, s = 2), which arises
in the computation of exchange energy. We report the relative error against a high-accuracy reference
value and estimate rates from log–log slopes.

5.1 Example 1: isotropic cube

Consider the following singular integral over a cube domain V = [−2, 2]3:

∫

[−2,2]3
φ(x)

1

|x|2 dx, φ(x) = φ(|x|) =
{
exp( 4

|x|2−1 ), |x| < 1,

0, |x| ≥ 1.

φ(x) is smooth and compactly supported in domain V . Note that the singularity can be canceled by a
spherical transformation, i.e.,

∫

[−2,2]3
φ(x)

1

|x|2 dx = 4π

∫ 1

0

φ(r)dr = 2π

∫ 1

−1

φ(r)dr. (18)

Thus, we compute the reference value by a simple 1D trapezoidal rule with a very fine mesh.
As established in Theorem 3.2, SinCoTrap achieves a convergence rate of O(h2p+3) for d = 3, s = 2.

Our numerical experiments employ correction orders p = 0, 1, 2 for a sequence of mesh sizes h, with
expected convergence rates of O(h3), O(h5), and O(h7), respectively. After imposing the sign symmetry
(4), the corresponding numbers of independent correction weights are Nw = 1, 4, 10 for p = 0, 1, 2,
respectively.

The left panel of Fig. 4 confirms the predicted convergence rates O(h3), O(h5), and O(h7) for
p = 0, 1, 2, respectively, whereas the uncorrected rule is only first-order accurate. These results demon-
strate that SinCoTrap effectively compensates for the singularity and recovers the predicted high-order
convergence using only a few correction weights localized near the singular point.

5.2 Example 2: parallelotope (anisotropic extension)

We consider the parallelotope Vpara in R
3 defined by (16) with generating vectors

v1 =
(
2 0 0

)⊤
, v2 =

(
0 2 0

)⊤
, v3 =

(
0 2 cos π

3 2 sin π
3

)⊤
,

and evaluate the singular integral

∫

Vpara

φ(x)
1

|x|2 dx, φ(x) = φ(|x|) =
{
exp( 4

|x|2−1 ), |x| < 1,

0, |x| ≥ 1,

The support of φ is contained in the unit ball, which lies inside Vpara. Thus, the reference value is
obtained via a spherical transformation as in (18). To discretize the integral and apply the quadrature
rule (17), we introduce the linear transformation x = Ty, where (v1,v2,v3) = T (2I), which maps
the reference cube [−2, 2]3 onto Vpara. We discretize each reference coordinate with 2N + 1 points and

16



parametric step size h = 2
N . Thus, the horizontal axis in the right panel of Fig. 4 represents the spacing

h in the reference coordinates y; the corresponding physical grid increments are T (hej).
For d = 3 and s = 2, Theorem 4.5 predicts an error of order O(h2p+3). We again use p = 0, 1, 2,

for which the expected rates are O(h3), O(h5), and O(h7), respectively. Because the transformed ker-
nel is anisotropic, the moment system includes every multi-index of even total degree up to 2p. The
corresponding numbers of independent correction weights are Nw = 1, 7, 22 for p = 0, 1, 2, respectively.
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(b) Anisotropic kernel (parallelotope case) in 3D.

Figure 4: Convergence rates for SinCoTrap with (left) isotropic and (right) anisotropic singular kernels,
demonstrating the expected O(h2p+3) scaling for p = 0, 1, 2 (here d = 3, s = 2). In the legends, “1st
order,” “2nd order,” and “3rd order” refer to the correction levels p = 0, 1, 2, respectively.

The right panel of Fig. 4 confirms the predicted convergence rates O(h3), O(h5), and O(h7) for
p = 0, 1, 2, respectively, whereas the uncorrected rule is only first-order accurate. Thus, in the anisotropic
setting, SinCoTrap retains its designed high-order convergence using only a few correction weights local-
ized near the singular point.

6 Conclusion and discussion

In this paper, we have developed a locally singularity corrected trapezoidal rule (SinCoTrap) for evalu-
ating singular integrals in arbitrary dimensions, with rigorous theoretical analysis and an efficient com-
putational scheme. Our method preserves the simplicity of the standard trapezoidal rule while achieving
high-order accuracy through local corrections applied in a small neighborhood of the singularity. Both
theoretical proofs and numerical experiments confirm the scheme’s effectiveness, demonstrating signifi-
cantly improved convergence rates. A key insight of this work is the connection between the correction
weights and generalized zeta functions, which elucidates the underlying mathematical structure of the
method.

While our analysis assumes the integrand is either compactly supported or periodic, the quadrature
rule can be applied to more general functions. In such cases, to maintain high-order accuracy, it must
be combined with a boundary correction scheme [10, 16] for the trapezoidal rule.

Several directions for future research emerge from this work. First, extension to more general singu-
lar kernels beyond the power-law form 1/|x|s would broaden the applicability of the method. Second,
investigation of optimal stencil shapes and sizes for specific applications could further improve compu-
tational efficiency. Third, generalization to nearly singular integrals, where the singularity is close to
but not within the integration domain, presents an interesting challenge. Finally, exploring applica-
tions in various scientific and engineering fields, such as computational chemistry, fluid dynamics and
electromagnetics, could demonstrate the practical utility of the proposed quadrature scheme.
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Appendices

This appendix contains the proofs and technical derivations deferred from the main text, including the
convergence order analysis, proofs of the nonsingularity of the moment-matching matrices, properties of
the right-hand sides of the moment-matching system, and a discussion of the generalized zeta functions.

A Preliminaries for the Appendix

For reference, we fix the Fourier transform convention

F [f ](ξ) = f̂(ξ) :=

∫

Rd

f(x) e−2πıx·ξ dx.

We will repeatedly use the Poisson summation formula, which connects lattice sums with Fourier series
and is central to both the error analysis and the analytic continuation of the zeta functions.

Lemma A.1 (Poisson summation [11]). Let f be a function in Schwartz space S(Rd). Then we have

∑

i∈Zd

f(i) =
∑

k∈Zd

f̂(k).

B Proofs for convergence order analysis

Lemma B.1. Given n ∈ N+, define the ℓ∞-shell Sn := {k ∈ Zd : |k|∞ = n}. Then the number of lattice
points in Sn is 2

#Sn = (2n+ 1)d − (2n− 1)d ≤ 2d 3d−1 nd−1.

Proof. The number of lattice points #Sn is the difference of number of lattice points in nested cubes,
i.e.,

#{k ∈ Z
d : |k|∞ ≤ n} = (2n+ 1)d, #{k ∈ Z

d : |k|∞ ≤ n− 1} = (2n− 1)d.

For the upper bound, apply the mean value theorem to f(x) = xd on the interval (2n− 1, 2n+ 1), then
there exists ξ ∈ (2n− 1, 2n+ 1) such that

(2n+ 1)d − (2n− 1)d = 2f ′(ξ) = 2d ξd−1 ≤ 2d(2n+ 1)d−1 ≤ 2d 3d−1 nd−1.

Lemma B.2. For q ∈ N, s ∈ C \ {0}, α ∈ Nd and 0 6= x = (x1, . . . , xd) ∈ Rd, we have

∂q

∂xq
j

(
x2α

|x|s
)

=
1

|x|q+s−2|α|1
Pq,α,j

(
x

|x|

)
, j = 1, . . . , d,

where Pq,α,j(x) is a polynomial with degree degPq,α,j ≤ q + 2|α|1 in variable x. Furthermore, the
coefficients of Pq,α,j(x) depend polynomially on the parameter s.

