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Electricity Market
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Mixed Integer Linear Program
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Solutions

• MILP: gives global solution

• MILP: Computation time increases Exponentially



Solutions

• MILP: gives global solution

• MILP: Computation time increases Exponentially

• Our Approach: gives global solution with 99% Optimality

• Our Approach:Computation Time increases Linearly



Our Approach
Minimize Λ
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Our Approach
Minimize Λ

Upper Bound
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Positivestellensatz
Polynomials that are positive on semi Algebraic sets

Semi Algebraic SetPolynomial
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Schmudgen Positivestellensatz

Semi Algebraic SetPolynomial

T

Λ−x F x −2
T

f x ≥ 0 is positive on
i

T

p x +
i0p ≥ 0 i∀

m

T

v x +
m0v = 0 m∀

z

Tx Q x +
z

T

2 q x = 0 z∀

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

T

Λ−x F x −2
T

f x −

( SOS
Polynomial

)
i=1

I

∑ (
i

T

p x +
i0p )−

i=1

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

j

T

p x +
j0p )−

i=1

I

∑
t

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

i

T

p x +
i0p )(

t

T

p x +
t0p )−

!

( Arbitray
Polynomial

)
m=1

M

∑ (
m

T

v x +
m0v )−

( Arbitrary
Polynomial

)
z=1

Z

∑ (
z

Tx Q x +
z

T

2 q x ) ≥ 0 ∀ x ∈
n

"



T

Λ−x F x −2
T

f x −

( SOS
Polynomial

)
i=1

I

∑ (
i

T

p x +
i0p )−

i=1

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

j

T

p x +
j0p )−

i=1

I

∑
t

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

i

T

p x +
i0p )(

t

T

p x +
t0p )−

!

( Arbitray
Polynomial

)
m=1

M

∑ (
m

T

v x +
m0v )−

( Arbitrary
Polynomial

)
z=1

Z

∑ (
z

Tx Q x +
z

T

2 q x ) ≥ 0 ∀ x ∈
n

"

Schmudgen Positivestellensatz

T

Λ−x F x −2
T

f x ≥ 0 is positive on
i

T

p x +
i0p ≥ 0 i∀

m

T

v x +
m0v = 0 m∀

z

Tx Q x +
z

T

2 q x = 0 z∀

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪



Schmudgen Positivestellensatz

T

Λ−x F x −2
T

f x ≥ 0 is positive on
i

T

p x +
i0p ≥ 0 i∀

m

T

v x +
m0v = 0 m∀

z

Tx Q x +
z

T

2 q x = 0 z∀

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

T

Λ−x F x −2
T

f x −

( SOS
Polynomial

)
i=1

I

∑ (
i

T

p x +
i0p )−

i=1

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

j

T

p x +
j0p )−

i=1

I

∑
t

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

i

T

p x +
i0p )(

t

T

p x +
t0p )−

!

( Arbitray
Polynomial

)
m=1

M

∑ (
m

T

v x +
m0v )−

( Arbitrary
Polynomial

)
z=1

Z

∑ (
z

Tx Q x +
z

T

2 q x ) ≥ 0 ∀ x ∈
n

"



Schmudgen Positivestellensatz

T

Λ−x F x −2
T

f x ≥ 0 is positive on
i

T

p x +
i0p ≥ 0 i∀

m

T

v x +
m0v = 0 m∀

z

Tx Q x +
z

T

2 q x = 0 z∀

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

T

Λ−x F x −2
T

f x −

( SOS
Polynomial

)
i=1

I

∑ (
i

T

p x +
i0p )−

i=1

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

j

T

p x +
j0p )−

i=1

I

∑
t

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

i

T

p x +
i0p )(

t

T

p x +
t0p )−

!

( Arbitray
Polynomial

)
m=1

M

∑ (
m

T

v x +
m0v )−

( Arbitrary
Polynomial

)
z=1

Z

∑ (
z

Tx Q x +
z

T

2 q x ) ≥ 0 ∀ x ∈
n

"



Schmudgen Positivestellensatz

T

Λ−x F x −2
T

f x ≥ 0 is positive on
i

T

p x +
i0p ≥ 0 i∀

m

T

v x +
m0v = 0 m∀

z

Tx Q x +
z

T

2 q x = 0 z∀

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

T

Λ−x F x −2
T

f x −

( SOS
Polynomial

)
i=1

I

∑ (
i

T

p x +
i0p )−

i=1

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

j

T

p x +
j0p )−

i=1

I

∑
t

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

i

T

p x +
i0p )(

t

T

p x +
t0p )−

!

( Arbitray
Polynomial

)
m=1

M

∑ (
m

T

v x +
m0v )−

( Arbitrary
Polynomial

)
z=1

Z

∑ (
z

Tx Q x +
z

T

2 q x ) ≥ 0 ∀ x ∈
n

"



Schmudgen Positivestellensatz

T

Λ−x F x −2
T

f x ≥ 0 is positive on
i

T

p x +
i0p ≥ 0 i∀

m

T

v x +
m0v = 0 m∀

z

Tx Q x +
z

T

2 q x = 0 z∀

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

T

Λ−x F x −2
T

f x −

( SOS
Polynomial

)
i=1

I

∑ (
i

T

p x +
i0p )−

i=1

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

j

T

p x +
j0p )−

i=1

I

∑
t

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

i

T

p x +
i0p )(

t

T

p x +
t0p )−

!

( Arbitray
Polynomial

)
m=1

M

∑ (
m

T

v x +
m0v )−

( Arbitrary
Polynomial

)
z=1

Z

∑ (
z

Tx Q x +
z

T

2 q x ) ≥ 0 ∀ x ∈
n

"



Schmudgen Positivestellensatz

T

Λ−x F x −2
T

f x ≥ 0 is positive on
i

T

p x +
i0p ≥ 0 i∀

m

T

v x +
m0v = 0 m∀

z

Tx Q x +
z

T

2 q x = 0 z∀

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

T

Λ−x F x −2
T

f x −

( SOS
Polynomial

)
i=1

I

∑ (
i

T

p x +
i0p )−

i=1

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

j

T

p x +
j0p )−

i=1

I

∑
t

I

∑ ( SOS
Polynomial

)
j=1

I

∑ (
i

T

p x +
i0p )(

i

T

p x +
i0p )(

t

T

p x +
t0p )−

!

( Arbitray
Polynomial

)
m=1

M

∑ (
m

T

v x +
m0v )−

( Arbitrary
Polynomial

)
z=1

Z

∑ (
z

Tx Q x +
z

T

2 q x ) ≥ 0 ∀ x ∈
n

"



T

Λ−x F x −2
T

f x ≥ 0 is positive on
i

T

p x +
i0p ≥ 0 i∀

m

T

v x +
m0v = 0 m∀

z

Tx Q x +
z

T

2 q x = 0 z∀

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

Schmudgen Positivestellensatz

Variables are polynomials
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Arbitrary Polynomials
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A Convex Optimization Problem
Minimize Λ
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Computationally Tractable Reformulation
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Algorithm

1. Solve the dual of customized Psatz Relaxation 

2. Obtain an approximated solution for MPEC   

         3. Eliminate some non-convex constraints 

          4. Solve a reduced complexity MILP 
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Simulation Results

The impact of increasing the number of random scenarios on the
optimality of the proposed approach.
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