Proof. Since |x| > 0, for complex s we have |x|−s := exp(−s log |x|), where log |x| is real, so no choice of
complex logarithm branch is involved. Differentiation with respect to the real variable xj therefore gives

∂

∂xj
|x|−s = −sxj |x|−s−2,

which is the same formula as for real s.
We complete the proof by induction on q. For q = 0,

x2α

|x|s =
1

|x|s−2|α|1

(
x

|x|

)2α

, P0,α,j(x) = x2α.

2Given any set A, we use #A to denote the number of elements in A.
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For the inductive step, we assume the result holds for q and differentiate again:

∂q+1

∂xq+1
j

(
x2α

|x|s
)

=
∂

∂xj

(
1

|x|s+q−2|α|1
Pq,α,j

(
x

|x|

))

=
−(s+ q − 2|α|1)
|x|s+q−2|α|1+1

xj

|x| Pq,α,j

(
x

|x|

)

+
1

|x|s+q−2|α|1


P (j)

q,α,j

(
x

|x|

)(
1

|x| −
x2
j

|x|3

)
−
∑

l 6=j

P
(l)
q,α,j

(
x

|x|

)
xjxl

|x|3




:=
1

|x|s+q+1−2|α|1
Pq+1,α,j

(
x

|x|

)
,

where P
(l)
q,α,j(x) =

∂
∂xl

Pq,α,j(x) for l = 1, . . . , d are polynomials with degP
(l)
q,α,j ≤ degPq,α,j − 1, and

Pq+1,α,j(x) := −(s+ q − 2|α|1)xjPq,α,j (x) + P
(j)
q,α,j (x)

(
1− x2

j

)
−
∑

l 6=j

P
(l)
q,α,j (x) xjxl

is a polynomial with degree at most q + 2|α|1 + 1 in variable x = (x1, . . . , xd).

Proof of Lemma 2.3. We begin by introducing a smooth cutoff function η(x) ∈ C∞(Rd) such that

η(x) = η(|x|), η(x) =

{
0, |x| ≤ 1

2 ,

1, |x| ≥ 1.
(19)

Then we rewrite the difference of the integral and summation as:

∫

Rd

g(xh)
x2α

|x|s dx−
∞∑

|i|∞=1

g(ih)
i2α

|i|s

=

∫

|x|≤1

g(xh)
x2α

|x|s (1 − η(x)) dx+



∫

Rd

g(xh)
x2α

|x|s η(x) dx−
∞∑

|i|∞=1

g(ih)
i2α

|i|s η(i)




:= I + II.

Estimate of I. Note that ∂βg(0) = 0 for 1 ≤ |β|1 ≤ 2p+ 1. Moreover, for multi-index |β|1 = 2p+ 2
and constant θ ∈ [0, 1],

∫

|x|≤1

∣∣∣∂
βg(θxh)

β!
(xh)β

x2α

|x|s (1− η(x))
∣∣∣ dx ≤ Ch2p+2

∫

|x|≤1

|x|2|α|1+2p+2−Re(s) dx ≤ Ch2p+2,

where 0 < Re(s) < d+ 2|α|1 guarantees the convergence of the integral. Thus, the Taylor expansion of
g(xh) around x = 0 gives

I =

∫

|x|≤1

g(xh)
x2α

|x|s (1− η(x)) dx = g(0)

∫

|x|≤1

x2α

|x|s (1− η(x)) dx+O(h2p+2).

Estimate of II. Define

fh(x) := g(xh)
x2α

|x|s η(x), (20)

then fh(0) = 0 and fh ∈ C∞
c (Rd) for h > 0. Apply the Poisson summation formula in Lemma A.1 we

obtain

II =

∫

Rd

fh(x) dx−
∞∑

|i|∞=1

fh(i) = f̂h(0)−
∞∑

|i|∞=0

fh(i) = f̂h(0)−
∞∑

|k|∞=0

f̂h(k) = −
∞∑

|k|∞=1

f̂h(k).

Choose integer
q = 2p+ 3 + d+ 2|α|1.
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For each k ∈ Zd \ {0}, let index j = j(k) ∈ argmaxℓ=1,...,d|kℓ| and hence |kj | = |k|∞. Then we have the
following Fourier estimate for h > 0 sufficiently small, proved in Lemma B.3 below:

f̂h(k) = g(0)
W (k)

(2πkj)q
+Rh(k), |Rh(k)| ≤ Ch2p+2 1

|kj |q
, |W (k)| ≤ C.

Furthermore, for n ∈ N+, let Sn := {k ∈ Zd : |k|∞ = n}, by Lemma B.1 the number of elements in Sn

satisfies #Sn ≤ Cdn
d−1 for some constant Cd > 0 depending only on the dimension d. Thus, whenever

q > d, we have
∞∑

|k|∞=1

1

|kj |q
=

∞∑

n=1

∑

k∈Sn

1

nq
≤ Cd

∞∑

n=1

1

nq−d+1
< ∞.

Therefore,

II = −
∞∑

|k|∞=1

f̂h(k) = −g(0)

∞∑

|k|∞=1

W (k)

(2πkj)q
+O(h2p+2).

Conclusion. Combining the estimates for I and II yields

I + II = g(0)bα(s) +O(h2p+2), bα(s) :=

∫

|x|≤1

x2α

|x|s (1− η(x)) dx−
∞∑

|k|∞=1

W (k)

(2πkj)q
.

Lemma B.3. Let p ∈ N, α ∈ Nd with 0 ≤ |α|1 ≤ p, and s ∈ C with 0 < Re(s) < d + 2|α|1. Assume
that g ∈ C∞

c (Rd) satisfies
∂βg(0) = 0, 1 ≤ |β|1 ≤ 2p+ 1.

Let η be the cutoff function defined in (19), and let q ∈ N satisfy q ≥ 2p + 3 + d + 2|α|1. For each
k ∈ Zd \ {0}, choose any index j = j(k) in argmaxℓ=1,...,d|kℓ|, so that |kj | = |k|∞, and define

W (k) := (−ı)q
∫

Rd

∂q
j

(
x2α

|x|s η(x)
)
e−2πık·x dx.

Then there exists a constant C > 0, independent of h and k, such that |W (k)| ≤ C and, for all sufficiently
small h > 0, the function fh defined in (20) satisfies

f̂h(k) = g(0)
W (k)

(2πkj)q
+Rh(k), |Rh(k)| ≤ Ch2p+2 1

|kj |q
.

Proof. Since fh ∈ C∞
c (Rd), after integration by parts q times in the xj variable we have

f̂h(k) =

∫

Rd

fh(x) e
−2πık·x dx =

(
1

2πıkj

)q ∫

Rd

∂q
j

(
g(xh)

x2α

|x|s η(x)
)
e−2πık·x dx.

Bound of W (k). By definition of W (k), note that η(x) = 0 for |x| ≤ 1
2 and η(x) = 1 for |x| ≥ 1, we

have

|W (k)| ≤
∫

Rd

∣∣∣∣∂
q
j

(
x2α

|x|s η(x)
)∣∣∣∣ dx ≤

∫

1
2≤|x|≤1

∣∣∣∣∂
q
j

(
x2α

|x|s η(x)
)∣∣∣∣ dx+

∫

|x|≥1

∣∣∣∣∂
q
j

(
x2α

|x|s
)∣∣∣∣ dx.

On the annulus { 1
2 ≤ |x| ≤ 1}, the integrand is smooth and hence integrable. For |x| ≥ 1, Lemma B.2

and the boundedness of Pq,α,j on the unit sphere imply

∣∣∣∣∂
q
j

(
x2α

|x|s
)∣∣∣∣ ≤ C|x|−q−Re(s)+2|α|1 , |x| ≥ 1.

Here C is chosen independently of j, since j ∈ {1, . . . , d}. Consequently,
∫

|x|≥1

∣∣∣∣∂
q
j

(
x2α

|x|s
)∣∣∣∣ dx ≤ C

∫ ∞

1

r−q−Re(s)+2|α|1+d−1 dr < ∞,

because q +Re(s) > d+ 2|α|1. Thus we have |W (k)| ≤ C.

20



Estimate of the remainder Rh(k). Define

∆h(x) :=
(
g(hx)− g(0)

)
η(x)

x2α

|x|s .

Then

f̂h(k)− g(0)
W (k)

(2πkj)q
=

(
1

2πıkj

)q ∫

Rd

∂q
j∆h(x) e

−2πık·x dx =: Rh(k),

and hence
|Rh(k)| ≤ (2π)−q|kj |−q ‖∂q

j∆h‖L1(Rd).

It remains to show ‖∂q
j∆h‖L1(Rd) ≤ Ch2p+2. Since η(x) = 0 for |x| ≤ 1/2, we only integrate over |x| ≥

1/2. Furthermore, fix R > 0 such that supp(g(x)) ⊂ {x : |x| < R}, so supp(g(hx)) ⊂ {x : |x| < R/h}.
By Leibniz’ rule,

∂q
j∆h(x) =

q∑

m=0

(
q

m

)
∂m
j

(
g(hx)− g(0)

)
∂ q−m
j

(
η(x)

x2α

|x|s
)
.

We prove ‖∂q
j∆h‖L1(Rd) ≤ Ch2p+2 in three steps. We first give bounds for ∂m

j (g(hx) − g(0)) and

∂q−m
j

(
η(x)x2α/|x|s

)
, then combine these bounds to obtain the L1 estimate of ∂q

j∆h.

Step 1: bounds for ∂m
j (g(hx)− g(0)). Let m ∈ {0, 1, . . . , q}. Since ∂βg(0) = 0 for 1 ≤ |β|1 ≤ 2p+1,

Taylor’s theorem gives, for m = 0, we have |g(hx)− g(0)| ≤ C(h|x|)2p+2; for m = 1, . . . , 2p+ 1, we have

∣∣∂m
j

(
g(hx)− g(0)

)∣∣ = hm|(∂m
j g)(hx)− (∂m

j g)(0)| ≤ Chm(h|x|)2p+2−m = Ch2p+2|x|2p+2−m.

Further, for 2p+ 2 ≤ m ≤ q, the uniform boundedness of ∂m
j g and the chain rule give

∣∣∂m
j

(
g(hx)− g(0)

)∣∣ = hm|(∂m
j g)(hx)| ≤ Chm.

Note that on the region {|x| ≤ R/h}, h|x| ≤ R implies

hm = h2p+2(h|x|)m−(2p+2)|x|2p+2−m ≤ CRh
2p+2|x|2p+2−m.

Therefore, we conclude that for all m = 0, 1, . . . , q,

∣∣∂m
j

(
g(hx)− g(0)

)∣∣ ≤ Ch2p+2|x|2p+2−m,
1

2
≤ |x| ≤ R/h.

Step 2: bounds for ∂q−m
j

(
η(x)x2α/|x|s

)
. For |x| ≥ 1, we have η(x) = 1 and thus Lemma B.2,

together with the boundedness of Pq−m,α,j on the unit sphere, gives

∣∣∣∣∂
q−m
j

(
η(x)

x2α

|x|s
)∣∣∣∣ =

∣∣∣∣∂
q−m
j

(
x2α

|x|s
)∣∣∣∣ ≤ C|x|2|α|1−Re(s)−(q−m), |x| ≥ 1,

where C is chosen uniformly for m ∈ {0, . . . , q} and j ∈ {1, . . . , d}. On the annulus {1/2 ≤ |x| ≤ 1}, the
function η(x)x2α/|x|s is smooth and the integral domain is bounded, hence

∣∣∣∣∂
q−m
j

(
η(x)

x2α

|x|s
)∣∣∣∣ ≤ C ≤ C|x|2|α|1−Re(s)−(q−m),

1

2
≤ |x| ≤ 1.

Therefore, we obtain the uniform bound for ∂q−m
j

(
η(x)x2α/|x|s

)
over |x| ≥ 1/2.

Step 3: L1 estimate of ∂q
j∆h. For h > 0 sufficiently small, we have R/h > 1. Using Steps 1, 2 and

splitting Rd into { 1
2 ≤ |x| ≤ R/h} and {|x| ≥ R/h}, we obtain

∥∥∂q
j∆h

∥∥
L1(Rd)

=

(∫

1
2≤|x|≤R/h

+

∫

|x|≥R/h

)
∣∣∂q

j∆h(x)
∣∣ dx := T1 + T2.

21



For the first part, we have

T1 =

∫

1
2≤|x|≤R/h

∣∣∣
q∑

m=0

(
q

m

)
∂m
j

(
g(hx)− g(0)

)
∂ q−m
j

(
η(x)

x2α

|x|s
) ∣∣∣ dx

≤ Ch2p+2

q∑

m=0

(
q

m

)∫

1
2≤|x|≤R/h

|x|2p+2−m |x|2|α|1−Re(s)−(q−m)dx

≤ Ch2p+2

∫ R/h

1
2

r2p+2+2|α|1−Re(s)−q+d−1 dr ≤ Ch2p+2,

where the last inequality uses q ≥ 2p+ 3+ d+ 2|α|1, so the exponent of r is at most −2−Re(s) < −2.
For T2, note that g(hx) = 0 when |x| ≥ R/h, hence ∆h(x) = −g(0)η(x)x2α/|x|s there, and since

η(x) = 1 for |x| ≥ 1 and R/h > 1 for h > 0 sufficiently small,

T2 = |g(0)|
∫

|x|≥R/h

∣∣∣∣∂
q
j

(
x2α

|x|s
)∣∣∣∣dx ≤ C

∫ ∞

R/h

r−q−Re(s)+2|α|1+d−1 dr ≤ Ch2p+2.

Therefore ‖∂q
j∆h‖L1(Rd) ≤ Ch2p+2, which completes the proof.

C Proofs of non-singularity of moment-matching matrix

Proof of Lemma 2.2. Recall that

Ajk =
∑

i∈Gβk

i2αj .

Since the exponents are even, i2αj is constant on the sign-orbit Gβk
, hence

Ajk = c(βk)β
2αj

k , c(β) := #Gβ = 2r(β), r(β) := #{ℓ : βℓ 6= 0}.

Therefore A = MD, where D = diag(c(βk)) has strictly positive diagonal entries and

Mjk = β
2αj

k .

Since D is invertible, it suffices to show that M is nonsingular.
For m ∈ N, define the even 1D polynomials

qm(x) :=

m−1∏

r=0

(x2 − r2) = x2(x2 − 12) · · · (x2 − (m− 1)2), q0(x) := 1.

and for γ ∈ Nd define the tensor-product polynomials

Qγ(x) :=

d∏

ℓ=1

qγℓ
(xℓ) =

d∏

ℓ=1

γℓ−1∏

r=0

(x2
ℓ − r2).

For β ∈ Nd, we have Qγ(β) = 0 whenever βℓ < γℓ for some ℓ (since then the factor with r = βℓ appears
and vanishes). In particular,

Qγ(β) = 0 unless γ ≤ β,

where γ ≤ β means componentwise inequality. Moreover, for |β|1 > 0,

Qβ(β) =

d∏

ℓ=1

βℓ−1∏

r=0

(β2
ℓ − r2) 6= 0, and Q0(0) = 1.

Order the index set {γ ∈ Nd : 0 ≤ |γ|1 ≤ p} by any linear extension of the partial order γ ≤ β

(componentwise). Then the evaluation matrix

Eγ,β := Qγ(β)

is upper triangular with nonzero diagonal, hence E is invertible.
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Now we express Qγ(x) in the monomial basis. Since qm(x) is an even polynomial of degree 2m with
leading coefficient 1, it admits an expansion

qm(x) =

m∑

r=0

lm,r x
2r, lm,m = 1.

Consequently, for every γ ∈ Nd we can expand the tensor product as

Qγ(x) =

d∏

ℓ=1

( γℓ∑

r=0

lγℓ,r x
2r
ℓ

)
=
∑

δ≤γ

Lγ,δ x
2δ, Lγ,δ :=

d∏

ℓ=1

lγℓ,δℓ .

Specifically, we have Lγ,γ = 1. Furthermore, we extend this notation by setting Lγ,δ = 0 whenever
δℓ > γℓ for at least one component ℓ. Under the same ordering for {γ ∈ Nd : 0 ≤ |γ|1 ≤ p} as above, the
matrix L = [Lγ,δ] is lower triangular with ones on the diagonal, hence invertible.

Evaluating the expansion at x = β yields

Qγ(β) =
∑

δ≤γ

Lγ,δ β
2δ.

Stacking these identities for all γ,β gives the matrix relation

E = LM.

Since E and L are invertible, then M is invertible. Therefore A = MD is invertible as well.

D Proofs for right-hand side of moment-matching system

We first introduce a lemma to verify the holomorphicity of an integral with respect to a complex param-
eter.

Lemma D.1 (Holomorphic parameter integral). Let U ⊂ Rd be measurable and let Ω ⊂ C be open.
Suppose F : Ω× U → C is jointly measurable and satisfies:

(1) For each fixed x ∈ U , the map z 7→ F (z,x) is holomorphic on Ω.

(2) For every compact set K ⊂ Ω, there exists MK ∈ L1(U) such that |F (z,x)| ≤ MK(x) for all z ∈ K
and x ∈ U .

Define

f(z) :=

∫

U

F (z,x) dx, z ∈ Ω.

Then f is holomorphic on Ω.

Proof. By dominated convergence, f is continuous on Ω. Let T be any triangle whose closure T is
contained in Ω. By assumption (2), there exists M ∈ L1(U) such that |F (z,x)| ≤ M(x) for z ∈ T .
Hence Fubini’s theorem and Cauchy’s theorem give

∫

∂T

f(z) dz =

∫

U

(∫

∂T

F (z,x) dz

)
dx = 0.

Thus f is holomorphic by Morera’s theorem.

Proof of Lemma 2.7. Recall that in the proof of Lemma 2.3 we obtained

bα(s) = lim
N→∞



∫

Rd

g(x
a

N
)
x2α

|x|s dx−
∞∑

|i|∞=1

g(i
a

N
)
i2α

|i|s




=

∫

|x|≤1

x2α

|x|s (1 − η(x)) dx−
∞∑

|k|∞=1

W (k; s)

(2πkj)q
=: b(1)α (s)− b(2)α (s), s ∈ D1,
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where j = j(k) ∈ argmaxℓ=1,...,d|kℓ| and q = 2p+3+ d+2|α|1 are chosen as in the proof of Lemma 2.3.

We show that both b
(1)
α and b

(2)
α are holomorphic on D1 = {s ∈ C : 0 < Re(s) < d+ 2|α|1}.

For the first term b
(1)
α (s), we split the integral as

b(1)α (s) =

∫

1
2≤|x|≤1

x2α

|x|s (1 − η(x)) dx+

∫

|x|≤ 1
2

x2α

|x|s dx =: J1(s) + J2(s).

For J1, the integrand is holomorphic in s for each x in the integration domain, and is uniformly bounded
on compact subsets ofD1. Thus, by Lemma D.1, J1 is holomorphic onD1. For J2, using polar coordinates
x = rω with ω ∈ Sd−1,

J2(s) =

∫

Sd−1

ω2α dS(ω)

∫ 1/2

0

r2|α|1−s+d−1 dr =

(∫

Sd−1

ω2α dS(ω)

)
2 s−d−2|α|1

d+ 2|α|1 − s
.

Since D1 excludes s = d + 2|α|1, the right-hand side is holomorphic on D1. Hence b
(1)
α is holomorphic

on D1.
For the second term b

(2)
α , fix an arbitrary compact set K ⊂ D1 and set σK := mins∈K Re(s) > 0. For

each fixed k 6= 0,

W (k; s) = (−ı)q
∫

Rd

∂q
j

(
x2α

|x|s η(x)
)
e−2πık·x dx

= (−ı)q
∫

1
2≤|x|≤1

∂q
j

(
x2α

|x|s η(x)
)
e−2πık·x dx+ (−ı)q

∫

|x|≥1

∂q
j

(
x2α

|x|s
)
e−2πık·x dx.

The integrand is holomorphic in s for each fixed x. On the annulus {1/2 ≤ |x| ≤ 1}, it is bounded
uniformly for s ∈ K. On {|x| ≥ 1}, Lemma B.2 gives, uniformly for s ∈ K,

∣∣∣∣∂
q
j

(
x2α

|x|s
)∣∣∣∣ ≤ CK |x|−q−Re(s)+2|α|1 ≤ CK |x|−q−σK+2|α|1 .

This majorant is integrable because q+σK > d+2|α|1. Since K ⊂ D1 was arbitrary, Lemma D.1 shows
that W (k; ·) is holomorphic on D1. Moreover, the estimates for the integrands in W (k; s) are uniform
in k. Thus,

sup
s∈K

∣∣∣∣
W (k; s)

(2πkj)q

∣∣∣∣ ≤
CK

|kj |q
, k ∈ Z

d \ {0},

where CK is a constant independent of k. Since |kj | = |k|∞, Lemma B.1 and q > d imply

∞∑

|k|∞=1

|kj |−q ≤ Cd

∞∑

n=1

nd−1−q < ∞.

The Weierstrass M-test therefore gives uniform convergence of the series defining b
(2)
α on every compact

K ⊂ D1. By the Weierstrass theorem, b
(2)
α is holomorphic on D1.

Next we give two lemmas analyzing the regular and singular parts of bα(s) respectively.

Lemma D.2. Let p ∈ N. Assume that g ∈ C∞
c (Rd) satisfies supp(g) ⊂ [−a, a]d and

g(x) = g(|x|), ∂βg(0) = 0, for 1 ≤ |β|1 ≤ 2p+ 1.

Given multi-index α ∈ Nd such that 0 ≤ |α|1 ≤ p, define for N ∈ N+

IN (s) :=

∫

1
2≤|x|∞≤N+ 1

2

g
(
x
a

N

) x2α

|x|s dx−
N∑

|i|∞=1

g
(
i
a

N

) i2α

|i|s .

Then for every s with Re(s) > d+ 2|α|1 − 2 the limit

I(s) := lim
N→∞

IN (s)

exists and defines a holomorphic function on D := {s ∈ C : Re(s) > d+ 2|α|1 − 2}.
Proof. We first show {IN} is locally bounded on domain D via a shell decomposition and uniform Taylor
estimates. This local boundedness, together with pointwise convergence on Re(s) > d + 2|α|1, implies
the limit I(s) exists and is holomorphic on D by Vitali-Porter theorem [20].
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Shell decomposition and local Taylor expansion. For each N , decompose the integral into shells
and shift each shell to the cube {|x|∞ ≤ 1/2}:

∫

1
2≤|x|∞≤N+ 1

2

g
(
x
a

N

) x2α

|x|s dx =

N∑

n=1

∫

n− 1
2≤|x|∞≤n+ 1

2

g
(
x
a

N

) x2α

|x|s dx

=

N∑

n=1

∑

|i|∞=n

∫

|x|∞≤ 1
2

g
(
(x+ i)

a

N

) (x+ i)2α

|x+ i|s dx.

Hence we can write

IN (s) =

N∑

n=1

δn,N (s),

where

δn,N (s) :=
∑

|i|∞=n

∫

|x|∞≤ 1
2

[
g
(
(x+ i)

a

N

) (x+ i)2α

|x+ i|s − g
(
i
a

N

) i2α

|i|s
]
dx.

For any fixed N , define

fN(x; s) := g
(
x
a

N

) x2α

|x|s .

Taylor’s theorem with integral remainder gives, for |x|∞ ≤ 1/2,

fN(x+ i; s)− fN (i; s) =

d∑

j=1

∂xj
fN (i; s)xj +

d∑

j,k=1

xjxk

∫ 1

0

(1− t)∂2
xjxk

fN (i+ tx; s) dt. (21)

Local boundedness of {IN} on D. Now we show that {IN} is uniformly bounded on any compact
subset of D. Fix an arbitrary compact set K ⊂ D and set

σK := min
s∈K

Re(s) > d+ 2|α|1 − 2.

According to Lemma B.2, for j, k = 1, . . . , d, we have

∂fN
∂xj

(x; s) = (∂jg)
(
x
a

N

) a

N
· x

2α

|x|s + g
(
x
a

N

)
· 1

|x|1+s−2|α|1
P1,α,j

(
x

|x|

)
,

and

∂2fN
∂xj∂xk

(x; s) = (∂2
jkg)

(
x
a

N

)
(
a

N
)2 · x

2α

|x|s

+
a

N

1

|x|1+s−2|α|1

[
(∂jg)

(
x
a

N

)
P1,α,k

(
x

|x|

)
+ (∂kg)

(
x
a

N

)
P1,α,j

(
x

|x|

)]

− g
(
x
a

N

)
· 1 + s− 2|α|1
|x|2+s−2|α|1

xk

|x| · P1,α,j

(
x

|x|

)

+ g
(
x
a

N

)
· 1

|x|2+s−2|α|1


(∂kP1,α,j)

(
x

|x|

)
(1 − x2

k

|x|2 )−
∑

ℓ 6=k

(∂ℓP1,α,j)

(
x

|x|

)
xℓxk

|x|2


 ,

where P1,α,j(x) is a polynomial of x.
Given |i|∞ ≤ N , let n = |i|∞, then for |x|∞ ≤ 1/2, using n ≤ N it follows that

max
j,k

sup
|x|∞≤1/2

∣∣∣∂2
xjxk

fN (x+ i; s)
∣∣∣ ≤ CK n2|α|1−Re(s)−2 ≤ CK n2|α|1−σK−2.

Since xj is odd and the domain is centrally symmetric, the first order term in (21) integrates to 0 over
{|x|∞ ≤ 1/2}. Consequently, the Hessian estimate above gives

∣∣∣∣∣

∫

|x|∞≤ 1
2

[fN (i+ x; s)− fN(i; s)] dx

∣∣∣∣∣ ≤ CK n2|α|1−σK−2.
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Summing over the shell {i ∈ Zd : |i|∞ = n} and using #{i : |i|∞ = n} ≤ Cdn
d−1 by Lemma B.1 gives

sup
s∈K

|δn,N (s)| ≤ CK nd+2|α|1−σK−3, 1 ≤ n ≤ N. (22)

Combining IN (s) =
∑N

n=1 δn,N (s) with (22) gives

sup
N∈N+

sup
s∈K

|IN (s)| ≤
∞∑

n=1

sup
N≥n

sup
s∈K

|δn,N (s)| ≤ CK

∞∑

n=1

nd+2|α|1−σK−3 < ∞,

where the last series converges since σK > d+ 2|α|1 − 2.

Holomorphicity of the limit. For each fixed N , the map s 7→ IN (s) is holomorphic on D by
Lemma D.1. If Re(s) > d+ 2|α|1, then |x|2|α|1−Re(s) is integrable on {|x|∞ ≥ 1/2} and summable over
Zd \ {0}. Since supp(g) ⊂ [−a, a]d, we have g(ai/N) = 0 whenever |i|∞ > N . Note that g is bounded
and g(ax/N) → g(0) pointwise, dominated convergence with respect to Lebesgue and counting measure
gives

lim
N→∞

IN (s) = g(0)



∫

|x|∞≥1/2

x2α

|x|s dx−
∞∑

|i|∞=1

i2α

|i|s


 .

Thus IN converges pointwise on the nonempty open subset {Re(s) > d + 2|α|1} of D. Since {IN} is
locally bounded on D, Vitali-Porter theorem implies that IN → I uniformly on compact subsets of D,
and the limit I(s) is holomorphic on D.

Lemma D.3. Let p ∈ N. Assume that g ∈ C∞
c (Rd) satisfies supp(g) ⊂ [−a, a]d and

g(x) = g(|x|), ∂βg(0) = 0, for 1 ≤ |β|1 ≤ 2p+ 1.

Given multi-index α ∈ Nd such that 0 ≤ |α|1 ≤ p, denote

D1 = {s ∈ C : 0 < Re(s) < d+ 2|α|1} ,
D2 = {s ∈ C : d+ 2|α|1 ≤ Re(s) < d+ 2|α|1 + 1, s 6= d+ 2|α|1} ,

whose union Ωα := D1 ∪D2 is connected and open. Then for h > 0 and t > 0,

AD2

D1

[∫

|x|∞≤t

g(xh)
x2α

|x|s dx

]
(s) =

∫

|x|≥t, |x|∞≤t

g(xh)
x2α

|x|s dx

+

∫

Sd−1

ω2αdS(ω)

[∫ t

0

(g(rh)− g(0)) rd+2|α|1−1−s dr + g(0)
td+2|α|1−s

d+ 2|α|1 − s

]
. (23)

Furthermore, the limit h → 0+ commutes with analytic continuation in the sense that

lim
h→0+

AD2

D1

[∫

|x|∞≤t

g(xh)
x2α

|x|s dx

]
(s) = AD2

D1

[
lim

h→0+

∫

|x|∞≤t

g(xh)
x2α

|x|s dx

]
(s).

Proof. We begin by splitting the cube into the ball plus the remaining corner region:

∫

|x|∞≤t

g(xh)
x2α

|x|s dx =

∫

|x|≤t

g(xh)
x2α

|x|s dx+

∫

|x|≥t, |x|∞≤t

g(xh)
x2α

|x|s dx,

where the second term is an entire function in s by Lemma D.1. For the first term, using polar coordinates
x = rω with ω ∈ Sd−1 and radiality g(x) = g(|x|) we have

∫

|x|≤t

g(xh)
x2α

|x|s dx =

∫

Sd−1

ω2α dS(ω)

∫ t

0

g(rh) rd+2|α|1−1−s dr.

Thus, the integral converges and is analytic for Re(s) < d+2|α|1. We then rewrite the radial integral as

∫ t

0

g(rh)rd+2|α|1−1−s dr =

∫ t

0

(
g(rh)− g(0)

)
rd+2|α|1−1−s dr + g(0)

td+2|α|1−s

d+ 2|α|1 − s
. (24)
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The second term in (24) is meromorphic in s with a simple pole at s = d+2|α|1, and hence is holomorphic
on Ωα. For the first term, Taylor’s theorem gives

|g(rh) − g(0)| ≤ C(rh)2p+2.

If K ⊂ Ωα is compact and σK := maxs∈K Re(s), then the integrand in the first term of (24) is bounded
near r = 0 by CKrd+2|α|1+2p+1−σK , which is integrable because σK < d + 2|α|1 + 1. Thus Lemma D.1
shows that the first term is holomorphic on Ωα as well. Consequently, the right-hand side of (23) defines
a holomorphic function on Ωα that agrees with the original integral on D1. Its restriction to D2 is
therefore the stated analytic continuation.

Next we verify the interchange of orders of limit with h and analytic continuation operator. By
applying Lebesgue’s dominated convergence theorem to the right-hand side of (23), we have

lim
h→0+

AD2

D1

[∫

|x|∞≤t

g(xh)
x2α

|x|s dx

]
(s)

=

∫

|x|≥t, |x|∞≤t

g(0)
x2α

|x|s dx+

∫

Sd−1

ω2αdS(ω)

[
g(0)

td+2|α|1−s

d+ 2|α|1 − s

]
.

On the other hand, for fixed s ∈ D1, the dominated convergence theorem gives

lim
h→0+

∫

|x|∞≤t

g(xh)
x2α

|x|s dx =

∫

|x|∞≤t

g(0)
x2α

|x|s dx. (25)

Applying the same ball–corner decomposition, the analytic continuation of (25) to D2 is

∫

|x|≥t, |x|∞≤t

g(0)
x2α

|x|s dx+

∫

Sd−1

ω2αdS(ω)

[
g(0)

td+2|α|1−s

d+ 2|α|1 − s

]
.

Therefore, by comparing these two expressions we complete the proof of the lemma.

Proof of Lemma 2.8. Since supp(g) ⊂ [−a, a]d, we restrict the integral in uD1

N (s) to {|x|∞ ≤ N + 1
2} as

uD1

N (s) =

∫

Rd

g(x
a

N
)
x2α

|x|s dx =

∫

|x|∞≤N+ 1
2

g(x
a

N
)
x2α

|x|s dx.

To perform analytic continuation from D1 to D2, we decompose the difference
[
uD1

N − vD1

N

]
(s) into

regular and singular parts as,

uD1

N − vD1

N =

∫

|x|∞≤N+ 1
2

g(x
a

N
)
x2α

|x|s dx−
N∑

|i|∞=1

g(i
a

N
)
i2α

|i|s

=



∫

1
2≤|x|∞≤N+ 1

2

g(x
a

N
)
x2α

|x|s dx−
N∑

|i|∞=1

g(i
a

N
)
i2α

|i|s


+

∫

|x|∞≤ 1
2

g(x
a

N
)
x2α

|x|s dx

:= IN (s) + JD1

N (s).

For the singular part, JD1

N (s) is initially defined for s ∈ D1. After applying Lemma D.3 with h = a/N

and t = 1/2, JD1

N (s) and limN→∞ JD1

N (s) possess analytic continuation over D1∪D2 and we further have

lim
N→∞

AD2

D1

[
JD1

N

]
(s) = AD2

D1

[
lim

N→∞
JD1

N

]
(s).

For the regular part, IN (s) is analytic on D1 ∪D2, and by Lemma D.2, the limit I(s) := limN→∞ IN (s)
is analytic on D = {s ∈ C : Re(s) > d+ 2|α|1 − 2}. Introduce the overlap strip between D1 and D as

D0 := {s ∈ C : d+ 2|α|1 − 1 < Re(s) < d+ 2|α|1} ⊂ (D ∩D1).

Then the analyticity of IN (s) and I(s) over D0 ∪D2 gives

lim
N→∞

AD2

D0

[
ID0

N

]
(s) = lim

N→∞
ID2

N (s) = ID2(s) = AD2

D0

[
ID0

]
(s) = AD2

D0

[
lim

N→∞
ID0

N

]
(s).
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Re(s)

Im(s)

D1 D2

D0

D

0 sα − 2 sα − 1 sα

sα + 1

Figure 5: Schematic domains used in the proof of Lemma 2.8. Here sα = d+ 2|α|1, D1 = {0 < Re(s) <
sα}, D2 = {sα ≤ Re(s) < sα + 1} \ {sα}, D0 = {sα − 1 < Re(s) < sα}, and D = {Re(s) > sα − 2}.
Horizontal lengths are schematic. To keep overlapping colors distinguishable, the shading is split across
the real axis; each domain itself is a full vertical strip extending into both half-planes.

The relative positions of the four domains used in this argument are summarized in Fig. 5.
Combine the two results, since D0 ⊂ D1, ID0

N (s) + JD0

N (s) and limN→∞ ID0

N (s) + JD0

N (s) possess
analytic continuation over D0 ∪D2. Finally, by the identity theorem of analytic function on connected
open sets, we have

AD2

D1

[
lim

N→∞

(
uD1

N − vD1

N

)]
(s) = AD2

D0

[
lim

N→∞

(
ID0

N + JD0

N

)]
(s) = lim

N→∞
AD2

D0

[
ID0

N + JD0

N

]
(s)

= lim
N→∞

(
AD2

D1

[
uD1

N − vD1

N

]
(s)
)
.

Proof of Lemma 2.9. Since g is compactly supported in [−a, a]d, by changing variables y = (a/N)x we
have

uD1

N (s) =

∫

|x|∞≤N

g
(
x
a

N

) x2α

|x|s dx =

(
N

a

)d+2|α|1−s ∫

|y|∞≤a

g(y)
y2α

|y|s dy.

The prefactor is entire in s, and by Lemma D.3 the analytic continuation of the y-integral to D3 exists
and does not depend on N . Since s ∈ D3 implies Re(s) > d+ 2|α|1, we obtain

lim
N→∞

AD3

D1
[uD1

N ](s) = lim
N→∞

(
N

a

)d+2|α|1−s

AD3

D1

[∫

|y|∞≤a

g(y)
y2α

|y|s dy
]
(s) = 0.

For vD1

N (s) =
∑N

|i|∞=1 g(ia/N) i2α/|i|s, analytic continuation does not change it because it is a finite

sum. Moreover, for s ∈ D3 the series
∑∞

|i|∞=1 |i|2|α|1−Re(s) converges, so dominated convergence yields

lim
N→∞

AD3

D1
[vD1

N ](s) = lim
N→∞

N∑

|i|∞=1

g(i
a

N
)
i2α

|i|s = lim
N→∞

∞∑

|i|∞=1

g(i
a

N
)
i2α

|i|s =

∞∑

|i|∞=1

i2α

|i|s ,

since g(ia/N) → g(0) = 1 for each fixed i. Combining the two limits gives

bD3
α (s) = lim

N→∞

(
AD3

D1
[uD1

N ](s)−AD3

D1
[vD1

N ](s)
)
= −

∞∑

|i|∞=1

i2α

|i|s , s ∈ D3,

as claimed.

E Proofs for generalized zeta function

We first introduce the multivariate Hermite polynomials.
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Definition E.1 (Multivariate Hermite polynomials). Let A ∈ Rd×d be symmetric, the multivariate
Hermite polynomial Hα(x;A) for multi-index α ∈ Nd is defined as

Hα(x;A) := (−1)|α|1ex
⊤Ax ∂α

x

(
e−x⊤Ax

)
, x ∈ R

d. (26)

In particular, H0(x;A) = 1 for α = 0; Hej
(x;A) = 2(Ax)j for the standard unit vector ej. When

A = Id, we write Hα(x) = Hα(x; Id).

The following recursion provides an efficient way to compute Hα(x;A).

Lemma E.2. Given multi-index α ∈ Nd and j ∈ {1, . . . , d}, the multivariate Hermite polynomials with
symmetric matrix A defined in Definition E.1 satisfy the following recursion relation,

Hα+ej
(x;A) = 2(Ax)jHα(x;A)− ∂xj

Hα(x;A)

= 2(Ax)jHα(x;A)−
d∑

k=1

2AjkαkHα−ek
(x;A),

(27)

where we adopt the convention Hγ(x;A) ≡ 0 if any component of γ is negative.

Proof. By Taylor’s formula and Definition E.1, the generating function is

∑

α∈Nd

Hα(x;A)
tα

α!
= ex

⊤Axe−(x−t)⊤A(x−t) = e2t
⊤Ax−t⊤At.

Differentiating with respect to tj gives

∑

α∈Nd

Hα+ej
(x;A)

tα

α!
= (2(Ax)j − 2(At)j)

∑

α∈Nd

Hα(x;A)
tα

α!
.

Comparing the coefficient of tα/α! yields

Hα+ej
(x;A) = 2(Ax)jHα(x;A)−

d∑

k=1

2AjkαkHα−ek
(x;A).

On the other hand, differentiating the same generating function with respect to xj gives

∑

α∈Nd

∂xj
Hα(x;A)

tα

α!
= 2(At)j

∑

α∈Nd

Hα(x;A)
tα

α!
.

Comparing coefficients again gives ∂xj
Hα(x;A) =

∑d
k=1 2AjkαkHα−ek

(x;A), which is exactly (27).

Corollary E.3. Let A ∈ Rd×d be symmetric, c > 0, and α ∈ Nd. Then

∂α
x e−cx⊤Ax = (−1)|α|1c|α|1/2 Hα(

√
cx;A) e−cx⊤Ax.

Now we are ready to prove Theorem 2.11.

Proof of Theorem 2.11. Firstly, note that for λ > 0 and Re(s) > 0 one has

1

λs
=

1

Γ(s)

∫ ∞

0

e−λxxs−1 dx.

Then for Re(s) > d+ 2|α|1, we have

Z2α(s) =
∑

n∈Zd\{0}

n2α

|n|s =

∞∑

|n|∞=1

n2α πs/2

Γ(s/2)

∫ ∞

0

e−|n|2πt t
s
2−1 dt.

Then we split the integral at t = 1 and change variables t 7→ 1/t on (0, 1) as

Γ(s/2)

πs/2
Z2α(s) =

∞∑

|n|∞=1

n2α

(∫ ∞

1

e−|n|2πt t
s
2−1 dt+

∫ 1

0

e−|n|2πt t
s
2−1 dt

)

=

∞∑

|n|∞=1

n2α

∫ ∞

1

e−|n|2πt t
s
2−1 dt+

∫ ∞

1

∞∑

|n|∞=1

n2αe−
π
t
|n|2

(
1

t

) s
2+1

dt
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with the interchange of summation and integral justified by the absolute convergence when Re(s) >
d+ 2|α|1. Further, for the second term, by introducing the Kronecker δ notation we have

∫ ∞

1

∞∑

|n|∞=1

n2αe−
π
t
|n|2

(
1

t

) s
2+1

dt =

∫ ∞

1

∑

n∈Zd

n2αe−
π
t
|n|2

(
1

t

) s
2+1

dt− δ0,α

∫ ∞

1

(
1

t

) s
2+1

dt

=

∫ ∞

1

∑

n∈Zd

n2αe−
π
t
|n|2

(
1

t

) s
2+1

dt− δ0,α
2

s
.

Define
f(x) := x2αe−

π
t
|x|2 , x ∈ R

d.

Then we compute the Fourier transform of f as

F [f ] (y) = F
[
x2αe−

π
t
|x|2
]
(y) =

( ı

2π

)2|α|1 (
∂2α
y F

[
e−

π
t
|x|2
]
(y)
)

=
( ı

2π

)2|α|1
∂2α
y

(
td/2e−πt|y|2

)

=
( ı

2π

)2|α|1
td/2 · (−1)2|α|1(πt)|α|1H2α(

√
πty) e−πt|y|2

=

(−1

4π

)|α|1

t
d
2+|α|1e−πt|y|2H2α(

√
πty),

where we have used the multivariate Hermite polynomials for the derivatives according to Corollary E.3.
Therefore, apply the Poisson summation formula introduced in Lemma A.1 to f(x), we have

∑

n∈Zd

n2αe−
π
t
|n|2 =

∑

k∈Zd

(−1

4π

)|α|1

t
d
2+|α|1e−πt|k|2H2α(

√
πtk).

Thus, for Re(s) > d+ 2|α|1,
∫ ∞

1

∑

n∈Zd

n2αe−
π
t
|n|2

(
1

t

) s
2+1

dt =

∫ ∞

1

∑

k∈Zd

(−1

4π

)|α|1

e−πt|k|2H2α(
√
πtk) t

d
2+|α|1−

s
2−1dt

=

(−1

4π

)|α|1




∞∑

|k|∞=1

∫ ∞

1

e−πt|k|2H2α(
√
πtk) t

d
2+|α|1−

s
2−1dt+H2α(0)

∫ ∞

1

t
d
2+|α|1−

s
2−1dt




=

(−1

4π

)|α|1




∞∑

|k|∞=1

∫ ∞

1

e−πt|k|2H2α(
√
πtk) t

d
2+|α|1−

s
2−1dt− 2H2α(0)

d+ 2|α|1 − s


 .

Hence, we obtain the functional equation as

Γ(s/2)

πs/2
Z2α(s) =

(
− 1

4π

)|α|1 2H2α(0)

s− d− 2|α|1
− 2δ0,α

s
+

∑

n∈Zd\{0}

n2α

∫ ∞

1

e−|n|2πt t
s
2−1dt

+

(
− 1

4π

)|α|1 ∑

k∈Zd\{0}

∫ ∞

1

e−|k|2πtH2α(
√
πtk) t

d−s
2 +|α|1−1dt.

We now verify that the functional equation yields the meromorphic continuation of Z2α(s). The two
series appearing there are entire. Take the first series as an example, rewrite it with the upper incomplete
gamma functions as

∞∑

|n|∞=1

n2α

∫ ∞

1

e−|n|2πt t
s
2−1 dt =

1

πs/2

∞∑

|n|∞=1

(
n

|n|

)2α
1

|n|s−2|α|1
Γ(

s

2
, |n|2π).

According to the tail estimate in Lemma E.5, letN be the smallest integer such that πN2 ≥ max{Re(s)/2, (d+
2|α|1)/2}, then we have

∞∑

|n|∞=N+1

(
n

|n|

)2α
1

|n|s−2|α|1
Γ(

s

2
, |n|2π) ≤ CNd+2|α|1e−πN2

.
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Hence, the series is uniformly convergent in any given compact subset of the complex plane. By the
Weierstrass theorem, this series is holomorphic with respect to s over the complex plane. The second
series is treated similarly: expanding the Hermite polynomialH2α reduces it to a finite linear combination
of series of the same type, each of which is entire by the same argument.

Therefore the right-hand side of the functional equation is meromorphic, with possible poles only at
s = 0 and s = d+ 2|α|1. Since the two series in the functional equation are entire, for s near 0 we have

Γ(s/2)

πs/2
Z2α(s) = −2δ0,α

s
+O(1).

Furthermore, since lims→0 |Γ(s)| = +∞, we have

lim
s→0

Z2α(s) = lim
s→0

− πs/2

Γ(s/2)

δ0,α
s/2

= lim
s→0

−δ0,α
πs/2

Γ(s/2 + 1)
= −δ0,α.

Thus s = 0 is not a pole of Z2α(s). Finally, we conclude that Z2α(s) has a meromorphic continuation
to the whole complex plane C with a simple pole at s = d+ 2|α|1.

Proof of Theorem 4.3. The proof is similar to that of Theorem 2.11 and we omit most details for brevity.
The key step is to compute a different Fourier transform as

F
[
xαe−

π
t
x⊤Bx

]
(y) =

(−1

4π

) |α|1
2

t
d+|α|1

2 |B|−1/2e−πty⊤B−1yHα(
√
πt y;B−1),

where Hα(·;B−1) is the multivariate Hermite polynomial associated with matrix B−1. Note that here we
have used the assumption that |α|1 is even to ensure the Fourier-transform prefactor is real-valued.

Next we give the tail estimate of series in the generalized zeta function. We highlight that these
estimates are sufficient for our purpose and they could be improved to be sharper.

Lemma E.4. Let a ∈ R and x > 0. The upper incomplete Gamma function

Γ(a, x) :=

∫ ∞

x

ta−1e−t dt

satisfies
0 < Γ(a, x) ≤ xae−x, for x ≥ max{a, 1}.

Proof. Since the integrand is positive for t ≥ x > 0, we have Γ(a, x) > 0. Make the change of variables
t = x(1 + u) to obtain

Γ(a, x) =

∫ ∞

x

ta−1e−t dt = xae−x

∫ ∞

0

(1 + u)a−1e−ux du.

When a ≤ 1, |(1 + u)a−1| ≤ 1 for u ≥ 0, thus we have

Γ(a, x) ≤ xae−x

∫ ∞

0

e−ux du = xae−x · 1
x
≤ xae−x, x ≥ 1.

When a > 1, by 1 + u ≤ eu we have

Γ(a, x) ≤ xae−x

∫ ∞

0

e−u(x−a+1)du = xae−x · 1

x− a+ 1
≤ xae−x, x ≥ a.

Combining the discussions above we obtain the desired estimate.

Lemma E.5. Let a, b ∈ R and let B ∈ Rd×d be symmetric positive definite matrix with minimum and
maximum eigenvalues denoted by λmin and λmax respectively. Assume N ∈ N satisfies

πλminN
2 ≥ max

{
a, 1,

2a+ b+ d

2

}
.

Then
∞∑

|k|∞=N+1

(k⊤Bk)b/2 Γ(a, π k⊤Bk) ≤ Cd CB,b (πλmin)
a N2a+b+d e−πλminN

2

,

where

Cd := d 3d−1, CB,b :=

{
λ
b/2
min, b ≤ 0,

(dλmax)
b/2, b > 0.
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Proof. For n ∈ N+, let Sn := {k ∈ Zd : |k|∞ = n}. If k ∈ Sn, then n2 ≤ |k|2 ≤ dn2, hence by the
Rayleigh quotient bounds

λminn
2 ≤ λmin|k|2 ≤ k⊤Bk ≤ λmax|k|2 ≤ dλmaxn

2.

Since Γ(a, x) is decreased with x increasing when x > 0, we have

Γ(a, πk⊤Bk) ≤ Γ(a, πλminn
2).

Moreover, x 7→ xb/2 is decreasing for b ≤ 0 and increasing for b > 0, so for k ∈ Sn,

(k⊤Bk)b/2 ≤ CB,b n
b.

Note that Lemma B.1 gives #Sn ≤ 2d 3d−1nd−1, so

∞∑

|k|∞=N+1

(k⊤Bk)b/2 Γ(a, π k
⊤Bk) =

∞∑

n=N+1

∑

k∈Sn

(k⊤Bk)b/2 Γ(a, π k
⊤Bk)

≤ 2d 3d−1CB,b

∞∑

n=N+1

nb+d−1 Γ(a, πλminn
2).

By Lemma E.4 and the assumption πλminn
2 ≥ max{a, 1} for all n ≥ N , we have

Γ(a, πλminn
2) ≤ (πλminn

2)a e−πλminn
2

.

Hence, with c := 2a+ b + d− 1,

∞∑

n=N+1

nb+d−1 Γ(a, πλminn
2) ≤ (πλmin)

a
∞∑

n=N+1

e−πλminn
2

nc.

Let f(x) := e−πλminx
2

xc. Then f ′(x) = e−πλminx
2

xc−1(c − 2πλminx
2). Thus, we have f ′(x) ≤ 0 for

x >
√

|c|
2πλmin

. The condition πλminN
2 ≥ (c+ 1)/2 implies f is decreasing on [N,∞), so

∞∑

n=N+1

e−πλminn
2

nc =

∞∑

n=N+1

f(n) ≤
∑

n=N+1

∫ n

n−1

f(x)dx =

∫ ∞

N

e−πλminx
2

xc dx.

Further, by changing variables t = πλminx
2,

∫ ∞

N

e−πλminx
2

xc dx =
1

2

(
1

πλmin

) c+1
2

Γ

(
c+ 1

2
, πλminN

2

)

≤ 1

2

(
1

πλmin

) c+1
2

(πλminN
2)

c+1
2 e−πλminN

2

=
1

2
N c+1e−πλminN

2

,

where we have used Lemma E.4 with the assumption πλminN
2 ≥ max{ c+1

2 , 1}. Therefore, we conclude
that

∞∑

|k|∞=N+1

(k⊤Bk)b/2 Γ(a, π k⊤Bk) ≤ d 3d−1CB,b · (πλmin)
a ·N2a+b+de−πλminN

2

,

as claimed.

Finally, we present the practical evaluation formula for the generalized zeta function associated with
symmetric positive definite matrix B and its tail estimate. Write the Hermite expansion Hα(x;B

−1) =∑
0≤|β|1≤|α|1

cβx
β. Then we have

Γ(s/2)

πs/2
ZB
α (s) = |B|− 1

2

(
− 1

4π

) |α|1
2 2Hα(0;B

−1)

s− d− |α|1
− 2δ0,α

s
+

1

πs/2

∞∑

|n|∞=1

nα

(n⊤Bn)s/2
Γ
(s
2
, πn⊤Bn

)

+ |B|−1/2

(
− 1

4π

) |α|1
2

π
s−d−|α|1

2

∑

0≤|β|1≤|α|1

cβ

∞∑

|k|∞=1

kβ

(k⊤B−1k)
|β|1+d+|α|1−s

2

Γ

( |β|1 + d+ |α|1 − s

2
, π k⊤B−1k

)
.
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Denote the minimum and maximum eigenvalues of B as λmin and λmax, respectively. Note that

λminn
Tn ≤ n⊤Bn,

1

λmax
k⊤k ≤ k⊤B−1k.

Then for n 6= 0 we have

∣∣∣∣
nα

(n⊤Bn)s/2
Γ
(s
2
, πn⊤Bn

)∣∣∣∣ ≤
|n||α|1

(n⊤Bn)
|α|1

2

1

(n⊤Bn)
Re(s)−|α|1

2

Γ

(
Re(s)

2
, πn⊤Bn

)

≤
(

1

λmin

) |α|1
2

(n⊤Bn)
|α|1−Re(s)

2 Γ

(
Re(s)

2
, πn⊤Bn

)
.

Similarly, for the second series, let s1 := |β|1 + d+ |α|1 − s, then we have

∣∣∣∣∣
kβ

(k⊤B−1k)s1/2
Γ
(s1
2
, π k⊤B−1k

)∣∣∣∣∣ ≤ (λmax)
|β|1
2 (k⊤B−1k)

|β|1−Re(s1)
2 Γ

(
Re(s1)

2
, π k⊤B−1k

)
.

Both estimates are now in the form required by Lemma E.5, so we can estimate the truncation error for
evaluating ZB

α (s) accordingly.
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